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ABSTRACT 

A new generalization of metric space called partial b-rectangular 

metric space is introduced. Also, the relation between this 

generalization and the other generalizations for example a b-

rectangular metric space is given. Moreover, we have proved Banach 

theorem and Kannan theorem of fixed Point in partial b-rectangular 

metric space. Furthermore, some definitions and results dealing with 

partial b-rectangular metric space are discussed. 

 

 

1. Introduction 
The definition of metric space was presented by 

Freshet in 1906 [1]. Many authors after Freshet gave 

several generalization of metric space. In [2], Shukla 

S. gave the concept of partial b-metric space. The 

notion of b-rectangular metric space was given in [3]. 

Banach in 1922 introduced the famous and important 

type of fixed point which is Banach contraction 

principle [4]. In 1969, Kannan gave another type of 

fixed point which is Kannan fixed point theorem [5]. 

Many fixed point theorems were stated and proved in 

generalization metric space [6-14].  

Definition 1[2]  

Let 𝑆 be a non-empty set. A function 𝐿:× 𝑆 →
[0,∞)  is a partial b-metric on 𝑆 if ∀ 𝑎, 𝑏 and 𝑐 in 𝑆: 

(L1): 𝐿(𝑎, 𝑎) = 𝐿(𝑎, 𝑏) =  L(𝑏, 𝑏) iff  𝑎 =  𝑏. 

(L2): 𝐿(𝑎, 𝑎) ≤ 𝐿(𝑎, 𝑏). 
(L3): 𝐿(𝑎, 𝑏) = 𝐿(𝑏, 𝑎) . 
(L4): 𝐿(𝑎, 𝑏) ≤ 𝑘[𝐿(𝑎, 𝑐) + 𝐿(𝑐, 𝑏)] − 𝐿(𝑐, 𝑐), for 

some  𝑘 ∈ ℝ, 𝑘 ≥ 1 . 
Then the pair (𝑆, 𝐿) is said to be partial b-metric 

space, where  𝑘 ∈ ℝ, 𝑘 ≥ 1 is the coefficient number 

of (𝑆, 𝐿, 𝑘). 
Definition 2[3]  

Let 𝑆 be a non-empty set. A function 𝑁: 𝑆 × 𝑆 →
[0,∞) is a b-rectangular metric on 𝑆 if 

∀ 𝑎, 𝑏, 𝑐 and 𝑑 in 𝑆: 

(N1): 𝑁(𝑎, 𝑏) = 0 iff 𝑎 = 𝑏 . 

(N2): 𝑁(𝑎, 𝑏) = 𝑁(𝑏, 𝑎). 

(N3): 𝑁(𝑎, 𝑏) ≤ 𝑘[𝑁(𝑎, 𝑐) + 𝑁(𝑐, 𝑑) + 𝑁(𝑑, 𝑏)] , for 

some 𝑘 ∈ ℝ, 𝑘 ≥ 1 . 
Then the pair (𝑆, 𝑁) is said to be b-rectangular metric 

space, where 𝑘 ∈ ℝ, 𝑘 ≥ 1 is the coefficient number 

of (𝑆, 𝑁, 𝑘). 
2. Partial b-Rectangular Metric Space 

In this section we generalize the definitions of partial 

b-metric space and b-rectangular metric space, we 

named partial b-rectangular metric space. 

Definition 3. 

Let 𝑆 be a non-empty set. A function 𝑝𝑏𝑟: 𝑆 × 𝑆 →
[0,∞) is a partial b-rectangular metric on 𝑆 if satisfies 

the following conditions: for 𝑎, 𝑏 in 𝑆 and for 𝑐 ≠ 𝑑 

in 𝑆 − {𝑎, 𝑏}:   
(PBR1):  𝑝𝑏𝑟(𝑎, 𝑎) = 𝑝𝑏𝑟(𝑎, 𝑏) = 𝑝𝑏𝑟(𝑏, 𝑏) if and 

only if  𝑎 =  𝑏. 
(PBR2): 𝑝𝑏𝑟(𝑎, 𝑎) ≤ 𝑝𝑏𝑟(𝑎, 𝑏). 
(PBR3): 𝑝𝑏𝑟(𝑎, 𝑏) = 𝑝𝑏𝑟(𝑏, 𝑎). 
(PBR4): 𝑝𝑏𝑟(𝑎, 𝑏) ≤ 𝑘[𝑝𝑏𝑟(𝑎, 𝑐) + 𝑝𝑏𝑟(𝑐, 𝑑) +
𝑝𝑏𝑟(𝑑, 𝑏)] − 𝑝𝑏𝑟(𝑐, 𝑐) − 𝑝𝑏𝑟(𝑑, 𝑑) for some 𝑘 ∈
ℝ, 𝑘 ≥ 1 . 
Then the pair (𝑆, 𝑝𝑏𝑟) is said to be partial b-

rectangular metric space, where 𝑘 ∈ ℝ, 𝑘 ≥ 1 is the 

coefficient number of (𝑆, 𝑝𝑏𝑟 , 𝑘).  
We explain that by some examples and remarks. 

Example 4.  

