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1. Introduction and Preliminaries

In 1964(see [1], [2]) (Tn spaces, n=0,1,2,3,4,5) for
open sets by using (Klomogorov (respect. Frechet,
Hausdorrf, Vietors, Urysohn and Titus axioms)) have
been studied. In 1963, 1965 (see [3], [4]), the
concepts of semi-open sets, & — open sets have been
introduced. The concept of soft sets and its properties
has been introduced by Molodtsov and many other
researchers in 1999, 2003, 2007, 2009, 2011, 2012
and 2015(see [5-12]. Chen, B. in 2013(see [13]) and
Kannan, K. in 2012 (see [14]) introduced the concept
of semi-open sets and soft ¢ — open sets individually
in soft topological spaces. Askandar, S. W. In 2012
(see [15]) and in 2016 (see [16]) have introduced the
concept of i-open sets in ordinary topological spaces
and i-separation axioms depends on i-open sets as
(T, spaces, n=0, 1, 2, 3, 4, 5, 6). The purpose of this
work is to introduce i-soft separation axioms by using
soft i-open sets (see [17]). Throughout this work
(X,z,E),(X,108(X; ))and (Y,p,H)always are soft
topological spaces STS (where 10S (Xg) is a family of
all soft i-open sets in X) and we denotes by SSs to the
soft sets, int(K,E) and CI(K,E)denotes soft

interior and soft closure of the SS( K ,E ) Individually.

The members of 7 are called soft open sets SOS (Xg)
and its complements are called soft closed sets SCS
(Xg). @g, X5 Denote soft null and soft absolute sets.

ABSTRACT

In the current study the researchers have been introduced a modern

kind of soft separation axioms which is named i-soft separation axioms
by using the concept of soft i-open sets [17] in soft topological spaces,
the relations among i-soft separation axioms and many examples about it
are investigated. Further, they found that soft separation axioms imply i-
soft separation axioms, but, the converses may not be true. Also, many
theorems have been proved which are clarified the properties of i-soft
separation axioms.

This paper comprises of four segments. In the second
one soft i-open set and its properties in STSs have
been introduced. In the third segment the definitions
of i-soft separation axioms spaces and the relations
among them have been studied. Finally, in the fourth
one, some important theorems have been proved to
discuss the properties of this new kind of soft
separation axioms spaces (see "Theorems 4.1, 4.2,
4.3, 4.4 and Theorem 4.5").

Definition 1.1: [11]. If (K,E) is a soft set over X
and x € X. It can be said that x € (K, E) whether x €
K(e),Ve € E.

Definition 1.2: [11]. Consider x € X, as a soft set
(x,E) over X , whereinxg(e) ={x}, Ve €E is
denoted by x; and was addressed as the singleton
consider on soft point.

Definition 1.3: [11]. A soft set (K,E) € SS(Xg)
named as a soft point inX; is indicated by K(e) = ¢
Vet €E —{e},and ey if Ix € X ande € E, K(e) #
¢.The soft pointe, belongs to the soft set (G, E),
ex € (G,E), whether regarding the factor e € E,
ex € G(e).The group of X whole soft points is
indicated by SP(X).

Definition 1.4: [12]. The two "soft sets" (G, A)and
(H,A) in §5(X,) are said to be soft disjoint, written
GANH A =4, ITG,E)NHE) =4 VeeA.
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Definition 1.5: [12]. Two soft points €5, € in X,
are distinct, written e; # ey, if there corresponding
SSs (G, A), (H, A) are soft disjoint.

Definition 1.6: [18]. Let (X,r,E) be STS
and (F,E) € SS(Xg). Define
Trr) = {(G,E)N(F,E): (G E)ET which
considered soft topology on (F, E). The soft topology
is called soft relative topology of ¢ on (F,E) and
((F,E), T p)) is named soft subspace of (X, z,E).

2. Soft i-Open Sets in Soft Topological Spaces.
Definition 2.1: Consider(F,E) as a soft set in

(X,7,E), therefore, (F, E) is said to be,

1. [17]. Softi—open set (SIOS), whether there is a
soft open set(G,E) = ¢, X where
(F,E)E CI(F, E)N(G,E))-

2. [5]. Soft semi—open set (SSOS) if:

a. (F,E)cCl(Int(F,E)).

b. Whether soft open set exist
where(G,E) € (F,E) € CI(G,E).

3. [10], [9]. Soft o —open set
if (F,E) € Int(Cl(Int(F, E))).

The complement of SIOS, (resp., SSOS and SaOS)
known as softi— closedset (SICS) [17] (resp.,
soft semi — closed set  (SSCS) and  softa —
closed set (SaCS)). The intersection of all softi—
closed sets (SICSs) over X containing(F, E) is called
softi— closure of (F,E) and denoted by i-—
CL(F,E)[17]. The union of whole (SIOSs) over X
contained in (F,E) known as softi— interior of
(F,E) and indicated by i — Int(F, E)[17]. The group
of whole SOSs (resp., SIOSs, SSOSs and
Sa0Ss),(SCSs, SICSs, SSCSs and SaCSs) in (X,7,E)
are indicated by SOS(Xg)(resp. SIOS(Xg), SSOS(Xg),

(G,E)=¢,X

(Sz0S)

Sa0S(Xe), SCS(Xe), SICS(Xe), SSCS(Xe) and
SaCS(Xg)).
Example2.1: Consider X ={246}, T =

{¢E' (F]_,E), (FZ'E)'XE}y E :{m,l}.

