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Abstract

The aim of this paper is to modify and improve the corresponding weakness results of multi-fuzzy complex
numbers as an extension of fuzzy complex numbers, next we introduce and study the generalized multi-fuzzy
complex numbers € and get some results. Lastly, we discuss the derivative of functions mapping complex
numbers C into € as an extension of fuzzy complex derivatives.

Keywords: Fuzzy complex numbers; generalized multi-fuzzy complex sets; multi-fuzzy complex derivatives

1. Introduction

Rejun, et al. [1], Buckley [2] and Quan [3] have done
some works on fuzzy complex numbers and given
some characterization of fuzzy complex numbers,
next Buckley and Qu [4] developed the concept of
fuzzy complex analysis and considered the definition
of the derivative of a fuzzy function which maps the
open interval (a, b) into the fuzzy subset of the real
F(R) in [5], to generalize a fuzzy function maps
(a,b) into the set of fuzzy subsets of the complex
case F(C). In view of Buckley’s work, some
consummate author’s extensively studied fuzzy
complex numbers, and continuities and differentiation
of complex fuzzy functions like [6-17]

Zadeh [18] developed the concept of fuzzy sets from
crisp sets and defined fuzzy subset 4 on the universal
set X, which is a mapping puz(x): X — [0, 1]. One of
the basic notions of fuzzy subsets is the Zadeh’s
extension principle. This extension first implied in
[18] in an elementary presentation and was finally in
[19] and [20] are presented. This principle provides a
method for extending crisp mathematical notions to
fuzzy quantities as the arguments of the function. Let
g:A XA, X ..xA, > B given by y =
g(ay,ay, ..., a,) and A, 4,, ..., A, are n fuzzy sets on
X; for i=1,2,..n. Here the extension set A =
g(4,,4,, ..., Ay) is defined by

na(y) =

a1,az,..an | y=g(ai,az,...an)
/\.../\ugn(an))
Let A be a non empty set, N° the set of all natural
numbers excluding zero, {CL, : n € N°} a family of
complete lattices and CL% consisting of all the
mappings from A to CL,. Also, let I*, I,, I and I}
denotes for the unit intervals [0,1], (0,1), (0,1] and
[0,1), respectively. Yager [21] defined fuzzy
multisets as a fuzzy bag % drawn from A
characterized by a function uy : A — x, where y is
the set of all crisp bags drawn from I*. Next,
Sebastian and Ramakrishnan [22] introduced the
concept of multi-fuzzy sets in terms of ordered
sequences of characteristic functions as a set T =
{(a, w1 (a), uy(a), ..., un(a),...) : a € A}, where
U, € CLA for me N Also, in [23] Atanassov
defined intuitionistic fuzzy set A in the universal set
X as an object of the form A = {(x, uz(x),vz(x)) :

(14, (a) A pg,(az)
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x € X}, where puz(x) and vz(x) define the degree of
membership and the degree of non membership of
elements x € X to the fuzzy subset A in X,
respectively, and for every x € X, 0<puz(x)+
vi(x) < 1.

Buckley [2] defined a fuzzy complex number Z by its
membership function u;(z): C — I* satisfies:

1. uz(z) is continuous;

2. {z: uy(z) >a}, 0<a<1, is open, bounded,
connected and simply connected;

3. {z: uy(z) = 1} is non-empty, compact, arcwise
connected and simply connected.

2. Multi-fuzzy Complex Numbers

Dey and Pal [24, 25] defined multi-fuzzy complex set
as the set of ordered sequences
C={@u@, 2@, K@), .. u}(2),.):z € C,
where u™ € CLG for ne€ N° A weak a-cut of

Z = (1@, 132),u3(2), .., 13(2),..) in C is
7%={z€C: ul(z) >aforalln e N}, ac€l,
and Z'={z€eC: u}(z)=1foralln e N°}. A
strong a-cut of
7 = (2,13 (@), (@), 1 (2), o, 13(2), ) s 2% =
{zeC: pl(z) =aforallneN®}, a€el;, and