Let  𝑆 = {0,
1

4
,
1

2
, 1}. Define  𝑝𝑏𝑟: 𝑆 × 𝑆 → (0,∞)  as 

 𝑝𝑏𝑟(𝑎, 𝑏) = 𝛼 + |𝑎 − 𝑏|, 𝛼 is a real number greater 
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than zero. Then (𝑆, 𝑝𝑏𝑟) is a partial b-rectangular 

metric space.  

Proof: We see that the properties (PBR1), (PBR2) 

and (PBR3) are verified for all 𝑎, 𝑏 ∈ 𝑆. 
To proof (PBR4) consider: 

𝑝𝑏𝑟(𝑎, 𝑏) = 𝛼 + |𝑎 − 𝑏|  
= 𝛼 + |𝑎 − 𝑐 + 𝑐 − 𝑑 + 𝑑 − 𝑏| − 2𝛼 + 2𝛼  

≤ 𝛼 + |𝑎 − 𝑐| + 𝛼 + |𝑐 − 𝑑| + 𝛼 + |𝑑 − 𝑏| − 𝛼 − 𝛼  

≤ 𝑘[(𝛼 + |𝑎 − 𝑐|) + (𝛼 + |𝑐 − 𝑑|) + (𝛼 +
|𝑑 − 𝑏|)] − 𝛼 − 𝛼 (for some 𝑘 ∈ ℝ, 𝑘 ≥ 1) 
= 𝑘[𝑝𝑏𝑟(𝑎, 𝑐) + 𝑝𝑏𝑟(𝑐, 𝑑) + 𝑝𝑏𝑟(𝑑, 𝑏)] − 𝑝𝑏𝑟(𝑐, 𝑐) −
𝑝𝑏𝑟(𝑑, 𝑑)  
∀ 𝑎, 𝑏 ∈ 𝑆 and for 𝑐 ≠ 𝑑 ∈ 𝑆 − {𝑎, 𝑏} 
Hence (𝑆, 𝑝𝑏𝑟) is a partial b-rectangular metric space. 

Example 5. 

 Let  𝐴 = {0,1,2,3,4,5}, 𝐴2 = 𝑆.  Define  𝑝𝑏𝑟: 𝑆 × 𝑆 →
[0,∞)   as follows: 

 𝑝𝑏𝑟(𝑎, 𝑏) = 2 + (|𝑎1 − 𝑎2| + |𝑏1 − 𝑏2|), for 

each  𝑎 = (𝑎1, 𝑏1), 𝑏 = (𝑎2, 𝑏2) in 𝑆. Then (𝑆, 𝑝𝑏𝑟) is 

a partial b-rectangular metric space. 

Proof: We notice that the properties (PBR1), (PBR2) 

and (PBR3) are verified for all 𝑎, 𝑏 ∈ 𝑆. 
To proof (PBR4) consider: 

𝑝𝑏𝑟(𝑎, 𝑏) = 2 + (|𝑎1 − 𝑎2| + |𝑏1 − 𝑏2|)  
≤ 2 + (|𝑎1 − 𝑎3| + |𝑏1 − 𝑏3|) + 2 + (|𝑎3 − 𝑎4| +
|𝑏3 − 𝑏4|) + 2 + (|𝑎4 − 𝑎2| + |𝑏4 − 𝑏2|) − 2 − 2  

≤ 𝑘 [2 + (|𝑎1 − 𝑎3| + |𝑏1 − 𝑏3|)  
+2 + (|𝑎3 − 𝑎4| + |𝑏3 − 𝑏4|)  
 +2 + (|𝑎4 − 𝑎2| + |𝑏4 − 𝑏2|)] − 2 − 2  

= 𝑘[𝑝𝑏𝑟(𝑎, 𝑐) + 𝑝𝑏𝑟(𝑐, 𝑑) + 𝑝𝑏𝑟(𝑑, 𝑏)] − 𝑝𝑏𝑟(𝑐, 𝑐) −
𝑝𝑏𝑟(𝑑, 𝑑)  
∀ 𝑎, 𝑏 ∈ 𝑆 and for 𝑐 ≠ 𝑑 ∈ 𝑆 − {𝑎, 𝑏}, for some 𝑘 ∈
ℝ, 𝑘 ≥ 1 

Hence (𝑆, 𝑝𝑏𝑟) is a partial b-rectangular metric space. 

Remarks 6.  

1. If 𝑎, 𝑏 ∈ 𝑆 such that  𝑝𝑏𝑟(𝑎, 𝑏) = 0 we have 𝑎 =
𝑏. The opposite is not necessary true. 

2. b-rectangular metric space is a partial b-

rectangular metric space with the self-distance 

between two points equals zero but the convers not 

necessary true. 

Note 7. In (Examples 4, 5) we have 𝑝𝑏𝑟(𝑎, 𝑎) ≠
0, ∀ 𝑎 = 𝑏 in 𝑆. So the opposite of remark 1 not true 

and (𝑆, 𝑝𝑏𝑟)  is not a b-rectangular metric space. 

3. Fixed Point in Partial b-Rectangular Metric 

Space 
In this section we prove Banach contraction principle 

theorem and Kannan fixed point theorem in a partial 

b-rectangular metric space. In order to obtain that we 

need to give some definitions and information in a 

partial b-rectangular metric space.     

