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1-Introduction

In 1965, O. Njasted [1] defined a subset A*'of a space
X*' to be o*'- open if A* € int(cl(int(A*"))), which
plays an important role in the field of general
topology. In 1963, N. Levine [2] defined semi*'-
open which is a subset A*of a space X*' satisfies
A" < cl(int(A*")), or equivalently if there exists an
open set O such that 0 € A*' < clO. In 1955, Kelley
[3] introduced the concept of normal space,
completely normal space and study the relationship
between them.

2-Prliminaris:

We recall and generalize more of definitions with
examples to explain the subject.

Definition 2.1 [6]

Let (X*',t*) be a topological space and A" < X*'
then:

1) The closure of A*is denoted by cl(A*") defined as
cl(A*") =N{B*": B*" isaclosed and A” < B*'}.

2) The interior of A*'is denoted by int(A*") defined as
int(A™) =U {B*:B*" isanopenand A" 2 G*'}.
Definition 2.2

A subset A*' of space X*' is said to be:

1) a*' -open if A” C int (cl(int(A*’))) [1].

2) semi*’-open if A < cl(int(A*’))[Z]..

The complements of the above mentioned open sets
are called their respective closed sets.

Remark 2.3 [5] Every openset inX* is a*-
open set in X but not conversely.
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Remark 2.4 [2,4] Every o*-openset inX"is
semi™-open set in X' but not conversely.

Definition 2.5: The topological space (X*,t*) is
called (a*,semi*) normal space if for any two
disjoint closed sets A*,B* © X*, there exist two
disjoint (o, semi*’) open sets U*', V*' € X*'with
A" € U"and B € V¥,

Theorem 2.6: Every normal space is (a*, semi*
normal space but not conversely.

Theorem 2.7: Every (o™, semi*)normal space is a
topological property.

Definition 2.8

A topological space (X*',t*') is said to be:

1) Ty'- space if for every a*’ # b*'in X*' there exist
two open sets one containing a*' but not b*'and other
containing b*' but not a*’ [3].

2) [8] a*'Ty'- space if for every a™ # b*in X*' there
exist two o*'- open sets one containing a*’ but not

b*'and other containing b*" but not a*' [8].

3) semi*'T;"- space if for every a*’ # b*in X*' there
exist two semi*'- open sets one containing a*' but not
b*and other containing b*’ but not a*'.

Theorem 2.9 Every (a*,semi”)T;’- space is a
topological property.

Theorem 2.10 [7] A topological space (X*,t*) is
completely normal space if and only if every
subspace of X*'is normal space.
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Theorem 2.11 [7] Every completely normal space is
normal space.

Theorem 2.12 [3] A completely normal space is
topological property.

Definition 2.13 [3] A topological space (X*,t*') is
called T:'- space if it is both T;’- space and
completely normal space.

Remark 2.14  [3] Every Tg'- space is T,'-
space but not conversely.

Theorem 2.15 [3] A T:'- space is topological
property.

3-Some Types of Completely Normal Spaces:

In this section we introduce the class of completely
normal space with their

properties.

Definition 3.1 Let (X*',t') be a topological space is
called (o™, semi*’) completely normal space if and
only if given a pair of separated sets A*',B* < X*/,
there exist two disjoint (a*’,semi*’) open sets
U*,v* c X* suchthat A < U“,B” c V¥,

In the following examples we can show three types
of completely normal space :

Example 3.2:

Let ', be a  topological space
where X*'={1,2,3,4,5}and t*'={0, X" {1},{1,5}.{2,4}
{1,2,4}, {1,3,5}, {1,2,4,5}}:

(Case one) {2,4},{3}are two separated closed sets by
two disjoint o*-open sets {1,3}{2,4}in X",
Hence (X*',t*') is o' -completely normal space.
(Case two) {1},{2,4}are two separated open sets by
two disjoint o*'-open sets {1,3},{2,4}inX".
Hence (X*',t*') is a*’'-completely

(Case three) {3}is closed set and{2,4}is open set are
separated by two disjoint a*-open  sets
{1,3},{2,4}in X*'. Hence (X*',t*') is a*'-completely
Example 3.3

Let (X*,t') be a topological space where
X*'={1,2,3,4}and t"'={0, X" {1}.{4}.{2}.{1.4},
{2,4}, {1,2}, {2,3,4}, {1,2,4}}:

(Case one) {1},{3}are two separated closed sets by
two disjoint semi*-open sets {1,2},{3,4}inX".
Hence (X*',t*') is semi*’-completely normal space.
(Case two) {2},{4}are two separated open sets by
two disjoint semi*-open sets {1,2}{3,4}in X"
Hence (X*',t') is semi*’-completely

(Case three) {1}is closed set and{2}is open set are

separated by two disjoint semi*'-open sets
{1,2},{3,4}inX*". Hence X*',t*) is semi” -
completely
Theorem 3.4

Every (a,semi*) completely normal space is
(a*', semi*") normal space.

