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1. Introduction
Suppose we have a fractional differential system of
the form

DE x(®) = Ax(®) + f (£,x(0), D, x(®) ¢ > £
With initial conditions (ICs) (1.1)

x(to) = x0, %" (o) = x1

Where x(t) € R™,x;,, € R"(k =0,1),A€ R™™", 1<
a<20<B<a—1 and f:[ty,©)XR"XR" -
R™ is a given function. We will show the existence
and uniqueness of the above system after we present
some definitions and lemmas in the next section,
which will help us in our result.

The theory of fixed point in many references is the
standard gist of gaining the requisite and adequate
conditions for existence and uniqueness of fractional
differential equations. Particularly, Banach fixed
point theorem is fundamental for a unique solution,
but there is exigency to a vigorous supposition to be
stratified, like, contraction rule [1][2][3]. The
problem of how to prove that the solution exists and
unique for fractional differential equations submitted
by many of authors [4][5][6][2][7][8]. It is a
requisite theoretical part of some applications, which
are inspected also by many authors [2][8][9]. It
emerges in many fields like fluid dynamics,
electronic, chemical kinetics, and biological models.
A well-known example is the equations of analysis of
the electric circuit, to a look to a little of these results
see [10]. Finally, our goal of this study is to
investigate the existence and uniqueness of solutions
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The aim of the study is to investigate the existence and uniqueness of

solutions for a semi linear fractional differential system via Banach fixed
point theorem. The study proved the existence and uniqueness of
solution for a fractional differential system with initial conditions by
using contraction mapping theorem, existence and uniqueness results are
obtained. Some examples are chosen to illustrate the validity of our

for a semi linear fractional differential system via
Banach fixed point theorem.
2. Preliminaries
The study presents some definitions and
mathematical properties, which will be useful in our
research
Definition (2.1) [11]: we called the function

k
E,(v) = zg’zoﬁ,v €CRe(@)>0......(2.1)
Mittag-Leffler function with one parameter.
And

k

Eap(¥) = Ziooriaergy ¥ € G Re(@) > 0,Re(B) >
[ (2.2)

Mittag-Leffler function with two parameter. And both
of (2.1),(2.2) satisfying the conditions E,,(v) =
E,(v),and E;(v) = e*

Definition (2.2) [11]: if we differentiate Mittag-
Leffler function then the derivative will be as follows

a @ _ o akypak—1 _

av Ban (@) = Zicy r(ak)

a1 3o G gpeig, (av®) (2.3)
k=0 I(ak+a) a,a .

And

d _

E(vﬁ 1El,,,ﬁ(av"‘)) =

V2B, 5 1 (@) o (24"

Definition (2.3) [12]: let a« > 0, for a function
f:[to, T1 = R, the fractional integral of order a of f
is defined as
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1%f(t) = @ )f (t—s)*"1f(s)ds ... .... (2.5)
Definition (2.4) [12]: the caputo derivative of a
continuous function f:[t,,T] > R,n—1<a<n s

given by
o _ mef™i)n—1a<n
Dto,tf(t) = { f(n) ), a=n

We can write it in another form by
DE f(£) = 1" (DE f(©)) =
S M (g)ds ... ... ... (2.7)
For more properties of (2.7) see [13] and for theory
of FDEs see [12], and T is the symbol of gamma
function [11].
Note (2.5): the study will use Caputo operator in all
mathematical procedures of this paper.
Definition (2.6) [3]: the Laplace transform (LT) of
the caputo derivative is given by
L{DE f(D}(s) =
SEL{F(O}) = TR s P (t) n-1<a <
Mo e (2.8)
Lemma (2.7) [1]:
function is given by
L{tP7 E, p(+0tD)}(s) = s*P(s* £ 0)7*, Re(s) >
1

T(n— a)ff( -

the LT of the Mittag-Leffler

Oa..... .. (2.9)
So

L{E,(£6t%)}(s) = s *(s* £ 6) 7", Re(s) >
O . (2.10)

Definition (2.8) [1]: the convolution of the function f
and g is given by

fxg(t) = fotg(t —5)f(s)ds .. ... .. (2.11)

Lemma (2.9) [1]: the inverse of Laplace transforms
of the convolution defined as follows

LHF(s)G(s)} =

LYF(s)}* L"HG(s)} e e .. (2.12)

Definition (2.10) [13]: ForP € C|[t,, T], P is compact
iff P is closed, bounded, and egicontinuous. We
notice that compact operator on a Banach space are
always completely continuous. This called Arzela-
Ascoli theorem.

Definition (2.11) [13]: let K be Banach space, and let
G:K — K be a contraction mapping with Lipschitz
condition W. Then G has a unique fixed point, which
means there exist a unique Q € K such that G(Q) =
0.

