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ABSTRACT 

In this paper, a fixed point theorem under F-contraction mapping was 

considered and proved in complete quasi-metric space. This theorem was 

considered by Piri and Kumam in [1]. 
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1.Introduction  
Since 1922 when Banach in [2] presents his 

contraction theorem of fixed point, hundreds of fixed 

point theorems have been presented and proved in 

many published papers, where some of them are  

generalized by Banach’s work [2] and some of them 

are not [3]. Banach and many others [1,2,4,5,6] 

consider contraction mappings in complete metric 

space. 

In [2], Ahmed et.al. presented new results concerned 

with F-contraction mapping in complete metric 

spaces, while Aboddayeh et. al. in [7] study some 

fixed point theorems related to the quasi-metric 

spaces for some type of contraction mapping . 

Many applications are presented and considered in 

the literature which concerned with contraction 

mapping, [5] for instance, while different types of 

contraction mappings are presented and considered 

[6]. The structure of this article begins with 

preliminaries which may needed to prove theorems in 

the main results section.  The main results section 

state two theorems, the first one is the generalization 

of a theorem presented in [1] by Piri and Kumam – 

the statement of this theorem is recalled at the end of 

this section. The second theorem is concerned with 

the uniqueness of fixed point, these two theorems are 

proved in this article as mentioned above. 

In the beginning, the definition of quasi-metric space 

is recalled: 

preliminaries 
Definition 1[7] 

Let 𝑋 be a non-empty set and 𝑑: 𝑋 × 𝑋 → [0, ∞) be a 

given function which satisfies: 

1. 𝑑(𝑥, 𝑦) ≥ 0 𝑎𝑛𝑑 𝑑(𝑥, 𝑦) = 0 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑥 =
𝑦.     𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦 ∈ 𝑋 

2. 𝑑(𝑥, 𝑦) ≤ 𝑑(𝑥, 𝑧) + 𝑑(𝑧, 𝑦)   𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦, 𝑧 ∈ 𝑋 

Then (𝑋, 𝑑) is called quasi-metric space. 

Clearly that every metric space is quasi-metric space 

but the reverse is not true in general . 

The next definition states the most important 

deference between metric spaces and quasi ones, 

which presented by Jlili and Samet[8]. 

Definition 2 [8]  

Let (𝑋, 𝑑) be a quasi-metric space, (𝑥𝑛) be a 

sequence in 𝑋 and 𝑥 ∈ 𝑋. Then the sequence 

(𝑥𝑛) converges to 𝑥 if and only if  

lim𝑛→∞ 𝑑(𝑥𝑛 , 𝑥) = lim𝑛→∞ 𝑑(𝑥, 𝑥𝑛) = 0  
At this point we refer to the research paper [7] in 

which the authors define left and right Cauchy 

sequence as well as the left and right completeness of 

quasi-metric spaces. 

The contraction mapping introduced by Wardowski 

[9] which called F-contraction mapping defined as 

following: 

Definition 3[9] 
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Let (𝑋, 𝑑) be a metric space.  A mapping 𝑇: 𝑋 → 𝑋 is 

called F- contraction mapping if there exists 𝜏 > 0  
and 𝐹: ℝ+ → ℝ such that  

∀𝑥, 𝑦 ∈ 𝑋, [𝑑(𝑇𝑥, 𝑇𝑦) > 0 ⟹ 𝜏 + 𝐹(𝑑(𝑇𝑥, 𝑇𝑦)) ≤

𝐹(𝑑(𝑥, 𝑦))]    (1) 

And F satisfies the following conditions: 

F1: F is strictly increasing, i. e., ∀𝑥, 𝑦 ∈ ℝ , 𝐹(𝑥) <
𝐹(𝑦)such that 𝑥 < 𝑦. 