Proof: LetA*, B* be two disjoint closed sets
in(a*, semi*") completely normal space (X*',t*'). As
cl(A*")=A"and cl(B*')=B*'we get A" n B*' =0.
Thus A*'and B*' are separated sets in X*' .

Hence by definition, there exist two disjoint
(a*, semi*') open sets U*”and V*'such that A* <
U*I’B*/ c V*,.
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This shows that (X*',t) is (a*,semi*)normal
space.

Remark 3.5

Converse of the theorem (3.4) need not be true by
later example after theorem (3.10) which is needed in
this example.

Theorem 3.6

1) Every completely normal space is a*'- completely
normal space.

2) Every a*'- completely normal space is semi'-
completely normal space.

Proof:

1) Let (X*',7*") be a completely normal space and let
A" ,B*'be two separated subsets of X*'.

So there exist two disjoint open sets U*, V¥ c
X*'such that A* < U*,B* c V"',

Since every open set is a*'- open set . Then U™, V*'be
two disjoint o*'- open sets subsets of X*'such that
AY cU¥,B" c V",

Hence (X*',t*') is a*'- completely normal space.

2) Obviously.

Remark 3.7

Converse of the theorem (3.6) need not be true by the
following examples:

Example 3.8

1) In example (3.2) show that o*’-completely normal
space need not be completely normal space.

2) In example (3.3) show that semi*'-completely
normal space need not be o*'-completely normal
space.

Theorem 3.9

An (a*,semi*) completely normal
hereditary property.

Proof:

Let (X*',t™) be an (a*, semi*’) completely normal
space.

And let (X*',t*'") be a subspace of (X*',t*') to prove
that (X*',t") is (a*,semi*)completely normal
space. Let A”and B* be any two separated sets in
(X*”,T*”).

Claim that A*and B*' are separated subsets of
X", Since X*' < X*then A*and B*are
separated sets in(X*, ') .

A" N cl(B*)=@ and B* n cl(A™)=0.

A" n[cl(B¥) n X*']=@ and B*' N [cl(A*) n X*"']=Q.
[A" nX*'] ncl(B*)=@ and[B*' N X*"'] N cl(A*")=0.
Since (X*',t*') is an («*', semi*’)completely normal
space.

There exist U*and V*'be two disjoint (a*', semi*’
open sets subsets of (X*,t) such that A" c
U¥,B* € V¥ and U" N V*'=@.

Define U*'=U* n X*'and V*''=V*' n X*"'.

Then U*',V*'be two disjoint (a*', semi*’) open sets
subsets of (X*"', ).

U nV*'=(U" nV*") NnX*"'=@,
v,

This shows that (X*"',t") is (a*, semi*") completely
normal space.

Theorem 3.10

space is

*/ *I! */
AY c U, BY ¢
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A topological space (X*,t¥) is (a*,semi”
completely normal space if and only if every
subspace of X*'is(a*, semi*) normal space.

Proof:

Suppose (X*',t™') is (a*', semi*’) completely normal
space and let (X*'',7*"") be a subspace of (X*',t*'). By
theorem (3.9) and theorem (3.4). We get (X*"',t*") is
(a™, semi*")normal space.

Conversely:

Assume that (X*',™') be a topological space such
that each subspace of (X*',t) is (a*', semi*’) normal
space.

To prove (X*',7) is (', semi*") completely normal
space.

Let A*and B*' be separated subsets of (X*',t*).

Then A* n cl(B*")=@ and B*' n cl(A*)=0.

Define X*"'=X*'-[ cl(A*") n cI(B*)]=[ X*'- cl(A*)] n
[X*'- cl(B™)].

Let T""={U" nX"":U" € t'}be the
topology on X*"'.

As cl(A*) is closed in (X*,t¥), cl(A")NnX"is
closed in X*',

similarly cI(B*") n X*"" is closed in X*"'.

Further

[cl(A*") n X*""] N[cl(B*) N X*"']

=[ cl(A*) N cl(B*)] n X*"

=[ cl(A*) N cl(B*)] N [X*'-(cl(A*) N cl(B*))]=0.
Thus cl(A")nX""and cl(B*) nX*are disjoint
closed subsets of X*"'.

As X™is (a*',semi*’) normal space, there exist
U™, v*''be two disjoint («*', semi*’) open subsets of
X,

Such that [cl(A*)nX*'] € U*and
X" € V*and U*"' N V*"'=@.

U*'=0* nX*'and V*''=V*' n X*'"for some U*',V*'be
two disjoint (a*', semi*") open subsets of (X*',t*).
Claim that A” € U*,B* € V*'.