Lemma (2.12): For 1 < a < 2, the solution of (1.1)
is

x(t) = Eqq (A(t — t9)¥)xo + (t —
to))x; +

[ (& =D Eqq(A(t -

)Nf (‘L’ x(1), Dtotx(‘r)) dt
Proof: By operate with Laplace transform on (1.1)

L{pf x(®)} () =
LLAx®)(s) + L{f (t x(®), DtOtx(t)>} )

tO)Ea,Z (A(t -

TJPS

= sYL{x(t)}(s) — s* 1xy — 5% %x, =
LAx©)) + L{f (6,20, 0] x®)}

Let

L{f (6.2, D x®)} ) = F (5,x(5), D, x(s))
= L{x()}(s)[s* — A] = s* 1xy + 5% 2x; +

F <s,x(s),D£"tx(s)>

Which is satisfying
L{x(£)}(s) = [s% — A]71s% 1xy + [s* —

Al71s%2x, + [s% — A]YF (s,x(s),Dgtx(s))

Now, applying inverse of Laplace transform and refer
to lemma (2.9), we obtain

x(t) = Ea,l(A(t —to)H)xg + (t —
to)¥)x; +

{7 -
A]"'F (s x(s), Dtotx(s)>} ) oo (2.12)
By convolution theorem of LT on L7t {[s“ -
AF (5,x(5),Df, x(5) )} () we have
-1 {[s“ —A]"'F <s,x(s),DB x(s))} (t) =
LHIs = A1 @ « 17 {F (5,2, 0f, x() )} ©
= 17 {[s% = A1F (5,2(5), D, x(9) )} ©) =
[t =D By (At -
)Nf (‘r x(1), Dtotx(‘r)) dt

Here, proof is completed.

Suppose C be a Banach space of all continuous vector
functions such that ¢ = C([t,, T],R™ = C(J,R™), we
define a norm by ||x|| = Sup [lx(t)||, the norm of n-

tO)Ea,Z (A (t -

teJ
vector function x(t) = (x;(t), x,(t), ..., x,(t)) in R™
is defined by

1
Xl = Ck=1lx(©OI?)2

Let X = {x:x €EC, Dt’i X € C}. Then X is a Banach
space endowed with the norm

lxllx = llxll + | € x|

From lemma (2.12), we convert IVP (1.1) to
Hx = x,x € X, where H: X — X is defined by

Hx(t) = Eq1 (A(t —t5)¥)xo + (t — to)Eq (At —
to)%)xy +

fti)(t - T)a_l Ea,a(A(t -

)Nf (T,x(‘r),Dg)'tx(‘r)) dt ... .. .. (2.14)

Note that problem (1.1) has a solution if the operator
(2.14) has a fixed point.

3. Main result

The study will use Banach fixed point theorem to
obtain an asset and unique solution for (1.1).
Theorem (3.1): let f be a be continuous function
where f is a mapping from[t,, o) X R™ X R"toR"
and satisfying Lipschitz condition
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I1f (t, %1 (8), y1.() = f(&,x2(8), y2 (Dl <

Wl (€) = % (Ol + Iy, () =y (O}, t € J,w >0

Then, (1.1) has a unique solution whenever

ZWM(T — to)%, and

AT (a—1)3W M (T-tg)*F
T@—p+D) max {1, } <1

Proof: the proof is divided into two parts:

1) We will prove H(B,) c B,, that is the study show

that H(x) € B, is closed ball of radius r > 0 in X,

that is,B, ={x €X,||x|lx <r}. Let M, =

sup IIf (£, 0,0)I, and [|Eq;(A(t — t))|| < My i =

tej

1,2, — 1, @ and put

T—to

r> max{(M1||xo|| + Myl I(T — t) +

2 MM (T = t)%) (3 -
2

-1
;WMa(T - to)a) ’ <M1HX1” (T—t)' P +

rz-p)
Mg-1Mg

r(a)(MgllAllllxo I+ )(T t)a_ﬁ) (1
—t, 1o

I'(a-p+1)

2M(@-DWMg—1 (v Na—p) "
I(a—B+1) (T =) )

For x € B,, we obtain

IHx (@)l < [[Eo(ACt = to)DIllxoll + (¢ —

to)||Ea2 (At = to)™)||llx. |l +

NG

$)* L ||Eg e (At — )| ”f (s,x(s),Dg]'tx(s))” ds
< Myllxoll + Mol [1(t — to) + M [ (¢ —

s)e1 ”f (s,x(s),Dg)'tx(s)) - f(s,0,0) +

f(s, 0,0)” ds

< Myllxoll + Mol [1(t — to) + M [ (¢ —

5)e1 (”f (s,x(s), Dfo’tx(s)) - f(s, 0,0)” +

If (s, 0,01l) ds
By using Lipchitz condition,
IHx ()| < Myllxoll + Mallxy [I(€ — to) +