7% = Upeqer 2% for all n € N°. If the sequence of
multi-membership complex function have only k-
terms, k is called the dimension of C. In case of
k =2, a multi-fuzzy complex set € called an
Atanassov intuitionistic fuzzy complex set if
11(z,Z) + uy(2,Z) € I*. In view of Sebastian and
Ramakrishnan work [22], Dey and Pal [24] defined
multi-fuzzy complex numbers as a member 7 =
(z,ut(2), u2(2),u3(2), ..., ux(2), ...) of C if and only
if:

1. uZ(z) is continuous for all n € N°;

2. Z*% a €1, is open, bounded, connected and
simply connected; and

3. Z' is non-empty, compact, arcwise connected and
simply connected.

Let Z,Z" € C. If we denote the extended addition and
multiplication by @ and ©, respectively, then by the
Zadeh'’s principle, one obtains

Wy @) = (K @I (2) form
z2" | y=z"+z"
€ N°
and
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Worm=\/  (Hp@NEn).forn
z\z" | y:z'.z”
€ N°
The negation of Z, —Z, the reciprocal of Z, Z71, the
conjugate of Z, Z, and the modulus of Z, |Z], is
defined respectively, as follows:
_Z = (Z, MEZ(Z)l MEZ(Z)l "".ur—li(z)' )
(—Z, M%(—Z), ,Ll.; (_Z)' ) M;}(_Z)' )x
1 = (z,up-1(2), p3-1(2), oo, W5-1(2), ...)
(zhuz ) uzE ™), ui ™), ),
= (z, 1@, 42(2), ., 13 (2), ...)
= (7,u43(2), 43(2), ..., 15 (2), ...), and
1Z| = V{u|"z|(r) :n € N°}, where Hiz () =
V{u}(z) : r is the modulus of z € C} for n € N°.
Theorem 2 in [24] has some weakness of introduced
and is not true as shown in example below:
Example 1. Let us consider CL, = I* for n € N°,
Then the set of fuzzy complex numbers can be
represented as a multi-fuzzy complex set C =
{(z1k(@,12(@):z €€l Let pi(2),u2(z) be
linearly depended with ui(z) + pz(z) =1 for all
z € C. Then the multi-fuzzy complex set represents
the set of crisp fuzzy complex numbers with
membership value u}(z) and non-membership value
uz(z). Let Z, W and X are three multi-fuzzy complex
numbers whose Z°={x+iy:64<x?+y?<
100} \{x + iy : x2 <0.01,y < 0}, wo =

{x+iy: x?<1,y2<1}, and X’°={x+iy:

(x=2) +i(y+2)| <0} Then, 2°+W°=
{x1 +y1:%, €2%y, e WO} and 7080 =
{x, +y,:x,€Z%y, € X°} are not simply
connected. This implies that extended basic
arithmetic  operations on multi-fuzzy complex

numbers are not satisfied and the simply connected
condition is inappropriate for the definition of multi-
fuzzy complex numbers. Hence, we redefine multi-
fuzzy complex number
Z = (z,u3(2), 42 (2), .., u}(2),..) by its multi-
membership complex functions uZ (z) as follows:
Definition 2. A member 7 = (z,ui(2),ui(2),
o, 12(2), ...) of C is a multi-fuzzy complex number
if and only if:

1. u(z) is continuous for all n € N°;

2. 7% is open, bounded, and connected for a €
I7; and

3. {z€C: uj(z) =1foralln e N
empty, compact, and arcwise connected.
So, according to the modified version of definition of
multi-fuzzy complex numbers we correct Theorem 2
in [24] as follows:

Theorem 3. The set of multi-fuzzy complex numbers
are closed under the extended basic arithmetic
operations.

Proof: The conditions of Definition 2 can prove by
the original proof in [24]. So, we omitted the proof
here.