1) A" ncl(B*)=0

— A* C [X"-cl(B*)], cl(A*) ncl(B*) € cl(B*).
— X¥-[ cl(A*") N cl(B™)] 2 [X*'-cl(B*)]

— X*' 2 [X*-cl(B*)] 2 A"

Thus A" € X*'. Similarly we get B < X*"'.

2) A" nX*'=A" n [X¥- cl(A*) N cl(B*)]

=AY N [X*- cl(A")] U [X*'- cl(B*)]

relative

[cl(B*) n

=[ A" N [X"-cl(A)]] U [ A" N [X* — cl(B™)]]

=P U A”=A"

[A” € c(A") — A" N[X"-cd(A")]=¢ — A" N
cl(B*)=0

— A*! g [X*I_ Cl(B*I) — A*I(x*l_ CI(B*I)): A*’].
Thus A*' n X*'=A", similarly we get B n X*''=B**'.
3)AY € X' — AY=A" N X" S c(AY) NX*' C
U cu”.

Thus A* € U™ similarly we get B* < V*'.

Thus for given any pair of separated sets in A*'and
B*/in (X*’,T*,).

There exist two (a*', semi*’) open subsets U*', V*' of
(X*,,‘E*’).

Such that A* € U™, B* € V*¥and U* N V*'=0.
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Hence (X*',t*) is (o', semi*) completely normal
space.

Example 3.11

Let X*'={1,2,3,4}and

'={0,X" {1},{1,5}.{2,4} {1,2,4},{1,3,5},{1,2,4,5}
}

Let Y”={1,2,3} and t{..={0,Y" {1,2},{1,3}{1}},
then (Y, ty.)be a subspace of (X*,t*). Since
{2},{3} are two disjoint closed sets in Y*'which not
separated by two disjoint o*'-open sets in
Y*, hence (X*',) is o™~ normal space but
(Y, t§%) is not o*’-normal space. Then (X*',t*) is
not o™’ -completely normal space by theorem (3.4).
Example 3.12
Letx”={1,2,3,4} and t"={0. X", {1}.{2}.{4}, {1.2},
{2,4}{1,4}{1,2,4}{2 3,4}}.
LetY*={1,23} and t{.={0,Y"{2,3}.{1,3}{3}},
then (Y*, 1) be a subspace of (X*,t*'). Since
{1}.{2} are two disjoint closed sets in Y*'which not
separated by two disjoint semi*’-open sets in Y*,
hence (X*,7) is semi*-normal space but
(Y, 1) is not semi*'- normal space. Then (X*',t*
is not semi*'-completely normal space by theorem
(3.4).
Theorem 3.13
An (a*,semi™) completely normal
topological property.
Proof:
Let (X¥,t") be an (a*', semi*") completely normal
space.
Let (X*',7*"") be any topological space and let f*':
X, ") — X™,t*'") be a homeomorphism.
To prove that X*'is an (o™, semi™) completely
normal space.
Let A*and B*be two separated sets in X*"'.Hence
AY ncl(B*)=@ and B* N cl(A*")=0.
Since f*' is continuous* function cl(f*’_l(A*’))E
£ (cl(A™))
and cl(f*~ (B*)) € £~ (cI(B*"))
Hence £~ (A*)) N cl(f*~ (B*)) <
£ (A DE (cl(B™))

1 1
=f* (A ncd(B*)=f" (0)=0.

1

Therefore f*~ (A”) n cl(f*’_l(B*’))= Do (1)

1

A (A") N

space is

Similarly, we can show that
-1
f* (B*)=0........... )

from (1) and (2) we get f*’_l(A*’) and £ (B*) are
separated sets in (X*',t™).

As X*is an (a*', semi*)completely normal space
there exist disjoint (a*, semi*")open sets say U*', V*'

in  (X*") such that £ (A") € U”and
£ (B*) € V*.

As f* is onto,
B = (£ (B")).

1

A*/: f*l(f*l_ (A*/)) and
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Hence A*l: f*’(f*’_l (A*I)) c f*l( U*I) and

¥= f*’(f*’_l(B*’)) c (V).
Further Uy nf(vH= (U nv*')=0
(since f*' is one to one).
Further f*is an (a*', semi*') open function —
f*'(u), £V’ e X,
Thus for two disjoint separated sets A*'and B*'in X*"'.
There exist £*'(U™), f*'(V*') € X*” one containing
A*'and the other containing B*'.
Hence (X*',t*") is an (a,semi*) completely
normal space.
Now, we introduce some separation axioms:
Definition 3.14
Let (X*', ) be a topological space is said to be:
1) o*'Ts'-space if it is both o*'T;'- space and o*'-
completely normal space.
2) semi*'T:'-space if it is both semi*T;'-space and
semi*’ -completely normal space.
Proposition 3.15
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