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1- Introduction

One of the important problems involved in the
analysis of such models is to find the exact inverse of
these covariance matrices in explicit form which
leads to the computation of determinants and other
related characteristics such as their eigen values and
spectral representation. Such computations are
tedious especially when the order n of the matrix is
large [2].

There is a large literature on inversion of covariance
matrices (e.g. [3,2,4]). The problem has been
approached either numerically to find fast algorithms
or analytically to find explicit forms for the entries of
the inverse. Naturally, analytical solution leads to
numerical one.

Now, let A,, be an (n x n) symmetric, positive definite
matrix. A, is said to be a patterned matrix if its
entries exhibit a structured form, for example the
Toeplitz matrix, the Jacobi matrix, These
patterned matrices are frequently encountered as
covariance matrices of structured dependent errors or
observations in statistical models or autoregressive
and moving average time series models as well as in
many other stochastic models [1].

The purpose of this work is divided to two parts. We
first prove for a Toeplitz-type matrix that the number
of independent cofactors is exactly n(n + 2)/4 for n
even and (n+ 1)?/4 for n odd. This reduces the
number of distinct cofactors to a little bit greater than
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In this study the inverse of two patterned matrices has been

investigated. First, for a Toeplitz-type matrix, it is proved that the exact
number of independent cofactors is (n +2)/4 when n is even number
and (n + 1)2/4 when n is an odd. Second, when the matrix is reduced to
a Jacobi-type matrix B, , two equivalent formulae for its determinant are
obtained, one of which in terms of the eigen values. Moreover, it is
proved that the independent cofactors B;; of B,, are explicitly expressed
as a product of the determinants of B;_; and B,_;. So, the problem of
finding the exact inverse of B,, is reduced to that one of finding the
determinants of B;,i=1,2, ..., n.

the quarter of the total number n? of cofactors, which
means that, practically, only these distinct entries of
the adjoint matrix need to be calculated[5]. Further,
these distinct elements have a certain arrangement
along each diagonal on the upper half of the matrix.
Second when the matrix is reduced to a Jacobi-type
matrix B,, two equivalent formulae for the
determinant of B, are given, one of them in terms of
the eigen values of the matrix. Moreover, it is proved
that the independent cofactors B;; of B, are exactly
given by:

Bij = (_1)j=ibj_idet(Bi_l)det(Bn_j),
i<j<n-i+li=12.,"

When n is odd or n/2 when n is even, and b is some
entry of B,,.

So that the problem of finding the inverse of a Jacobi-
matrix is reduced to that of finding the determinant of
B;,i=12,...,n.[6]

2- The Adjoint of A Toeplitz-type matrix:

Suppose A, = [a;;] is a Toeplitz matrix of order n
having the form:

a;=a;-;,1<i,j<n.[4]

Let M;; denote the submatrix of order n-1 obtained by
deleting the ith row and the jth column of A,,, and let
Ajj = (—1)*/det(M;;) be the cofactor of a;;. It is
well-known that the inverse A;* of A, is given by:
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Aztdet(4,) = [Ai]-]t, where t denote the transpose of
the matrix = [4;;], by symmetry of A,,.
This means that A;; for all i > j are redundant. The
following lemma proves that about the half of the
remaining cofactors are redundant too.
In all what follows J,, denotes a reversing matrix of
order n(secondary diagonal) , namely:

0 0 0 1
0 0 1 0
]Tl:: : : :
1 0 0 0

Lemma 2.1: [3]
Consider the matrix A,
1<i<j<n,

= [aq-jy]- Then for all

Aij = An_jsin-is1-

Proof:
Let a4, ay, ..., a, denote the row vectors of A,, and
B1, Bz, .-, By, the column vectors. Then, by symmetry

of A,, a; = BL;, and by the structured pattern of 4,,,
Q; = Up_iy1)n. It, thus follows that:

ﬁl = Unﬁn—i+1)t--~ (21)
and
.8] = (an_j+]_]n)t... (2.2)

(2.1) and (2.2) imply immediately that,
Mij :]n—ertl—j+1,n—i+1]n—1’
from which,
Aij = An—j+1,n—i+1' fOT all1<i S] <n
Theorem 2.1:
Consider the matrix A, = [a;_;]. If K denotes the
number of independent cofactors of 4, then :
_((n+1)2/4, nodd
a {n(n +2)/4, neven
These independent cofactors are the elements A;;
withi<j<n-i+1,i= 1,2,...,"THWhen n is odd
or % when n is even. [6]
Proof:
Suppose nis odd. Putn=2r+1,r=1,2, ... . It
results from( lemma 2.1) that the independent
cofactors are the (i, j) elements A;; with i < j <n —
i+1,i=12,..,r+ 1.
Thus
K = Zr+1 Zn i+1 1(1‘])
=Yt n-2i+2)
=(r+1)?
_ +1)?