N

||

is non-
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In the next, we define and study multi-fuzzy
numbers as an extension of fuzzy number & in [26].
Definition 4. A number A = (a,pk(a),uz(a),
e, U2 (@), ) called multi-fuzzy number
characterized by a grade of multi-membership
uz(a) € I* if and only if:

1. uZ(a) is continuous for all n € N°;

2. There are a € Rand b € R such that c < a <
b <d,

3. uZ(a) is increasing on the interval [c,a] for all
n € N°;

4. uz(a) is decreasing on the closed interval [b, d]
for all n € N9;

5. wuz(a) =0 outside some interval
n € N

6. wuZ(a) = 1 for the interval [a, b] for all n € N°.
Lemma5. Let Z = (z, ut(2), u2(2), ..., u%(2), ...) be
a multi-fuzzy complex number. Then |Z|” is open for
a €.

Proof: According to Lemma 1 in [24], Z* is open for
a € I;. So, we need only to show that |Z|* = |Z¢,
forall « € I;. If r € |Z%| for a € I}, then there is a z
such that r = |z| and u}(z) > a for all n € N°. So
that, V{uZ(2): |z| =7} >a for n € N° and this
implies that r € |Z|“. Conversely, letr € |Z|”, then
there exists z such that |z| = r and uZ(z) > «a for all
n € N°. Hence, r € |Z%|. In addition, if r € |Z|",
then there is a z, € Z° so that r = |z, | and uZ(z,) >
1—% for all n € N° and each k € N°\{1}. This
implies z, is in the closure of Z° so there is a
subsequence 7, — z with |z| = r and u3(z) = 1 for
all n € N° So r € |Z1|. For the other side, suppose
that € | Z*|, then there exists z such that r = |z| and
ut(z) =1 for all neN° Then V{u}(2): |z| =
r}=1forallneN®andr € |Z] .

Lemma 6. Let r; € |Z|” for i € N° with r; — r and
ujz (r) converges to A, € I* for n € N° Then
Uiy () = A, forall n € N°.

Proof: The proof is similar to that in [24, Lemma 2]
showing w; € W° for i € N° converges to w and
uir(w) converges to A, for n € N° then ult(w) = A,
for all n € N°. So we omitted the proof here.
Theorem 7. If Z = (z,u}(2), u2(2), ..., u2(2),...) is
a multi-fuzzy complex number then |Z| is a multi-
fuzzy number.

Proof: Let ¢ = A{|z| : z € Z°}, a=
MNlzl:z€eZ'}, b=V{zl:z€Z'}, and d=
V{lz| : z € Z°}. 1t is obvious that uf;(r) =1 on
[a, b] for all n € NO.

Now we discuss that ufgl(r) is continuous for n € N°,
The proof of this condition is analogous to that in [24,
Theorem 2] target to show ul(w) is continuous for
all n € N° so we sketch briefly. Let |Z’|0 31—,
there exist a subsequence ufy(r;,) — 4, for all