Definition 8. 

Let < 𝑎𝑛 >  be a sequence in (𝑆, 𝑝𝑏𝑟), we say that 

< 𝑎𝑛 > converges to 𝑎 ∈ 𝑆, if  ∀ 𝜀 > 0, ∃ 𝑛0(ε) ∈ ℕ 

such that |𝑝𝑏𝑟(𝑎𝑛 , 𝑎) − 𝑝𝑏𝑟(𝑎, 𝑎)| < 𝜀 , ∀ 𝑛 > 𝑛0(ε).  
Definition 9. 

Let < 𝑎𝑛 >  be a sequence in (𝑆, 𝑝𝑏𝑟), we say that 

< 𝑎𝑛 > Cauchy sequence, if  ∀ 𝜀 > 0, ∃ 𝑛0(ε) ∈ ℕ 

such that  𝑝𝑏𝑟(𝑎𝑛 , 𝑎𝑚) < 𝜀 , ∀ 𝑛,𝑚 > 𝑛0(ε), in other 

words lim𝑛,𝑚→∞ 𝑝𝑏𝑟(𝑎𝑛, 𝑎𝑚) exists and finite. 

Definition 10.  

A partial b-rectangular metric space (𝑆, 𝑝𝑏𝑟) is said to 

be complete if every Cauchy sequence in 𝑆 is 

convergent, in other words lim𝑛,𝑚→∞ 𝑝𝑏𝑟(𝑎𝑛 , 𝑎𝑚) =
lim𝑛→∞ 𝑝𝑏𝑟(𝑎𝑛, 𝑎) = 𝑝𝑏𝑟(𝑎, 𝑎). 
Example 11. 

Let 𝐴 = { 
1

𝑛+1
∶ 𝑛 ∈ ℕ } , 𝐵 = {0,1} and 𝐴 ∪ 𝐵 = 𝑆,

𝛽 ≥ 0. Define  𝑝𝑏𝑟: 𝑆 × 𝑆 → [0,∞)  as follows: 
𝑝𝑏𝑟(𝑎, 𝑏)

=

{
 
 

 
 

𝛽 ,                                                                 𝑖𝑓 𝑎 = 𝑏 𝑜𝑟 𝑎, 𝑏 ∈ 𝐵

𝛽 +
1

𝑛 + 1
 ,                      𝑖𝑓 𝑎 ∈ 𝐴 𝑎𝑛𝑑 𝑏 ∈ 𝐵  𝑜𝑟  𝑏 ∈ 𝐴 𝑎𝑛𝑑 𝑎 ∈ 𝐵

𝛽 +
1

2
 ,                                                                               otherwise 

 

We see that the properties (PBR1), (PBR2) and 

(PBR3) are verified for all 𝑎, 𝑏 ∈ 𝑆. 
To proof (PBR4) we have: 

𝑝𝑏𝑟(𝑎, 𝑏) = 𝛽 +
1

𝑛+1
≤ 𝑘 [(𝛽 +

1

𝑛+1
) +

1

2
+

1

𝑛+1
] +

2𝛽 − 2𝛽  

= 𝑘 [(𝛽 +
1

𝑛+1
) + (𝛽 +

1

2
) + (𝛽 +

1

𝑛+1
)] − 𝛽 − 𝛽  

= 𝑘[𝑝𝑏𝑟(𝑎, 𝑐) + 𝑝𝑏𝑟(𝑐, 𝑑) + 𝑝𝑏𝑟(𝑑, 𝑏)] − 𝑝𝑏𝑟(𝑐, 𝑐) −
𝑝𝑏𝑟(𝑑, 𝑑)  
∀ 𝑎, 𝑏 ∈ 𝑆 and for 𝑐 ≠ 𝑑 ∈ 𝑆 − {𝑎, 𝑏}, for some 𝑘 ∈
ℝ, 𝑘 ≥ 1.  

So, (𝑆, 𝑝𝑏𝑟) is a partial b-rectangular metric space. 

In (𝑆, 𝑝𝑏𝑟) the convergent sequence may have more 

than one convergence point and may not be Cauchy 

sequence. 

Consider the following sequence  

𝑎𝑛 = {

1

𝑛+1
     , 𝑛 is odd

 
  1         , 𝑛 is even

    in 𝑆 

𝑙𝑖𝑚𝑛→∞ 𝑝𝑏𝑟(𝑎𝑛 , 0) =

{
lim𝑛→∞ 𝑝𝑏𝑟 (

1

𝑛+1
, 0)     , 𝑛 is odd
 

  lim𝑛→∞ 𝑝𝑏𝑟(1,0)         , 𝑛 is even

 = {
𝛽
 
 𝛽

  

𝑙𝑖𝑚𝑛→∞ 𝑝𝑏𝑟(𝑎𝑛 , 1) =

{
lim𝑛→∞ 𝑝𝑏𝑟 (

1

𝑛+1
, 1)     , 𝑛 is odd
 

  lim𝑛→∞ 𝑝𝑏𝑟(1,1)             , 𝑛 is even

 = {
𝛽
 
 𝛽

  

So, 〈𝑎𝑛〉 convergence to two different points 0 and 1.  

