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1. Introduction

The concept of linear 2-normed spaces was
introduced by Siegfried Géhler [1, 2, 3] in 1960, a
German mathematician who worked in German
academy of science, Berlin. Published this concept in
the series of papers in German language, this subject
has been studied by many mathematicians: A. White,
Y J Cho, R W Freese and others who contributed to
expanionality of this branch of mathematics since
many researchers and scientists have obtained various
results in this space, later the theory of 2-normed
space was generalized and developed by S.Gahler
then they trying to expand this generalization as well
as many other subjects.

The study also give special attention to other results
on this subject [4, 5, 6, 7, 8].

2. Preliminaries

In this part, the study dealt with two basic definitions
as well as some properties are being focused on, each
supported by an example for clarification .

Definition 2.1. [9] Let X be a vector space with
dimX > 1, over the field F, where F is the field of
real or complex numbers. The real valued function
II.,.I: XxX — R which satisfying these conditions
forall x ¢y z € X and a€ F:

LIl 2z Il =0 if and only if x and ¢ is linearly
dependent.

2.l xg =1 %xl.

3.l x,ay ll=lal ll x4 .
dillxgyg+tzl<lxygl+ilxzl
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The study focused on expanding the concept of 2-normed spaces by

developing a new definition (S-normed space),
concentrated on the convergent of sequences and Cauchy sequences in
our definition, as well
transformation and contraction.

and the study

as some other branches such as linear

Is called a 2-norm on X and the pair (X, II.,. 1) is said
to be a 2-normed space over the field F .
Note in any 2-normed space (X, II.,.ll) the 2-norm
II.,. Il is non-negative .
classical example of the 2-normed space (R?I.,.1)
that 2-norm |I., . | on R?is defined by
Il 2y I = |19, - y122| Where x = (x4,%,) , 9 =
(41, 4,) €R?%. This is the area of parallelogram
determined by the vectors x and ¢ .
Proposition 2.2. [9] Let (X, I.,.1l) be a 2-normed
space over the field F. Then
Lllzyl=lx,y+axll,Vx,y € Xanda € F;
2. If 4 and z are linearly independent in X and
lxgygll=Ilxzll=0

Vx € X,thenx =0 .
Definition 2.3. [10] Letn € V" and X be real vector
space such that dim = n . A real valued function
Il.,..,.lI on X™ which satisfying the following four
properties
Lz ..., I =0 if and only if %, ,...,x, are
linearly dependent;
2.l %4 ,..., 2, |l is invariant under permutation;

3l xg,.,ax, I =|a| ll 24 ,..., 2, |l forany a € R;
4 Nz oo, +23 1S T2y o 2o, |l +
N2, %n_1, 3 |,

Is called an n-norm on X and the pair (X, II., ..., .1l is
called an n-normed space .

Note that in an n-normed space (X1 .,...,.1l), we
have, for instance, Il x; ,...,x, =0 and |l x,
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e Xpq X 1= M2y oo X Xy F g e+
Qp_1%n_q . Forallx; ... x, € X and ay,, ...
ER

A trivial example of n-normed space is X = R"
equipped with the following n-norm:

X11 X1n
Il %1, .., 2, Iz =abs :
xnl xnn
for

Where X = (xil, ...,xin) € Rn,
1, ...,n (The subscript E is for Euclidean) .

3. Definitions and characterizations

The study also presents a new concept,(S-normed
space), where we studied the convergent of sequence
and Cauchy sequence in S-normed space applied
followed by some possible cases .

Definition 3.1. Let X be a vector space with
dimX>1 over the field F, where F is the field of real
or complex numbers, € ={s € X: S is finite and
independent set}.
The real valued function |.,.ll : X x € - R which
satisfying these conditions vVx,y € X, § € € and
a €F:

1. .8 Il = 0if and only if there exist g€ § such that
x, g are linearly dependent.

2. lox,S=lall xS I.

ol xtg S < lxsSl+1gsS,

is called §-norm on X, and the pair (2, II.,. ) is said
to be S-normed space, over the field F .
The researcher is supporting his definition by this
example define, when X be 2-normed space and € =
{$§ € X: S is finite and independent set}, the S-norm
definedas: llx, Sl =min{llx,4 ll:4 €8} Then
X is §-normed space.

Proposition 3.2. The S§-normed space has the
following properties:

» An—1

eachi =

| TSIl —Ilw.SI1 | <lx—9SI,vx,4 €
Xand§S € e
Proof:
lxsli=1x—g)+usIZI
x—u43SI +11wdS
= 2,1 —1%SI<I
x—4,8,..(0)
le,SI=1—-%sSlI=I x—
y—25I<lx—%SIl +lxS5I
= lg,sI —IlxSI<I
hx—2d8I
= TSl —-l1yg,SN=—-1x-—
%38 1,...(2)
From (1) and (2) we get :
—llx—4SI<lxSl —-lg,SI<lx—
4,5 |l
= [ TS —1gsSl| <lx—9SI

,Vx,y EXands € € .