Zr+1 Zn 2i+1 1([ s)

4
Now, let n be even, n = 2r with r a positive integer.
Then the independent cofactors are those A;; with i =

1,2, ...,1,i<j < n-i+l, so that
K= Z 12" g5 = D 2 1
rir+1)= Lnt2)
4
Remark 2.1

The independent cofactors are exactly the entries of
the adjoint matrix indicated by the hachured area
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= -

n+1

- or
respectively.[7]

3- The Jacobi-type matrix:[8]

In all this section we suppose that the matrix A, =
[a};—;] is now reduced to a Jacobi-type matrix where
a;;—;;=0 whenever [i — j| > 1. Precisely, we suppose
amatrix B, = [b;;] such that :

according to n odd or even,

a i=j
bijj=1b, li—jl=1..(3.1)
0, otherwise

3-1 The determinant of B,,:

Let D,, = det(B,). Then by expansion about the first
column, it can be shown that D, satisfies the
difference equation of second order:

D,=aD,_; —b?D,_, ,n=23, ...

with the two boundary conditions D, = 1,D, = 0.
The roots of the auxiliary equation y? —ay + b? =0
are,

_ atva?-4b?
J’_l,z =T 2
give the solution.
.t Jaz —anz\t
e eyl [(a +Vva*—4b )

(a—vaZ=4b2)""|,n20 ... 3.2)

Expanding the binominals in (3.2), D,, reduced to :
n+1

which with the boundary conditions

D, =

— -n n SAN—=S§ i —
D, =2 ZS=O(S+1)xa ,With x =
va? — 4b?

n+1 z

=(9)"sH, (21 e (1-42)"

with H denotes the greatest integer <

3

2
Expansion of the above binomial again yields.

D, = (&) sl 2oy D0 (+2)
b, = (& 20 (42) 22, (211 ()
The last summation can be proved to be exactly

(n )2” 27 which leads to the expression:
D — Z[ ] (_l)r (n - T) bZran—Zr'
n>0, [;] the greatest integer < >
3-2 The Eigen Values of B,,:

If A is an Eigen value of B, if A satisfies the linear
equation B,Z = AZ, with Z a nonzero column vector
of dimension n, which is the Eigen vector
corresponding to A. To find the Eigen values of B,

we are motivated by the approach relating to this
problem to the characteristic-value problem of a finite

.. (3.3)
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homogeneous boundary difference
equations (See [9]).
In theorem 3.1 below we prove that the n eigen
values of B,, are exactly the ne eigen values of a
system of ne difference equtions with two boundary
conditions, and hence can be determined from the
general solution of the system.
Theorem 3.1:
Let B,, be the Jacobi-type matrix given in (3.1). The n
eigen values 1,,, m= 1,2, ..., n of B, are exactly the
n eigen values of the different equation:
bZypi1+vaZy, +bZ, 1 =AZ,,,m=12,..,n
with,
Zo=0, Zy1 =0
Hence,
An=a—2b cosﬂ,m =12,..,n.

n+1
Proof:
Let Z = (zy, 25, ..., z,)". Write the equation B,Z = AZ
in the expansion form
az; + bz, =Az;
bz, + az, + bz,

system  of

bz, + az, = Az,

which is equivalent to the homogeneous system of
different equations

bz + Az, + bz = Az, m=1,2, ..., 0.

with the two homogeneous boundary conditions z, =
0 y Il = 0.

For such a system, no nonzero solution exists unless
A takes on one of a set of eigen values Ay, ..., Ay
which are exactly the required eigen values of B,,. In
fact no nonzero solution to the above system exists

-2 .
unless |a2—b| < 1 or equivalently unless A = a - 2b cos

0. In this case the general solution to the system is z,,,
= ¢, cos mO . The condition zy =0 impliesc; =0, and
the second condition z,,.; = 0 leads to ¢, sin (n+1)0 =
0, which unless 6 takes a value for which sin(n+1)6 =
0, the only solution is ¢, = 0, in which case z,, =0, m
=12,...,n

However, if (n+1)0 =mn, m=1,2, ..., c, is arbitrary
and z, #0.