Also, lim𝑛→∞ 𝑝𝑏𝑟(𝑎2𝑛, 𝑎2𝑛+2) =𝛽 +
1

2
   and  

lim𝑛→∞ 𝑝𝑏𝑟(𝑎2𝑛, 1) =𝛽 

It means the limit does not exist, so 〈𝑎𝑛〉 is not 

Cauchy sequence. 

Definition 12. 

Let T: (𝑆, 𝑝𝑏𝑟) → (𝑆, 𝑝𝑏𝑟) be a mapping, we say that 

𝑎0 ∈ 𝑆 is a fixed point of T if T(𝑎0) = 𝑎0, ∀𝑎0 ∈ 𝑆. 
Definition 13.  

Let T: (𝑆, 𝑝𝑏𝑟) → (𝑆, 𝑝𝑏𝑟) be a mapping, then T is 

called a contraction mapping if  𝑝𝑏𝑟(𝑇(𝑎), 𝑇(𝑏)) ≤
𝜃𝑝𝑏𝑟(𝑎, 𝑏), where 0 ≤ 𝜃 < 1, ∀ 𝑎, 𝑏 ∈ 𝑆. 
In the following theorem we prove Banach 

contraction principle (Banach type of fixed Point) in 

partial b-rectangular metric space 

Theorem 14. (Banach Type of fixed Point) 

Let (𝑆, 𝑝𝑏𝑟) be a complete partial b-rectangular 

metric space with a real number 𝑘 > 1, let 
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T: (𝑆, 𝑝𝑏𝑟) → (𝑆, 𝑝𝑏𝑟) be a mapping such 

that  𝑝𝑏𝑟(𝑇(𝑎), 𝑇(𝑏)) ≤ 𝜃𝑝𝑏𝑟(𝑎, 𝑏), where 0 ≤ 𝜃 <
1

𝑘
 

, ∀ 𝑎, 𝑏 ∈ 𝑆, then there exists a unique fixed point 

𝑎0 ∈ S of  T and the self-distance between two points 

equals zero. 

 Proof: Firstly to prove if T has a fixed point 𝑎0 ∈ S, 
then 𝑎0 is unique. We shall prove that if 𝑎0 ∈ S is a 

fixed point of T, i.e. T(𝑎0) = 𝑎0, then the self-

distance between two points equals zero.  

Suppose that 𝑎0 ∈ 𝑆 is a fixed point of T, i.e. 

T(𝑎0) = 𝑎0  

Consider 𝑝𝑏𝑟(𝑎0 , 𝑎0) = 𝑝𝑏𝑟(𝑇(𝑎0) , 𝑇(𝑎0)) ≤

𝜃𝑝𝑏𝑟(𝑎0 , 𝑎0) <
1

𝑘
𝑝𝑏𝑟(𝑎0 , 𝑎0) < 𝑝𝑏𝑟(𝑎0 , 𝑎0) 

Which is a contradiction. Thus, we must have the 

self-distance between two points equals zero.  

Now, to prove 𝑎0 is a unique, suppose there exist two 

fixed points of  T in S say 𝑎0 and 𝑏0 such that 

𝑎0 ≠ 𝑏0, i.e. T(𝑎0) = 𝑎0 ≠ 𝑏0 = T(𝑏0)  
Consider  𝑝𝑏𝑟(𝑎0, 𝑏0) = 𝑝𝑏𝑟(𝑇(𝑎0), 𝑇(𝑏0)) ≤

𝜃 𝑝𝑏𝑟(𝑎0, 𝑏0) <
1

𝑘
𝑝𝑏𝑟(𝑎0, 𝑏0) < 𝑝𝑏𝑟(𝑎0 , 𝑏0) 

Which is a contradiction. Thus, we must have the 

self-distance between two points equals zero, i.e. 

𝑎0 = 𝑏0.  
Next, to prove the existence of fixed point, let 

< 𝑎𝑛 > be a sequence in 𝑆 such that 𝑇(𝑎n) = 𝑎n+1, 

𝑛 = 0,1,2⋯, if 𝑎n+1 = 𝑎n then 𝑇 has a fixed point 

which is 𝑎n.  

Assume that 𝑎n+1 ≠ 𝑎n, 𝑛 = 0,1,2,⋯, put  𝑝𝑏𝑟𝑛 =
𝑝𝑏𝑟(𝑎n , 𝑎n+1) 
Consider   

𝑝𝑏𝑟𝑛 = 𝑝𝑏𝑟(𝑎n , 𝑎n+1) = 𝑝𝑏𝑟(𝑇(𝑎n−1) , 𝑇(𝑎n)) ≤
𝜃𝑝𝑏𝑟(𝑎n−1 , 𝑎n) = 𝜃𝑝𝑏𝑟𝑛−1 

And   

𝜃𝑝𝑏𝑟𝑛−1 = 𝜃𝑝𝑏𝑟(𝑎n−1 , 𝑎n) =
𝜃𝑝𝑏𝑟(𝑇(𝑎n−2) , 𝑇(𝑎n−1)) ≤ 𝜃2𝑝𝑏𝑟(𝑎n−2 , 𝑎n−1) =
𝜃2𝑝𝑏𝑟𝑛−2 
After repetition of this process we get: 

𝑝𝑏𝑟𝑛 ≤ 𝜃𝑝𝑏𝑟𝑛−1 ≤ 𝜃2𝑝𝑏𝑟𝑛−2 ≤ ⋯ ≤ 𝜃𝒏𝑝𝑏𝑟0   i.e.  