Definition 3.3. Let X be S-normed space then the
sequence {x, } in X is convergent to x € X if:
Ve > 0,3K € NV,such thatvn > X: |l x, —
< e ,forevery§ e €.

If {x,} is convergent to x , we write : {x,} — x .
Lemma 3.4. Let X be S-normed space and
{zn}.{y,} be sequences in X, then :

x,8 |l
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1. If, {x,} — xand {¢,,} — ¥, then {x,, + ¢,,} —
x+y.
2. If, {x,} — z, then {ax,} — ax .
Proof:
1 v {x,} — =«

~Ve>0,3K; € N,suchthatvn > X : |l x,, —
xS < E,foreveryé‘ e e

“{ynl =y,

~Ve>0,3%K, € V,suchthatvn > 3¢, : || ¢, —

3, S 1< -, foreverys e €
Take K = max{X;, K,}

Thenvn > %: || (x, +4) — (x+2),S =1
(n—2)+ (g —w)S |
<lhzp— 281+l g — 4S8
<“+-=eforeveryse e
At ynl —x+y
2. {x,} —x,

~Ve>0,3K € V,such
xS | <j foreverys € €

We have : vn > X, llax, — ax, S || = |a| Il x, —
xS I <|al % =€ foreveryS € €

thatvn > X: |l x, —

~A{ox,} — ax .
The following theorem shows that if the sequence is
converge then the convergence point is unique.

Theorem 3.5. If {x,} is convergent sequence in S-
normed space X, then the convergent point, is
unique .
Proof :

Suppose {x,} is convergent to, x and ¢ in S-normed
space X such that x = ¢

Since {x,} — x ,

then VE > 0,3 K, € V such thatvn > K : |l x,, —
xSI<:,vsee

Since {x,,} = »

= VE>0,3XK, € N such
pSlI<i,vsee

For every z #0 take S ={z} such that {x —
y}, z are linearly independent ,
So,llx— 4SS l1+0=>lx—4S I=E>0
E=llz— 4SS lI=lx—x,+ 2, — 4, S <l 2, —
£2SI+lx,—9SI< €
and that is a contradiction.
Sothat x = ¢ .
Definition 3.6. Let X be S-normed space, then the
sequence {x,,} in X is called Cauchy sequence if :
Ve >0,3XK €N, such that: vn,m>%X,I| x, —
X, S I <e€,foreverys e € .
Definition 3.7. The S-normed space X, is called
complete S-normed space, if every Cauchy sequence
in X, converges to a point in X.
Definition 3.8. The s-normed space X, is said to be
S-Banach space if it is complete S-normed space .
Definition 3.9. Let (X, II.,.|I) be §-normed space,
Let %y EX,r>0and S € €, the
Bisy(r, xp) = {x €X:lla— x5, SI< 1}

thatvn > X,: |l x, —

set



Tikrit Journal of Pure Science Vol. 24 (4) 2019

We call it an open ball with respect to § with center
%o and redius r.

Definition 3.11. Let X be S-normed space, the
sequence {x,,} in X is called S-bounded if:

VS €EEIMs>0suchthat || x,,S IS Ms,vn.
Lemma3.12. Every Cauchy sequence in S-normed
space is S-bounded.

Proof : Suppose {x,} is Cauchy sequence and take
e=1

then 3 X € V suchthat vn > K |l x, — 2, S 1| <
Lvsee

letm=k+1=2vVn>K: |lx, — 241,89 l1<1

since vn>H, xS — Il gy, S U< 2, —
Zran, S 1< 1

=Svn>K: 2,8 | < 1+ 2341, S |

Take Ms = Max{ll 2., S I, 25, S II, ..., | 2, S|l
AN x4, S N1}

=x,SII<KMs,VneN .

= {x,} is S-bounded.

Theorem 3.13. Every convergent sequences in §-
normed space is Cauchy sequence

Proof: Let {x,} be a convergent sequence, in §-
normed space, such that {x,,} — x,

Let > 0, since {x,} — x then 3K € N such that

V> Kl — xS 1< S
VS €€ form>K: || 2y — 2,5 1< >, VS €€

Since vnm>K:llx, — xS 1<z, — 235
Hlx,—25I<E,VSEE

So {x,}, is Cauchy sequence in §-normed space .
The prove of the following corollary consequence
from lemma (3.12) and lemma (3.13).

Corollary3.14. Every convergent sequence in §-
normed space is bounded .