M, J (& = )% (w (lIlx(s) +1 || DE x(9)]|) +

If (s, 0,01l) ds

< Myllxoll + Myl I (= to) + 2W Myllxllx f; (¢ —
s)*tds + MyM, fti)(t —s)%lds

< Myllxoll + MallxylI(t = to) + = MoM (t — to)* +
ZW Mo (T — to)*Ilxllx

Differentiate Hx(t), and equation (2.4),
H'x(t) = A(t — t)* " Eqq (A(t — to)¥)xo +

Ea (At = t))%y + [ (6 = D2 Eqq 1 (A —
Nf (‘r,x(‘[),DB x(r)) dt

tot
Therefore,

TJPS

(O < IACE = t)* ]| Eq o (AC
to)|[llxoll + [|Ea,a (ACE = to)®) |12, Il +
NG

)% 2 ||Eqa-1(A(t —

DY) ||f (r,x(r),Dé'tx(T)>|| dr
< Ma||/t1||||xo||(t —t)* 7+ Myllxql +
M,_q fto(t —1)%2 W ||x|lx + My)dr
< Mo llAlllxolI (¢ — €)* ™ + Myl || +
1 _ 2
— My Mo(t — )"+ —— WMy (t —
to)*ixllx
Now
B 1 t _ -B ’
|08 Hx(®| < 755 e (6 = D F IHx () ds

Myllxall - 1-B 1
<t (t = )P + s (Mol ll +

Mg_1My | 2WMa_allxlIx\ (t /s _ N—B (e _ + Ya-1
a_lll | a—1 )fto(t( ) T) (S to) ds
My lx1 £ \1-B I'(a

< Toea (¢ = t)' ™ 4 O (Mol | +

Mg—1Mo 2WMg-1llxllx

— )2 B
a—-1 a—1 )(t tO)

If x € B,, then ||x||x < r. Therefore
1Hx|lx = |Hxll + | DE Hx

1
< Myllxoll + Mo llxy [|(T = to) + — MM (T — £0)* +

2 _t+\a Millxall o, N1-p
e WMa(T = to)r + o= (T — )7 +
@) Mg—1Mo _ a-B
D (MallAlllxoll + %) (T = £)*F +
2rT(a—1)WMg—q _ a-B
I'(a-f+1) (T —t)
Then
IHxllx < (2= 2WM (T — t)*) 7 + 2 WM, (T -
ay 4 (L@ DWMay (o yap
to) r+(2 rapr (T = to) )r+
UT@=DWMa-s ;¢ ya-p
I'(a-B+1) (T —to)

= (5= 2WMo(T = t) + 2WMu (T — t)*) 7 +

1 2M@-DWMg-1 ;v va-p 4 20@-DWMg—y -0
(2 T(a—f+1) (T = to) + I(a—B+1) T
to)“'ﬁ) r=r

Thus, ||Hx||x, then Hx € B,., whenever x € B,.
I1) We next show that H is contracting mapping on X.
For x,y € X and for each t € J we obtain

I(Hx) () — (HY) (I <
Mg [, (¢ = 5)* ”f (s,x(s), Dg),tx(s)) _

£ (5,9(). D)y} ds

tot
< MW [} (¢ =) {llx() = y(s)ll +
”Dg)’tx(s) - Dg)’ty(s)”}ds
< =M W (t — to)%llx — ylix
On the other hand
1 t
||Df;'tHx(t) - Df;tHy(t)” <ol -
S);illH;/x(S) - H'}'(f)llds
== |lx — yllx fto(t —s)F.(s—tp)*?ds
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2Mg_{WT(a—1)

— )BT —
S (e — ) Pl = vl

Then

2
1Hxllx = Hxll + || D Hx || < (B M, +
2Mg_1T(a-1)
Bl (T = t) P )W (T = to)* 1 = ylix
The study conclude that H is a contraction since

(2m, + M(T t) ) W(T = t)* < 1,
and the statement of the theorem follows by the
classical Banach fixed point theorem. This finishes
the proof.

4. Examples

In this section we will discuss some examples on
fractional differential systems that has a solution for
a € (1,2)

Example 4.1 consider the initial value problem

DEEx() = 2 (k@)1 -

[01]........ 4.1)

With initial conditions x(0) = 0,x'(0) = 1.