𝑝𝑏𝑟𝑛 ≤ 𝜃𝒏𝑝𝑏𝑟0 

Again put  𝑝𝑏𝑟𝑛
∗ = 𝑝𝑏𝑟(𝑎n , 𝑎n+2)  

Consider   

𝑝𝑏𝑟𝑛
∗ = 𝑝𝑏𝑟(𝑎n , 𝑎n+2) = 𝑝𝑏𝑟(𝑇(𝑎n−1) , 𝑇(𝑎n+1)) ≤
𝜃𝑝𝑏𝑟(𝑎n−1 , 𝑎n+1) = 𝜃𝑝𝑏𝑟𝑛−1

∗  

After repetition of this process we get: 

 𝑝𝑏𝑟𝑛
∗ ≤ 𝜃𝑝𝑏𝑟𝑛−1

∗ ≤ 𝜃2𝑝𝑏𝑟𝑛−2
∗ ≤ ⋯ ≤ 𝜃𝒏𝑝𝑏𝑟0

∗    i.e. 

 𝑝𝑏𝑟𝑛
∗ ≤ 𝜃𝒏𝑝𝑏𝑟0

∗  

To prove that < 𝑎𝑛 > is a Cauchy sequence 

considered  𝑝𝑏𝑟(𝑎n , 𝑎m),𝑚 = 𝑛 + 𝑞, 𝑞 > 0, we have 

two cases:  

Case 1: If 𝑞 = 2𝑝 + 1 (odd) we have: 

𝑝𝑏𝑟(𝑎n , 𝑎𝑛+2𝑝+1 ) ≤ 𝑘[𝑝𝑏𝑟(𝑎n , 𝑎𝑛+1 ) +

𝑝𝑏𝑟(𝑎n+1 , 𝑎𝑛+2 ) + 𝑝𝑏𝑟(𝑎n+2 , 𝑎𝑛+2𝑝+1 )] −

𝑝𝑏𝑟(𝑎n+1 , 𝑎𝑛+1 )  
−𝑝𝑏𝑟(𝑎n+2 , 𝑎𝑛+2 )  
≤ 𝑘𝑝𝑏𝑟(𝑎n , 𝑎𝑛+1 ) + 𝑘𝑝𝑏𝑟(𝑎n+1 , 𝑎𝑛+2 ) +
𝑘2𝑝𝑏𝑟(𝑎n+2 , 𝑎𝑛+3 ) + 𝑘

2𝑝𝑏𝑟(𝑎n+3 , 𝑎𝑛+4 )    
+𝑘3𝑝𝑏𝑟(𝑎n+4 , 𝑎𝑛+5 ) + 𝑘

3𝑝𝑏𝑟(𝑎n+5 , 𝑎𝑛+6 ) + ⋯+

𝑘𝑝𝑝𝑏𝑟(𝑎n+2𝑝 , 𝑎𝑛+2𝑝+1 )  

−𝑝𝑏𝑟(𝑎n+1 , 𝑎𝑛+1 ) − 𝑝𝑏𝑟(𝑎n+2 , 𝑎𝑛+2 ) −
𝑝𝑏𝑟(𝑎n+3 , 𝑎𝑛+3) − 𝑝𝑏𝑟(𝑎n+4 , 𝑎𝑛+4 )  
−𝑝𝑏𝑟(𝑎n+5 , 𝑎𝑛+5 ) − 𝑝𝑏𝑟(𝑎n+6 , 𝑎𝑛+6 ) − ⋯−

𝑝𝑏𝑟(𝑎n+2p , 𝑎𝑛+2𝑝 )  

≤ 𝑘𝑝𝑏𝑟(𝑎n , 𝑎𝑛+1 ) + 𝑘𝑝𝑏𝑟(𝑎n+1 , 𝑎𝑛+2 ) +
𝑘2𝑝𝑏𝑟(𝑎n+2 , 𝑎𝑛+3 ) + 𝑘

2𝑝𝑏𝑟(𝑎n+3 , 𝑎𝑛+4 )  
+𝑘3𝑝𝑏𝑟(𝑎n+4 , 𝑎𝑛+5 ) + 𝑘

3𝑝𝑏𝑟(𝑎n+5 , 𝑎𝑛+6 ) + ⋯+

𝑘𝑝𝑝𝑏𝑟(𝑎n+2𝑝 , 𝑎𝑛+2𝑝+1 )  

Since 𝑝𝑏𝑟𝑛
∗ =  𝑝𝑏𝑟(𝑎n , 𝑎n+2), we have:  