[c,d] for
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n € N°. We have, by Lemma 5, |Z|* is open for
a €%, 50 {r: up(r) < B} is closed for all real .
Hence, uj3 (r) is lower semi-continuous for n € NO
and lim A pjy () = ufy(r) for n € N°. Also, by
Lemma 6, lim Apufy(r;) = 1, for n € N° So that,
lim Aufy () = A, = pjy () for all n € N° and there
is a subsequence ufy(r;, ) — lim V uf}, (r;). Again,
by Lemma 6, lim V uj;(1;) < ujy(r) for n € N°.
Therefore, lim V uf () = ujz (r) = lim Apj (1)
for n € N°, so that lim uj}(r;) = puj3(r) for n € N°
and means 3 (r) is continuous for all n € NO.
Next, we show that w3 (r) is increasing on [c, a] for
n € N°. For this first we discuss that pufy(r) =
V{uZ(z) : |z| <r} for r € [c,a] and n € N°. For
fixed r assume there exists z, such that |z,| < r and
iz (r) do not exceeds uy(z) for all n € N°. We
know that {zeC: |z|=r}n{zeC: u}(2z) >
aforalln € N°} is empty for ui(r) <a and
n € N°. Also, z, € {z: u%(z) > a, foralln € N°}
for some uy(r) < a, and n € N°. Since {z € C:
u2(z) > aforalln € N°} are connected {z € C:
ut(z) >aforalln e N} c{z: |z| <r} for «a
exceeds a,. Therefore, a < ¢, a contradiction. If
[c,e] < [f,al, then ufy(e) < ujy(f) for all n € N°
since {ze C: |z| <e}isasubsetof {zeC: |z] <
1
]Izinally, we show pj3(r) is decreasing on [b,d] for
n € N°. First we argue that ufy(r) = V{uz(2) :
|z| =1} for r € [b,d] and n € N°. For fixed value
of r assume there is z, so that |z,| > r and pz(z)
exceeds pufy(r) for all neN° We know that
{zeC: |z|=r}n{zeC: u}(z) >aforalln e
N°} is empty for uj;(r) <a and n € N°. Also,
zy €{z: u}(z) > ay foralln e N°}  for  some
Uy () <a, and n € N°. Since {z€C: uj(z) >
a foralln € N°} are connected {z € C: u}(z) >
aforallnm € N} € {z: |z| <r} for a exceeds a,.
Therefore, a < c, a contradiction. If d <e < f < b,
then py(e) = ujy(f) for all neN° owing to
{zeC: |z] <e}isasupersetof {z € C: |z| < f}.
Lemma 8 [24]. Let Z,, Z, be multi-fuzzy complex
numbers. Then
L 2@ 7| <|Z|" +|Z,|  fora e 1",
2. 12,072, =2, |2,  fora eI,
In the next, we generalize the results of Lemma 8.
Theorem 9. Let

|a

Zl = (Z,/l%l(Z),ﬂél(Z), --wﬂ?l(z)' )1 ZZ =
(2,13, 13,2, .. 145,(2), ..),
ZB = (Z,,Ll%3(Z),/,l§3(Z), "-'M?:;(Z)' )7 tee Zk =

(z.13,(2), 13, (2), ... 13, (2), ... ) be any k number of
multi-fuzzy complex numbers. Then for a € I*,

L 2,022,070 .07/
~ |a ~ | 5 |0 3
< |Z1| + |Zz| + |Z3| +oet |Zk
~ ~ ~ ~ |1a
2. 12,02,07Z;0 ..0 Z|

a
| ’
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ANV AV A LA
Proof: The proof can obtain easily in the line of
Lemma 8 so its proof is omitted.

Lemma 10 [24]. Let Z,, Z,, W,, W, be multi-fuzzy
complex numbers with W, =Z, @ Z, and W, =
7, ®© Z,. Then

1. W, " ={z,+2,: (21,2,) € 29 x 7%} for a € I*,
2. W, ={z,-2,:(21,2,) € 2% x ¢} fora € I".
In the next, we generalize the results of Lemma 10.
Theorem 11. Let

N N

Zl = (Z! M;l(z)uuél(z): ---!ﬂgl(z)! )! ZZ =
(Z! ‘U.%Z (Z)’ #éz(z)! ’:ugz(z)’ )! Z3 =
(2,13, 13,(2), ..., 13, (2), ...), e 7, =

(Z, ,uzlk(z),y;k(z), e Mz, (2), ) be any k number of
multi-fuzzy complex numbers. Then for @ € I*
1. (2,0, 020 ..02Z,) =Zf +
I8+ 7§ + -+ Z¢,
2. (,02,07;0..0Z) =7¢-
79.79. ... 7%,
Proof: We only prove the first part of the theorem
with the aid of Lemma 10.
(Z,07,07;®..®7Z)"
= = = = a
=28+ (Z,07;0 ..® Z)
=20+ 75+ (2, 07,0 .0 Z)"
=204+ 28+ (7, 07:® .. ® Z,)"

=70 +75+ 2§+ 7§+ 728 + -+ Z.
Theorem 12. Let

Zl = (Z, M;l(z)uugl(z): ---:H?l(z): )! ZZ =
(Z! H%z (Z), M;Z(Z): ,,ng(Z), )i %3 =
(2, D12, @, oty (), ), s D=