4. Linear transformation on S-normed spaces
In this part of the study, the linear transformation and
contraction mapping is being defined in §-normed
space and with a study of several propositions.
Definition 4.1. Let, X be S-normed space and Y is
normed space, then

F: X x€ — Y, is called S-linear transformation if
it satisfies the conditions:

Vx€eEX,VSE€anda €F;

1. Flx+4,8)= Flx,8)+ Fu9),

2. Flax,8) = a F(x,S).

Definition 4.2. A linear S-normed space F is said to
be bounded, if IM>0 such that || Fp5 Il <
MIlx,SI,VxeX, VS eEe.

Propoition4.3. LetX be S-normed space and
F:Xx € — Y is bounded S-linear transformation.
Let S belong to €,x € X. If there exist ¢ € § such
that x, ¢ are linraly dependent then (x,S) € ker F ,
where ker F = {(x,8): F(x,5) = 0}.

Proof:

Since F is bounded

Then there exist M > 0 such that | F(x,$) | < M |l
xS

since there exit ¢ € S, such that x and ¢ are linearly
dependent
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Hence, 0 < | F(x, I Ml x,SI=M.0=0
Therefore, F(x,8) =0
Thus, (x,S) € ker F.
Let B(X x €,7) be the set of all bounded S-linear
transformation on the S-normed space X X €.
We can define over B(X x €,1) operations (+) and
(.) inthis way

For F, , F, € B(X X €,7)
(Tl +j:2)(x'5) = ?1(x,5) +T2(x,$) ,Vx € Xand
Vs ee.

(@ FDs) = a.Fi(x,8),Vx € X,VS €
€,anda €F
Propoition 4.4. The set B(X x €,1Y) with two
operation defined above is vector space
Proof: Let F; ,F, e B(X x€&,Y) = IAM;, M, >
Osuchthat | Fi(x,8) 1< M Il x, S|l
And | Fo(, ) IS M, L 2, S |l

Then,
I (Fy+ Fs) Il = 1 Fi(x, ) + Faolx, 8) <
Fi(x, ) I+ 1 Fp(x, S I
S WM +M) xS
I (. F) s | = @ Fi(x,8) 1= |a| | Fi(x,S) I
< la| Myl xSl

SoF,+F,€eB(Xx€,Y) and aF; € B(X X
e

By the same way in proposition4.4 we can prove
other conditions of vector space.
Propoition4.5. Let B(X x €,Y) be the set of all
bounded S-linear transformation, for every F €
B(X x€,1Y) , then B(X x €,7) is normed space
where,

IF Cx,8)1I

IF = supyes {75

%, 1 are linearly independent }
we call || F || the norm of bounded S-linear
transformation F.
Proof: The vector space B(Xx e,Y) with the
function || . |[:B(X x €,Y) - R, is normed space
because it satisfies :
LIFI=0
“llxSI>0,vyes , xy are
independentand || F(x,8) Il = 0,vy € S,
x € X.

IF (x5

S

independent

" SUDye S{"T"(;;i L, y are linearly independent} > 0

~IFN=0,VF EBX xE7)
Il F =0 if and only if F=0

IF (2.8
ll, Sl

linearly

>0,V yes , xuy are linearly

2.
Let | Fll=0 & supyes{
independent} = 0

. x,4 are linearly

IIF (2, 8)1l
[E2Y]

=0 x4 are linearly
independent, Yy € S,
lx,811>0 x4 are linearly
independent, V¢ € S,
& | F(x,8) I =0, x, 4 are linearly

independent, Yy € S,
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< F(x,8) =0 , x4 are linearly
independent, Yy € S,

< F=0.
3. VaeFlaF = |a| I F I
I(@F) (xS
I aF II= subyes (=g
x,4 are linearly independent }
_ laF (8|l
- SuPyes {5
x,4 are linearly independent }
_ la| IF (xS
=supyes (105
%, 1 are linearly independent }
_ I1F (21
= lod SUPyes {5
%, 1 are linearly independent }
=/l FII.
4 IF+F0<1F I+ 1F, I,V Fand F, €
B(Xx e,l).
_ I(F1+F2) (o)l
I F, +F, = supyes{iux‘su X,y are
linearly independent}
_ IF1(x.8) + Fax Il
= supyes{% x4y are
linearly independent}
IF1 @) I+IF2 S
< supyeg{% D xy are
linearly independent}
- IF @S, IF &SI
= supyestTL TR e
linearly independent}
Ssupyes{llf”f;f”f)“- x,4 are linearly
. 1P S :
independent}+ sup,,es{ st x,4 are linearly
independent}

S FL+FN<UFL N+ F .

Proposition 4.6. Let X be §-normed space and Y be
Banach space, then B(X'x €,71) is a Banach space .
Proof : let, {,} be Cauchy sequence in B(X X
e, Y),andm=n+p,wherep eV

= VE>O0,3K € N,such that vnm > X: || F, —
FudlI<E,VSee.