𝑝𝑏𝑟(𝑎n , 𝑎𝑛+2𝑝+1 ) = 𝑘𝑝𝑏𝑟𝑛 + 𝑘𝑝𝑏𝑟𝑛+1 + 𝑘
2𝑝𝑏𝑟𝑛+2 +

𝑘2𝑝𝑏𝑟𝑛+3 + 𝑘
3𝑝𝑏𝑟𝑛+4 + 𝑘

3𝑝𝑏𝑟𝑛+5 +⋯+ 𝑘
𝑝𝑝𝑏𝑟𝑛+2𝑝  

Since 𝑝𝑏𝑟𝑛 ≤ 𝜃𝒏𝑝𝑏𝑟0, we have:  

𝑝𝑏𝑟(𝑎n , 𝑎𝑛+2𝑝+1 ) ≤ 𝑘𝜃𝒏𝑝𝑏𝑟0 + 𝑘𝜃
𝒏+1𝑝𝑏𝑟0 +

𝑘2𝜃𝒏+2𝑝𝑏𝑟0 + 𝑘
2𝜃𝒏+3𝑝𝑏𝑟0 + 𝑘

3𝜃𝒏+4𝑝𝑏𝑟0 +
𝑘3𝜃𝒏+5𝑝𝑏𝑟0  

+⋯+ 𝑘𝑝𝜃𝒏+2𝑝−1𝑝𝑏𝑟0 + 𝑘
𝑝𝜃𝒏+2𝑝𝑝𝑏𝑟0  

= [(1 + 𝑘𝜃𝟐 + 𝑘2𝜃4 +⋯+ 𝑘𝑝−1𝜃2𝑝)

+ 𝜃(1 + 𝑘𝜃𝟐 + 𝑘2𝜃4 +⋯
+ 𝑘𝑝−1𝜃2𝑝−2)]𝑘𝜃𝒏𝑝𝑏𝑟0 

≤
𝑘𝜃𝒏𝑝𝑏𝑟0(1+𝜃)

1−𝑘𝜃𝟐
   (sice 𝑘 > 1 and 0 ≤ 𝜃 <

1

𝑘
  so  𝑘𝜃𝟐 < 1)  

Case 2: If 𝑞 = 2𝑝 (even), by using the same way as 

the proof of the first case with 𝜃𝒏𝑝𝑏𝑟0
∗ ≥ 𝑝𝑏𝑟𝑛

∗  we get: 

𝑝𝑏𝑟(𝑎n , 𝑎𝑛+2𝑝+1 ) ≤
𝑘𝜃𝒏𝑝𝑏𝑟0(1+𝜃)+𝜃

𝑛−2𝑝𝑏𝑟0
∗

1−𝑘𝜃𝟐
  

From case 1 and case 2 we have 𝑝𝑏𝑟(𝑎n , 𝑎m) =
0, as 𝑛,𝑚 →  ∞,𝑚 = 𝑛 + 𝑞, 𝑞 > 0  
Hence < 𝑎𝑛 > is a Cauchy sequence in (𝑆, 𝑝𝑏𝑟).  
From completeness property of (𝑆, 𝑝𝑏𝑟) we have 

𝑎0 ∈ S  such that  𝑎𝑛 → 𝑎0 𝑎𝑠 𝑛 → ∞  
To prove 𝑎0 ∈ S is a fixed point of 𝑇 

Consider, 𝑇 satisfies 𝑝𝑏𝑟(𝑇(𝑎), 𝑇(𝑏)) ≤ 𝜃𝑝𝑏𝑟(𝑎, 𝑏) 
we have:  

𝑝𝑏𝑟(𝑎0 , 𝑇(𝑎0)) ≤ 𝑘[𝑝𝑏𝑟(𝑎0 , 𝑎𝑛) + 𝑝𝑏𝑟(𝑎𝑛 , 𝑎𝑛+1) +
𝑝𝑏𝑟(𝑎𝑛+1 , 𝑇(𝑎0))] − 𝑝𝑏𝑟(𝑎𝑛 , 𝑎𝑛) − 𝑝𝑏𝑟(𝑎𝑛+1 , 𝑎𝑛+1)  
≤
𝑘[𝑝𝑏𝑟(𝑎0 , 𝑎𝑛) + 𝑝𝑏𝑟(𝑎𝑛 , 𝑎𝑛+1) +
𝑝𝑏𝑟(𝑇(𝑎𝑛) , T(𝑎0))]  
≤ 𝑘[𝑝𝑏𝑟(𝑎0 , 𝑎𝑛) + 𝑝𝑏𝑟(𝑎𝑛 , 𝑎𝑛+1) + 𝜃𝑝𝑏𝑟(𝑎𝑛 , 𝑎0)]  
Since 𝑝𝑏𝑟(𝑎n , 𝑎m) = 0, < 𝑎𝑛 > converges to 𝑎0 ∈ S  
we obtain: 

𝑝𝑏𝑟(𝑎0 , 𝑇(𝑎0)) = 0 ⟹ 𝑎0 = 𝑇(𝑎0)  
Hence 𝑇 has a fixed point which is 𝑎0 ∈ 𝑆. 
In the following theorem we prove Kannan fixed 

point theorem in partial b-rectangular metric space 

Theorem 15. (Kannan Type of fixed Point) 

Let (𝑆, 𝑝𝑏𝑟) be a complete partial b-rectangular 

metric space with a real number 𝑘 ≥ 1, let 

T: (𝑆, 𝑝𝑏𝑟) → (𝑆, 𝑝𝑏𝑟) be a mapping such 

that  𝑝𝑏𝑟(𝑇(𝑎), 𝑇(𝑏)) ≤ 𝜃[𝑝𝑏𝑟(𝑎, 𝑇(𝑎)) +

𝑝𝑏𝑟(𝑏, 𝑇(𝑏))] where 0 ≤ 𝜃 <
1

2𝑘
 , ∀ 𝑎, 𝑏 ∈ 𝑆, then 

there exists a unique fixed point 𝑎0 ∈ S of  T and the 

self-distance between two points equals zero. 