F2: For any sequence (𝛼𝑛)𝑛=1
∞ , 𝛼𝑛 > 0 , ∀𝑛 ∈

ℕ , 𝑙𝑖𝑚𝑛→∞ 𝛼𝑛 = 0 𝑖𝑓𝑓 𝑙𝑖𝑚𝑛→∞ 𝐹(𝛼𝑛) = −∞  

F3: ∃ 𝑘 ∈ (0,1) such that lim𝛼→0+ 𝐹(𝛼) = 0 

The set of all functions that satisfies conditions F1 to 

F3 is denoted by ℱ.  For examples of these functions 

the reader referred to [9]. 

Note that from F1 and equation (1), every F-

contraction mapping is continuous function. 

Since the set of all quasi-metric spaces contains all 

metric spaces, so, what we say about the quasi-metric 

space is applied on metric space, namely, in this 

article two fixed point theorems concerned with F-

contraction mapping are proved for quasi-metric 

space to generalize these theorems. 

Piri and Kumam in [1] , consider some fixed point 

theorems concerned with F-contraction mapping in 

complete metric spaces, in this article, generalizing of 

the next theorem in [1] into quasi-metric space. 

Theorem (1) [2] 

Let 𝑇 be a self-mapping of a complete metric space X 

into itself.  Suppose 𝐹 ∈ ℱ and there exist 𝜏 > 0 such 

that  

∀𝑥, 𝑦 ∈ 𝑋, [𝑑(𝑇𝑥, 𝑇𝑦) > 0 ⟹ 𝜏 + 𝐹(𝑑(𝑇𝑥, 𝑇𝑦)) ≤

𝐹(𝑑(𝑥, 𝑦))]  
Then T has a unique fixed point 𝑥∗ ∈ 𝑋 and for every 

𝑥0 ∈ 𝑋 the sequence (𝑇𝑛𝑥0)𝑛=1
∞ converges to 𝑥∗. 

2. Main Results 
To generalize Theorem (1) into the space of quasi-

metric space the following main theorem regard to 

this article is reformed and proved. 

Theorem (2)  

Let T be a continuous self-mapping of a quasi-

complete metric space X into itself.  Let 𝐹 be an F-

contraction mapping and there exist τ > 0 s. t. (1) is 

hold ∀𝑥, 𝑦 ∈ 𝑋.  Then there is x∗ ∈ X s. t. x∗ = 𝑇x∗ or 

T has a fixed point x∗ ∈ X . 

Proof 

Define a sequence (𝑥𝑛)𝑛=1
∞  recurrently by choosing 

some element 𝑥0 ∈ 𝑋, and the other elements defined 

as follows: 

𝑥1 = 𝑇𝑥0,    𝑥2 = 𝑇𝑥1  = 𝑇2𝑥0, … , 𝑥𝑛+1 =
𝑇𝑥𝑛  = 𝑇𝑛+1𝑥0,            ∀𝑛 ∈ ℕ                (2) 

Note  that for any 𝑛 ∈ ℕ , if 𝑑(𝑥𝑛 , 𝑇𝑥𝑛) = 0, then the 

proof is complete.  To avoid this case, assume that 

∀𝑛 ∈ ℕ, 
0 <  𝑑(𝑥𝑛 , 𝑇𝑥𝑛) = 𝑑(𝑇𝑥𝑛−1, 𝑇𝑥𝑛) (3) 

For any 𝑛 ∈ ℕ we have 

𝜏 + 𝐹(𝑑(𝑇𝑥𝑛−1, 𝑇𝑥𝑛)) ≤ 𝐹(𝑑(𝑥𝑛−1, 𝑥𝑛))  

That is,  

𝐹(𝑑(𝑇𝑥𝑛−1, 𝑇𝑥𝑛)) ≤ 𝐹(𝑑(𝑥𝑛−1, 𝑥𝑛)) − 𝜏  

By repeating this process, we get: 