Thus z,, # 0 whenever 8 = g m=1,2, ..., n for in
fact, all the other values of m lead either to the trival
solution. when m=0, n+1, 2(n+1), ..., or to solutions
identical to those obtained: when m takes on one of
the integers in the intervals (n+1, 2(n+1), 3(n+1)), ...
etc.

From all what preceeds , it follows that the required
eigen values are :
An=a—2b Cos:—ﬁ,
Corollary 3.1:

It can be easily shown that :

Dy = [Tm=1 [a —2b cos %] . (34)
which is another expression of det (B,,).

m=12,..,n
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3-3 The Inverse of B,;:

As proved in theorem 2.1, to find adj B, it suffices to
calculate the cofactors By, j = i, i+1, ...., n-i+1, i =1,
2, ..., "T“ for n odd or g for n even. Observe that

when deleting the ith row of B, , for any fixed i, the

obtained submatrix gives the following cofactors Bjj ,

j=1,i+1, ..., n-i+1, where,

Bij = (-1)* det (Bi.y) det (By) ,j =i, ... (3.5)

Bjj = (-1)" det (Cy) det (By), j =i+1, ..., n-i+1

with Cj; a square matrix of order (j-1) satisfying the

relation:

det (Cij) =b det (Cij-l)aj =i+l, ..., n-i+1. ... (3.6)

det (C;j) = det (Bi.y), j=i

(3.6) is clearly a first order different system of

equations with boundary condition. It can be easily

shown that:

det(C;j) = b Idet(B;_,),j=i,i+1,..,n—i+1
... (3.7

Varying i, (3.5) together with (3.7) imply, thus, that:

By = (-1)"*/bi~idet(B;_,)det(B,_;),i <j <n—

i—1,

i=1, "T“ or Zas n odd or even.

Clearly, this formula reflects the symmetry of

cofactors proved before for the more general case by

lemma 2.1. We can thus state the theorem:

Theorem 3.2:

For the matrix B, given in (3.1), the independent

cofactors B;; are exactly:

Bi; = (=1)"*/b/~'det(B;_,)det(B,_;), j = i, j+1,

o, el

i=12, ..., "T“ orgas n odd or even.

Hence, if B, = [BY] denotes the inverse of B, then

BY = (-1)"*Jpi~'det(B;_,)det(B,_;)/det(B,),

. . . . +1
i=1i, ..., 0+, i=1.2, ...,"Torgas n odd or even.

Remark 3.1:
1- It follows from theorem 3.2 that, to find B~1 it
suffices to calculate the determinants of B4, B,, ... B,
which can be calculated using either formula (3.3) or
(3.4).
2- A statement similar to that of B in the theorem but
for the inverse of the covariance matrix of a first
order moving average process has been observed
before by Arato [7] and then used shaman [10].
4- Applications
Below are two examples of statistical models for
which the involved covariance matrix is of the
Toeplitz of Jacobi types studied in this work.
Example (1):
Suppose Vi, Y2, ... , Yo IS an observed time series
generated by a stationary autoregressive process of
order p given by:
Vi = 01yi-1 + 625+ 0,y +e;, with (e;) a
white noise process, that is E(e;) = 0,V i,

JLFEJ
Bee) = 2]
This means that y; have bounded means and
variances, precisely for all i,
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c%,k=0
EW) =0,E(yyi+r) = {ak,k £ 0
Put,
t
Y, = (yp+1 ...... yn)
yp Yp+1 V1
Yp-1 Yp o Y
Xp = p: ' p :2
Yn-1 Yn-2 yn—p
t
0, = (61 .....0,)
Then, givenyy, ....... , Yp, the least squares estimate of
0, is given by,

@, = (XtX;1) ' XLY,, which, under the Gaussian
assumption of the process, is consistent,
asymptotically normally distributed, namely:

n(6, —0,) 2 N,(0,024;%), where,

A, = [ aj ], which can be consistently estimated by
XLX,,.

A, is obviously a matrix of the Eoeplitz-type studied
in section 2.

It is well-known that [1] the asymptotic theory is not
altered if X,‘;Xp is replaced by the matrix Aj =
[af‘i_ﬂ] with a = %Zﬁ;fy,yﬁk, k=0,1, ..., p-1,in
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