Proof: Firstly to prove if T has a fixed point 𝑎0 ∈ S, 
then 𝑎0 is unique. We shall prove that if 𝑎0 ∈ S is a 

fixed point of T, i.e. T(𝑎0) = 𝑎0, then the self-

distance between two points equals zero.  

Suppose that 𝑎0 ∈ 𝑆 is a fixed point of T, i.e. 

T(𝑎0) = 𝑎0  
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Consider  𝑝𝑏𝑟(𝑎0 , 𝑎0) = 𝑝𝑏𝑟(𝑇(𝑎0), 𝑇(𝑎0)) 

≤ 𝜃[𝑝𝑏𝑟(𝑎0, 𝑇(𝑎0)) + 𝑝𝑏𝑟(𝑎0, 𝑇(𝑎0))]  

= 2𝜃𝑝𝑏𝑟(𝑎0 , 𝑎0) <
1

𝑘
𝑝𝑏𝑟(𝑎0 , 𝑎0) < 𝑝𝑏𝑟(𝑎0 , 𝑎0)  

Which is a contradiction. Thus, we must have the 

self-distance between two points equals zero.  

Now, to prove 𝑎0 is a unique, suppose there exist two 

fixed points of  T in S say 𝑎0 and 𝑏0 such that 

𝑎0 ≠ 𝑏0, i.e. T(𝑎0) = 𝑎0 ≠ 𝑏0 = T(𝑏0), then we have 

the self-distance between two points equals zero.  

Consider  𝑝𝑏𝑟(𝑎0 , 𝑏0) = 𝑝𝑏𝑟(𝑇(𝑎0), 𝑇(𝑏0)) 

≤ 𝜃[𝑝𝑏𝑟(𝑎0, 𝑇(𝑎0)) + 𝑝𝑏𝑟(𝑏0, 𝑇(𝑏0))]  
= 𝜃[𝑝𝑏𝑟(𝑎0, 𝑎0) + 𝑝𝑏𝑟(𝑏0, 𝑏0)] = 0  

Which is contradiction. So, we must have the self-

distance between two points equals zero, i.e. 𝑎0 = 𝑏0.  
Next, to prove the existence of fixed point, let 

< 𝑎𝑛 > be a sequence in 𝑆 such that 𝑇(𝑎n) = 𝑎n+1, 

𝑛 = 0,1,2⋯, if 𝑎n+1 = 𝑎n then 𝑇 has a fixed point 

which is 𝑎n.  

Assume that 𝑎n+1 ≠ 𝑎n, 𝑛 = 0,1,2,⋯, put  𝑝𝑏𝑟𝑛 =
𝑝𝑏𝑟(𝑎n , 𝑎n+1) 
Consider 𝑝𝑏𝑟𝑛 = 𝑝𝑏𝑟(𝑎n , 𝑎n+1) 
= 𝑝𝑏𝑟(𝑇(𝑎n−1) , 𝑇(𝑎n))  

≤ 𝜃[𝑝𝑏𝑟(𝑎n−1 , 𝑇(𝑎n−1)) + 𝑝𝑏𝑟(𝑎n , 𝑇(𝑎n))]  

= 𝜃[𝑝𝑏𝑟(𝑎n−1 , 𝑎n) + 𝑝𝑏𝑟(𝑎n , 𝑎n+1)]  
= 𝜃[𝑝𝑏𝑟𝑛−1 + 𝑝𝑏𝑟𝑛]  
After repetition of this process we get: 

𝑝𝑏𝑟𝑛 ≤ (
𝜃𝑘

1−𝜃𝑘
)
𝑛

𝑝𝑏𝑟0 (sice 𝑘 ≥ 1 and 0 ≤ 𝜃 <
1

2𝑘
  so  𝜃𝑘 < 1)  

Thus,  lim
𝑛→∞

𝑝𝑏𝑟𝑛 = lim𝑛→∞ 𝑝𝑏𝑟(𝑎𝑛 , 𝑎𝑛+1) = 0, it 

means for any ε > 0 we can find 𝑛0(ε) ∈ ℕ such 

that  𝑝𝑏𝑟𝑛 <
𝜀

2
, ∀ 𝑛 > 𝑛0(ε). 