𝐹(𝑑(𝑇𝑥𝑛−1, 𝑇𝑥𝑛)) ≤ 𝐹(𝑑(𝑥𝑛−1, 𝑥𝑛)) − 𝜏  

= 𝐹(𝑑(𝑇𝑥𝑛−2, 𝑇𝑥𝑛−1)) − 𝜏  

≤ 𝐹(𝑑(𝑥𝑛−2, 𝑥𝑛−1)) − 2𝜏  

= 𝐹(𝑑(𝑇𝑥𝑛−3, 𝑇𝑥𝑛−2)) − 2𝜏  

≤ 𝐹(𝑑(𝑥𝑛−3, 𝑥𝑛−2)) − 3𝜏  

⋮  

≤ 𝐹(𝑑(𝑥0, 𝑥1)) − 𝑛𝜏   (4) 

From (4) we get lim𝑛→∞ 𝐹(𝑑(𝑇𝑥𝑛−1, 𝑇𝑥𝑛)) = −∞ 

Which gives lim𝑛→∞ 𝑑(𝑇𝑥𝑛−1, 𝑇𝑥𝑛) = 0 i. e., 

lim𝑛→∞ 𝑑(𝑥𝑛 , 𝑇𝑥𝑛) = 0           (5) 

Claim that the sequence (𝑥𝑛)𝑛=1
∞  is Cauchy sequence 

and assume that there exists 𝜖 > 0 and two 

sequences, namely, (𝑝(𝑛))𝑛=1
∞  and (𝑞(𝑛))𝑛=1

∞  of 

natural numbers such that ∀𝑛 ∈ ℕ: 

𝑝(𝑛) > 𝑞(𝑛) > 𝑛,    𝑑(𝑥𝑝(𝑛), 𝑥𝑞(𝑛)) ≥

𝜖,   𝑑(𝑥𝑝(𝑛)−1, 𝑥𝑝(𝑛)) < 𝜖     (6) 

So, we have  

𝜖 ≤ 𝑑(𝑥𝑝(𝑛), 𝑥𝑞(𝑛)) ≤   𝑑(𝑥𝑝(𝑛), 𝑥𝑝(𝑛)−1) +

𝑑(𝑥𝑝(𝑛)−1, 𝑥𝑞(𝑛))   

 ≤  𝑑(𝑥𝑝(𝑛), 𝑥𝑝(𝑛)−1) + 𝜖 

 =  𝑑(𝑥𝑝(𝑛), 𝑇𝑥𝑝(𝑛)) + 𝜖 

which leads together with (5) to 

lim𝑛→∞ 𝑑(𝑥𝑝(𝑛), 𝑥𝑞(𝑛)) = 𝜖 (7) 

On the other side , from (5) there exists 𝑁 ∈ ℕ, such 

that 

𝑑(𝑥𝑝(𝑛), 𝑇𝑥𝑝(𝑛)) <
𝜖

4
 and 𝑑(𝑥𝑞(𝑛), 𝑇𝑥𝑞(𝑛)) <

𝜖

4
, 

∀𝑛 ≥ 𝑁   (8) 

Next, without any effect of quasi-metric space, we 

claim the following  

𝑑(𝑇𝑥𝑝(𝑛), 𝑇𝑥𝑞(𝑛)) =  𝑑(𝑥𝑝(𝑛)+1, 𝑥𝑞(𝑛)+1) > 0    

∀ 𝑛 ≥ 𝑁  (9)  

Seeking for contradiction , there exists 𝑚 ≥ 𝑁   such 

that   

𝑑(𝑥𝑝(𝑚)+1, 𝑥𝑞(𝑚)+1) = 0         (10) 

It follows from (6), (8) and (10) that 

𝜖 ≤ 𝑑(𝑥𝑝(𝑚), 𝑥𝑞(𝑚)) ≤   𝑑(𝑥𝑝(𝑚), 𝑥𝑝(𝑚)+1) +

𝑑(𝑥𝑝(𝑚)+1, 𝑥𝑞(𝑚))  