(z, 1z, (2), 13, (2), ..., 13, (2), ... ) be any k number of
multi-fuzzy complex numbers. Then
1. 7.05L0Lo .02
=Zl®Z~2 ®Z~3® ®Z~kl
2. (2:02,0Z,0..0%)
221622 ®Z3® ...@Zk.
Proof: We only prove the first part of the theorem,
the proof of the second part is similar. From Theorem
11, for @ € I we obtain

= = = =\
(Z,® 7, ®Zs® ...gazk)_ i

=28+ 7§+ 75+ + 7}
=70+ 75+ 7+ -+ 7}
={z+z,+z;++2z,€C:
(21,25, 23, ., 7)) € (2§ X 7§ X 7§ x .. x Z{)}
Again, in view of Theorem 11 and for @ € I, we get
— = — — a
(21 ®Z2, D720 .- D Z)
=(7,07,®7,0.07)"
=(Z0+ 28+ 78+ -+ Z)
= {21 + z, v 23+ -+ 2, €EC: (24,25, 23, s Zg)
€(Z¢xZ§ xZ§ x .. X Z¥)}
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This completes the proof.

3. Generalized Multi-fuzzy Complex Numbers

In this section, we define and study generalized
multi-fuzzy complex numbers and the derivative of
functions mapping complex numbers C into C as an
extension of generalized fuzzy complex numbers
based on the “star-like” [4] function f(z) = Z(z) for
z € Q c C. We suppose that Z(z)*" is analytic single
point belongs to the interior of Z(z)“+, a € If. For
any strong a-cut of Z(z), draw the ray L(y) from
Z(z)1+ making angle y € [0,2r) with the positive x-
axis in the complex plane and suppose that L(y) n
(boundary of Z(2)") = w(z,a,y) =

u(x,y,a,y) +iv(x,y, a,y) is analytic over Q for all
a € I* and for all extend y to be [0, 2n] = I;.
Definition 13. A member Z = (z,uk(2),uz(2),
v, 12(2),...) of C is a generalized multi-fuzzy
complex number if and only if:

1. u2(z) is upper semi-continuous for all
n € N°;

2. 7% a el is compact and arcwise connected,;

3. 7' is non-empty.

Theorem 14. Let W, Z; = (zu},(2),u (2,
M2 (@), ), Zy = (z,13,(2), u2,(2), 13,(2),
3, (2), )y e 7, = (z,,u%k(Z).,bt;k(Z).

o Uz, (2), ..) be generalized multi-fuzzy complex
numbers and ® be the extended basic arithmetic
operations with W=7, ®Z,® ..® Z,. Then,
wet = {21 *Zy % %7y ¢ (21,29, ., 28) € Z~f‘+ X
78" x ..x Z¢ Y forall a € I*.

Proof: We only prove for extended addition, the
proofs of the rest are similar.

Ify € W', then forn € N°

ﬂgleez”zea...eazk(y)

(2, N, @A . N (1)

21,29, 0Zk | Y=Z1+Zp 4 +Zg
=a

For each i=1,2,3,.. we can find z, € 70
Z,, € z Zy,; € 7% 5o that Zy, + 2yt bz =
y and gz (z)Aug, (22 )N . Aug, (2i,) > @ — a/i
forall n € N°.

Since 20", 79" ,..., Z9" are compact we may choose a
subsequence Zlij — 7y, Zzi]- — Z,, "'Zkij — 7
with y=2z1+2z,++ 2z and
uz, () Az, (z)\ .../\,u%‘k(zk) >q for all neN°
because p7 (z1)Auz, (z:)\ .../\u}lk(zk) is upper
semi-continuous for all n € N° This implies that
(21,29, r2) € 297 x 78" % ..x 7% and hence
yeE{z + 2+ -tz (20,25 7)) €28 X

78" % . x Z¢") for a€lf. If ye WO, then we
have two cases:

Case 1.
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#gleaz“zea...eaz"k o)