To prove that < 𝑎𝑛 > is a Cauchy sequence in 𝑆 

Consider 𝑝𝑏𝑟(𝑎n , 𝑎m) = 𝑝𝑏𝑟(𝑇(𝑎n−1) , 𝑇(𝑎m−1)) 

≤ 𝜃[𝑝𝑏𝑟(𝑎n−1 , 𝑇(𝑎n−1)) + 𝑝𝑏𝑟(𝑎m−1 , 𝑇(𝑎m−1))]  

= 𝜃[𝑝𝑏𝑟(𝑎n−1 , 𝑎n) + 𝑝𝑏𝑟(𝑎m−1 , 𝑎m)]  
= 𝜃[𝑝𝑏𝑟𝑛−1 + 𝑝𝑏𝑟𝑚−1] 

Since 𝑝𝑏𝑟𝑛 = 𝑝𝑏𝑟(𝑎n , 𝑎n+1) <
𝜀

2
, ∀ 𝑛 > 𝑛0(ε), so 

𝑝𝑏𝑟𝑚 = 𝑝𝑏𝑟(𝑎m , 𝑎m+1) <
𝜀

2
, ∀ 𝑚 > 𝑛0(ε) 

Therefore, 𝑝𝑏𝑟(𝑎n , 𝑎m) < 𝜀, ∀ 𝑛,𝑚 > 𝑛0(ε) 
Hence < 𝑎𝑛 > is a Cauchy sequence in (𝑆, 𝑝𝑏𝑟) and 

lim𝑛,𝑚→∞ 𝑝𝑏𝑟(𝑎𝑛 , 𝑎𝑚) = 0 

From completeness property of (𝑆, 𝑝𝑏𝑟) we have 

𝑎0 ∈ S  such that  𝑎𝑛 → 𝑎0 𝑎𝑠 𝑛 → ∞  
 0 = lim𝑛,𝑚→∞ 𝑝𝑏𝑟(𝑎𝑛, 𝑎𝑚) = lim𝑛→∞ 𝑝𝑏𝑟(𝑎𝑛, 𝑎0) =
𝑝𝑏𝑟(𝑎0, 𝑎0). 
To prove 𝑎0 ∈ S is a fixed point of 𝑇 

𝑝𝑏𝑟(𝑎0 , 𝑇(𝑎0)) ≤ 𝑘[𝑝𝑏𝑟(𝑎0 , 𝑎𝑛) + 𝑝𝑏𝑟(𝑎𝑛 , 𝑎𝑛+1) +
𝑝𝑏𝑟(𝑎𝑛+1 , 𝑇(𝑎0))] − 𝑝𝑏𝑟(𝑎𝑛 , 𝑎𝑛) − 𝑝𝑏𝑟(𝑎𝑛+1 , 𝑎𝑛+1)  
≤
𝑘[𝑝𝑏𝑟(𝑎0 , 𝑎𝑛) + 𝑝𝑏𝑟(𝑎𝑛 , 𝑎𝑛+1) +
𝑝𝑏𝑟(𝑇(𝑎𝑛) , T(𝑎0))]  
≤

𝑘[[𝑝𝑏𝑟(𝑎0 , 𝑎𝑛) + 𝑝𝑏𝑟(𝑎𝑛 , 𝑎𝑛+1) +

𝜃 [𝑝𝑏𝑟(𝑎𝑛 , T(𝑎n)) + 𝑝𝑏𝑟(𝑎0 , T(𝑎0))]]  

=

𝑘[[𝑝𝑏𝑟(𝑎0 , 𝑎𝑛) + 𝑝𝑏𝑟(𝑎𝑛 , 𝑎𝑛+1) +

𝜃 [𝑝𝑏𝑟(𝑎𝑛 , 𝑎𝑛+1) + 𝑝𝑏𝑟(𝑎0 , T(𝑎0))]]  

Since lim𝑛→∞ 𝑝𝑏𝑟(𝑎𝑛, 𝑎0) = 0 and lim
𝑛→∞

𝑝𝑏𝑟𝑛 =

lim𝑛→∞ 𝑝𝑏𝑟(𝑎𝑛, 𝑎𝑛+1) = 0, we obtain 

𝑝𝑏𝑟(𝑎0 , 𝑇(𝑎0)) = 0 ⟹ 𝑎0 = 𝑇(𝑎0)  
Hence 𝑇 has a fixed point which is 𝑎0 ∈ 𝑆. 
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 مع بعض النتائجالمستطيل  bمن النمط الفضاء المتري الجزئي 
 ديبنور رياض أ

 العراق, بغداد, جامعة بغداد ,كلية العلوم للبنات ,قسم الرياضيات
 

 الملخص
علاقددة بدديا اددحا ال عمدديم ال وضددينا كددحل . المسدد لي  bمددا الددنم  الجزئددا للفضدداا الم ددرع يدددضا الفضدداا الم ددرع  ا  جديدددقدددمنا  ددا اددحا البيددً  عميمددا  

مبراندة كانداا و مبدد  بنداا اكنكما دا للن لدة الةدامدً  برادااب ضلدا حلد  قمندا. ضدلاوً  المسد لي  bمدا الدنم   الأخرى مث  الفضاا الم رع  وال عميمات
لفضدداا الم ددرع االن ددائا الم عل ددة بال عدداريو و ناق ددنا بعدد  الددا حلدد   بالإضددا ة. المسدد لي  bمددا الددنم  لجزئددا الفضدداا الم ددرع ا ددا للن لددة الةددامدً 

 المس لي . bما النم  لجزئا ا

 

 

 

 

 

 

 

  