Then, Vx € X, and § € € such that x, ¢ are linearly
independent Vy € €

We  have | Fu(x,S) + Fryp (2, 8) 1IN Fy —
Fro S I xS |l

~ we get {F,(x,8)} is Cauchy sequence in Y

Since Y is complete then the sequence {F,(x,S)} is
convergent to a pont in Y say F(x, S)
~AF(x, 8} — F(x,S)

Now, we will show that {F,,} — {F}

I (:Fn - :F)(x,é‘) 1=l :Fn(x"g) - T(x,
limy o, | Fu(, 8) + Fpypp (2, 8) |

;m I Fo— Fosp S I 2,8 IS EN (2,8) I

. x €X and § €€ such that x,y are linearly
independent vy € €
I Pl o ¢
S
I F =F ll= supesi

linearly independent} < €
R} — {F}

Sli=

IFrtF) sl

X, are
llz, S Y

85

TJPS

We will show that F is bounded and S-linear
transformation
« {F,} is Cauchy sequence
~3IM > 0,suchthat, || F, || < M, Vn.
I F(x,8) 1=l ((F = F) + F,) (%, 8) I<I

F = Fdsy I + 1 Fulx, 8) |

SEF —Fn Nl S+ Fo Il 2, S <
(€+M)lx, S|l
~ F(x, §) is bounded.
“AFu(x,8)} > F(x,8) vxeX and Vs € €
Then F(x + 4,8) = lim,_, F,(x +4,5)
=limy, o (Fy (2, 8) + Fu(9,8)) = F(x, )+ F(y,S)
And F(ax,S) = 111i_)r£103’n(0(x, )= 7lli_r){}oaﬂ-"n(yc, S) =
aF(x,S).
=~ F is S-linear transformation.
~ B(Xx €,7), is Banach space.
Definition 4.7. Let X be S§-normed space, the
mapping 7: X — X is called S-contraction, if there
exist: C €[0,1) such that, |Tx—-Ty,SI< CI
x—y,S|,forallxeXandS € € .
Definition 4.8. Let X be S-normed space, the
mapping 7: X — X is called sequentially continuous
if :
x, — xthen T, — x
Lemma 4.9. Let, X be S-normed space, then every
contraction 77: X — X, is sequentially continuous .
Proof : since, T is contraction
Then, 3¢ € [0,1) such that: |Tx -4, I<CI
x—y,S |, forallx,y e Xand S € €
Let, {x,} be a sequence in X, such that: {x,} — x,
then
T2, —T2,SI<Cllx,—2xSIl—0,asn —
=Tx, — Tx.
= T is sequentially continuous .
Lemma 4.10 Let (X,II.,.l) be S-Banach, the S-
contraction map 7: X — X has a unique fixed point
inX. .
Proof : -+ 7" is contraction,
~3C€[0,1) such that: [T, —T,SI<Clx—
4, S |, forallx,y € Xand VS € €
Similarly, 17 =748 I< Cc*llx—y,S |, for
alxeXandSee, n=123,..
Letxg € Xandx, = T, | = x, =T",,
To show that {x,, } is Cauchy in X, we take =n +p,
VS € €, wherep e v

” xn - xm;‘s ” = ” xn - xn+p;5 "
< N tn— Xnar oS I+ Xoar — XnaasS I+ oo +lI
Xm+p-1 — Xm+p Sl

I T2 =T8I + I TR =TS+ + 1l
7;1;+p—1 _ g;ri+p—1’5 I
Scn " xo - xl,S ” +cn+1 ” xo - xl,S " +"'+
C™P1 | g — 24,8 |
SC"lxg— 2,81 +C+C*+ )

& xo— 2,5 1,¥S € €

==
Cn
So, I 2p = SIS T 2o — 2,8 | —

0,asn —> o VS € €
=|x,— xS l—0,a3n - 0, VS € €
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~ {x,} is Cauchy sequence in X

X is §-Banach

~ {x,} is converges to a point in X say x.

+ T is contraction map then T is sequentially
continuous

“ T, =1lmT, =lmT,
~J has a fixed point in X.
Now, we will show that a fixed point is unique

Let 4 € X and ¢ be another fixed point of T such
that ¢ # x

then lx—4,SI=17,-T,SI<Cllx—%SI
, whenC > 1
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Since € € [0,1) = contraction
Yy=x

~ T has a unique fixed point .

5. Conclusion.

In this research, the researcher gives a new definition.
They study some topics and characteristics over the
new definition, of these cases is convergence of
sequences, linear transformations and contraction.
One of the results obtained by the researcher is that
the set of all bounded S-linear transformation is
normed space and the S-contraction map over S-
Banach space has a unique fixed point.
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