(43, N, @D .. A, (z1)
Z21,Z2,42k | Y=21+Z2+ 42
=0,
for all n € N°. So there are y; € C, I} 3 a; — 0 such
that y’zfﬁzza,.@zk(yi) >a; and y; — y. Since
\/ (13, (), (22 )N e N (7))

Z1,Z2,.2k | Yi=Z1+Zo++Z)
> a; > 0,

0 . 50t
for+all ne N+We can find (z,,,2,,, .., 2,) € Z7 X
70 70 —

Zy X..XZy such that y; =z, + z,, + ...+ 7,

n n n .
and pz (z)Auz, (2N ... Auz, (zi) > a; — a; /i for
B . ~ ~ =0+
all n,ieN° Since Z9" xZ9" x..xZ% are
compact we can choose a subsequence z;, — zy,
]

2, +zy +eet
J J

i
J

Zy, Dtz tz =y €Y + 79 4t
J

7o

Case 2.

“gleaz”zea...eaz”k(}’)

— Zy,

"'Zkij — z;, With Yi; = 2y,

(3, zON, @D .. N, (2)

Z21,Z2,92k | Y=21+Z2+ 42}

= ao > 0
So there are (zy,2y,..,2,) € 70" x 79" x .. %
Z%such  that y =z, + 2z, + ..+2z, and
‘u%ll(zli)/\ug:z (Zzi)/\ /\‘ng(zki) > ao - ao/l fOI’ a“
neN%andi=12.3,...
Since 79" x 79" x ..x Z9" are compact we may

choose a subsequence z;, —z;, Zz; — 7y,
J J

i, T 2k with y =2z, + z;, + ..+ 2z, and
tz, (z) Az, (z)\ .../\,u’zlk(zk) > a, for all n € N°.
Because uj (z)Auz,(2z2)A ... Auz, (z) is  upper
semi-continuous for all n € N°. This implies that
zy+z;+ - +z € Z”f‘°+ + Z§‘°+ 4+t Z,‘j‘°+.
Hence, y € {21 +2zy+ 4z 0 (2,25, 0, 2;) €
79" x 79" x .. x 20"

Now suppose
yE{zm + 2+ 2 (20,25 0, 7)) € 2 X

79" x..xZ%"}. This implies that there are
24,25, .., 2y, SO that y=2z+2z,+:-+2z, and
pz, (z)Auz, (2N ... Auz, (7)) = a for all n € N°.
This means that 17 ¢, ez, (V) also exceeds a, and
hence y € W forall a € I*.

Definition 15. The multi-membership complex
function ,u}l,(z) (w) is defined by

.u;'l’(z) (w)
= \/{a w=u,(xy,ay)+iv(xy,ay)a

€*andy €I}
foralln e N and w € C.
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Theorem 16. If w,(x,y,a,y) +iv,(x,y,a,y) is
continuous of a and y, then y}},(z)(w) is a generalized

multi-fuzzy complex number for all n € N°.

Proof: We prove the first condition of generalized
multi-fuzzy complex numbers by way of
contradiction. Let wj, — w, u}l,(z)(w) =qa and
#?r(z)(wk) =a, for all neN°® suppose that
limVa, =a*>a. From the definition of
,u}l,(z)(w) = a there exist ay, a = a;, > a—1/k,
and vy, €Iy such that w=u,(x,vy V) +
i v (x,y, @i, vx)- Take a subsequence a;, — a* and
choose y, € I} such that w =wu,(x,y, ax, vx,) +
i vy(x,y, ax, vi,). Hence, we have y,, — y* €I}
So by hypothesis, we get w =u,(x,y,a*y*) +
i v (x,y,a*,y*). This implies that ,u}-l,(z)(w) >a*>
a for all n € N°. In the last, it is easy to view that
f’(z)“+, a € I, is non-empty, compact and arcwise
connected and this completes the proof.

Conclusion

In this paper, some important concepts and results
related to fuzzy complex sets are modified, improved
and generalized. We have shown that the extended
basic arithmetic operations on multi-fuzzy complex
numbers are not satisfied and the simply connected
condition is inappropriate for the definition of multi-
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