The study is going to prove that (4.1) has a unique
solution. Referring to the system(1.1), we have

A=0and
t+9<| Olh 1+D0{’|x(t)|)

T) te
1+D§ 7 | (D]

f (6x(0,033x(®) =

Whenever f:[0,1] X R X R = R.

In order to show that the initial value problem has a
unique solution, we will check the conditions of
theorem (3.1)

|f (&%), DEEx(®)) —f(t.y(t),Dé;?;v(t))|

1

t+9||x(t)| |Y( )l 1+D15|x(t)| +1+D0t5|y(f)|
(D32 1x(0)|-DE Iy (D))

t+9 (O] = Iyl + (1+0g: 7 1x(®)(1+D3 7 1y (D))

< E(IX(t)I — ly®I + D3z Ux@®] = ly@®D])

< = (1x(® - y(©1 = [DEE1x@®)] = ly@©D])
Which is satisfying the Lipchitz condition with W =
1

E.

Because  of  |E,q(A(t —s)%)| < M,,
|Ea,a—1(A(t - S)a)| < Ma—lv

For A =0, we have

and

2

E1 5,1. 5(0) m \/_;
And
1
Eis0. 5(0) = m = In
Now
—WM (T —t)% = (1-0)
15 10\/—
And
AT(a-1)2WMg_1 (T—t)%F T—tg) _
[(a—B+1) max {1’ a—ﬁ‘} -
4r(0.5)(0.1)ﬁ 4
T aX{l,l} = 1_0 <1

Hence, the initial value problem (4.1) has a unique
solution.

Example 4.2

Assume we have the following initial value problem

131
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t)
D18 (x1( ) _
0t xz(t)( )
1 2\ (x(t )
(o 3) (xz(t) +
|21 (6] 0.7
1 Temol T D571 (2)]
—_— o (4.2)
et+39| |x2(0)l |D (t)|
142 (8)] 0 X2
_ (0 ' 11
Whenever t € [0,0.5], and x(0) = (0),x 0) = (1)
For the system (4.2) we have A = ((1) é) and

f (6%, D§7x(®)) =

lx1 (0] 0.7
1 [ Trmon T |05 %1 (2)]
et+39\ [x2(0)|

T P8

Where f£:[0,0.5] X R? x R? —» R?
We will check the conditions of theorem (3.1) to
show that (4.2) has a unique solution

I (6.2, 087x©®) = £ (£, v, D87y (®) || =

@l Iy (o)l 07 _ o7
1 [ tHxa@l 1+|y1(t)|+|D°'tx1(t)| D873 )]
et+39| _1x®1 |yl 0.7 _|po7
e R LA R LS O]
Then

| (620, 0§7x®) - £ (6.3, D87y ®) | =

1 lx1 (O 1y1®)] 0.7 _
(et+39)2 (1+|x1(t)| 14|y, ()] + |D0,t xl(t)|

z 1 RG] ly2(0)l
|D0fy1(t)|) + (et+39)2 (1+|x2(t)| TG

2
|D((J],'c7x2(t)| - |D8,'t73’2 (t)|)
__ 1 ( 1 (8)|=ly1 (®)]
(et+39)? (1+|x1(t)l)(1+|y1(r)|)

lx2(8)|=1y2(®)]
|D°fY1(t)|) (et+39)2((1+|xz<t)|)(1+|yz(t)|)

2
D87 x2()] — | D87 y2 (1))
But we know that

|lx@1 = ly@®I] < 1x(®)

So, we obtain
I (v@.0872) = £ (670 2§7y®)| <
(I, () = y1 (O] + |D§7 2, (1) = DTy (®)]) +

— (I (6) =y, (O + |D§7 2, (t) — DTy, (1)])°
Therefore

£ (&2, D§7x(®)) - £ (£.y(®), D$Ty(®)|| <
ﬁ(lxl(t) —y1(O] + |x2(8) — ¥ (O +
(|D [x;(8) — Dotyl(t)| + |D SACK Dotyz(t)l)

< E(HX(t) —y®Oll +||PY7x(t) — DY y(®)]|)

Now, the Lipchitz condition is hold with W = %

Next, we calculate the bound of Mittag-Leffler
functions, by using the maximum norm of A.

We have

|| Evg o7 (At =)D < 1.6

And

| Eog07(ACt =)D <115

+ |D xl(t)|

-y(@®l
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Also, we have
SWMG(T — tg)* =
And
4F(a—1)2WMa_1(T—t0)a_ﬁ {1 T—to} _
T(a—B+1) m Ta-p)

vz 1.1
41"(0.8)%(11.5)(0.5) 0.5

re.1) max {1'H} <1
Therefore, the initial value problem (4.2) has a
unique solution.

2 2 16(05-0)<1
1.8 40
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