≤ 𝑑(𝑥𝑝(𝑚), 𝑥𝑝(𝑚)+1) +   𝑑(𝑥𝑝(𝑚)+1, 𝑥𝑞(𝑚)+1) +

𝑑(𝑥𝑞(𝑚)+1, 𝑥𝑞(𝑚))  

= 𝑑(𝑥𝑝(𝑚), 𝑇𝑥𝑝(𝑚)) +         𝑑(𝑥𝑝(𝑚)+1, 𝑥𝑞(𝑚)+1) +

        𝑑(𝑥𝑞(𝑚), 𝑇𝑥𝑞(𝑚))  

   <
𝜖

4
+ 0 +

𝜖

4
=

𝜖

2
 

By the relation (9) and he assumption of the theorem, 

it follows that: 

𝜏 + 𝐹(𝑑(𝑇𝑥𝑝(𝑛), 𝑇𝑥𝑞(𝑛))) ≤ 𝐹(𝑑(𝑥𝑝(𝑛), 𝑥𝑞(𝑛))),        

∀ 𝑛 ≥ 𝑁 (11) 

So we have a contradiction, i. e., (𝑥𝑛)𝑛=1
∞  is Cauchy 

sequence. 

Consequently, by completeness of (𝑋, 𝑑) the 

sequence (𝑥𝑛)𝑛=1
∞  is converges in 𝑋. 

The continuity of  𝑇 yields that: 

𝑑(𝑇𝑥, 𝑥) = lim𝑛→∞ 𝑑(𝑇𝑥𝑛 , 𝑥𝑛) = 𝑑(𝑇𝑥𝑛+1, 𝑥𝑛) =
𝑑(𝑥∗, 𝑥∗) = 0   

Which complete the proof.    □ 

Theorem (3) 
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Let T be a continuous self-mapping of a quasi-

complete metric space X into itself.  Let 𝐹 be an F-

contraction mapping and there exist τ > 0 s. t. (1) is 

hold ∀𝑥, 𝑦 ∈ 𝑋. Then if T has a fixed point x∗ ∈ X 

this fixed point is unique. 

Proof 

In theorem (2) above  the existence of fixed for the 

mapping T has been proved. In this theorem, we will 

show that T has at most one fixed point. 

Actually, if 𝑥, 𝑦 ∈ 𝑋 are two different fixed points of 

𝑇.  That is 

𝑇𝑥 = 𝑥 ≠ 𝑦 ≠ 𝑇𝑦  then 

𝑑(𝑇𝑥, 𝑇𝑦) = 𝑑(𝑥, 𝑦) > 0  

Which yields to: 

𝐹(𝑑(𝑥, 𝑦)) = 𝐹(𝑑(𝑇𝑥, 𝑇𝑦)) < 𝜏 + 𝐹(𝑑(𝑇𝑥, 𝑇𝑦)) ≤

𝐹(𝑑(𝑥, 𝑦)) which is a contradiction . 

Therefore, the fixed point is unique. □ 

3. Conclusions  
The concept of fixed point theorem considered as an 

important tool in the study of existence and 

uniqueness of solution for many types of operators, 

so, this paper provides the existence and uniqueness 

proof for F-contraction mappings. Constructing an 

arbitrary example in order to declare and emphasize 

the proofs stated above is important. 
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 الكاذبة بوجود التطبيقات الانكماشية  التامة  حول نظرية النقطة الثابتة في الفضاءات المترية
 Fمن نوع 

 رفعت سعد عبد الجبار
 جامعة الانبار ، رمادي ، العراققسم الرياضيات ، كلية التربية للعلوم الصرفة ، 

 

 الملخص
وتم برهانها في الفضاءات المترية التامة الكاذبة. وهذه النظرية  Fفي هذا البحث نوقشت نظرية النقطة الثابتة بوجود التطبيقات الانكماشية من نوع 
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