Where(F,, E) = {(m, {2}), (1, {2)},
{(m,{2,6}), (L.{2,6])}.
Consider, "(F,E) = {(m,{2,4}), (1, {2,4D)}".
SOS(XE) = {Q)! (Fl! E)' (FZ'E)’XE}:
SCS(Xg) = {Xg, (F, E)°

= {(m' {4‘16})1 (l, {416})}1 (FZJ E)C

= {(m, (4D, (1, (4D}, ¢ }
SI0S(Xy) = {(¢g, (F1, E), (Fy, E),
{(m,{6}), (1,{61}, {(m, {24}, (L.{2,4D},
{(m,{4,6}), (1, {4,6})}, Xz} Apparently, (F,E) is
SIOS due to the existence SOS (G,E) = (F,,E)
where (F,E) € CI((F,E) 1 (G,E)), yet (F,E)is not
SOS.
Theorem2.1: [17] Each "soft open set"(SOS) is a
"soft i-open"(SIOS).
Theorem?2.2: [17] Each "soft semi-open set"(SSOS)
is a "soft i-open"(SIOS).

(FZIE) =

TJPS

Definition2.2: A SIOS(G,E) in (X,t,E) considers
soft i —open neighborhoodofxeXx if «xe€
G(e)Ve €E.
Definition2.3: Let (W,Z) be a SS in(X,7,Z). A
point x € X considers i —limit pointof (W,Z2) if
for each soft i —open neighborhood (N,Z) ofx,
(W,Z) & (N,Z)\{x} # @e. In other words, a point
x € X is i—limit point of (W, Z)if for each SIOS
(N, Z) containing x, (W,Z) & (N,Z)\{x} # @c. The
set of whole i—Ilimit points of (W,Z) is called
i —derived setof (W,Z) and  designated
by iD(W,Z). Obviously, a point x € X is not
consider as i —limit point of (W,Z) if there is a
SIOS (N,Z) containing X wherein
W,2) AN, 2)\{x} = 0. A SS (W,Z) has been
considered as SICS if iD(W,Z) E (W,Z) Wherein
iD(W,Z) EW(e),Ve € Z.
Theorem2.3: Consider (X,SI0S(X;)) as STS, for
SSs (K,Z),(L,Z) in X, so the next phrases hold:
i. iD(K,Z)< D (K,Z). Where D (K,Z) is derived
set of (K,Z)
ii. If(K,2)E (L,2),theniD (K,Z) €iD(L,Z).
iii. iD((K,Z2)T (L,2)) =iD (K,Z) U iD(L, Z).
iv. iD((K,Z)R (L,2)) €iD (K,Z)NiD(L,Z).
v. Ifx €iD (K,Z) thenx € iD( (K, Z)\{x}).
Proof
By "Theorem 2.1", we have iD(K,Z) € D(K, Z).
ii. Let x €iD(K,Z) then for each SIOS (M,Z)
containing x we get

(K2D)AWM, 2\ #= b ... 1)
Since (K,2) € (L,Z), = (K, Z) A (M,Z) €
(L,2),1\(M, Z) — (K, 2)AM,2))\{x} €
(L 2).0 (M, 2) \ {x} # ¢.
From (i) we obtain, (L, 2),A (M,Z) \ {x} # ¢ =
x €iD(L,Z), hence iD(K,Z) € iD(L,Z) .
iii. Since(K,Z) € (K,2)U(L,2)
,(L,Z)YE(K,2)U(L,Z), By (ii) we getiD(K,Z)
ciD((K,2) T (L,2),),
iD(L,Z), S iD((K,Z) T (L, 2),).

—>iD(K,Z) UiD(L,Z),S
iD((K,Z)T (L, Z),) o e ().
Now consider x € iD(K,Z), x € iD(L,Z), . Then
there exists two SIOSs (M*z)(mtz) containing x

wherein(K .z)N\(M* 2)) \ {x} = ¢, (LZ)N(M,2))
\ix} =¢.

LEt(M,Z):(MXK,Z)h(Mt,Z)- Where (M ,Z)is a SIOS,
(X,105(Xy)) is a STS).

(KDTLDHI)AMZIN\ Y=
(KDHAWM,2)T(L2))AM D)\ {x}
=((K,2) A M,2)\ {x}) U (L, 2)) N M, 2) \ {x}) =
gup=0. Hence x ¢ iD((K,Z) U (L,2),) =
iD((K,2)U (L, 2)) € iD(K,Z) GiD(L,Z)....ccocouuenne. (**)
From (*) and (**) we get, iD (((K,Z)) V] (L,Z)) =
iD((K,2))UiD(L,Z) .
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iv. Since(K,Z2)N (L,Z) € (F, ,E).

(K,2) A (L,2) € (L, 2).

From (ii) we obtain that iD((K,Z) A (L,Z)) <
iD(K,Z),iD((K,Z) (L, Z)) € iD(L,Z),

Hence, iD((K,Z) A (L, Z)) € iD(K,Z) N iD(L, Z).
v. Consider x € iD(K,Z) — for each SIOS (M, Z)
containing x.

We get, (K, 2) & (M, Z2)\{x} # ¢ =
((K,2) 3 (M, 2)) A {x}°

=(K2DAN )R (M2 A {x)) =

(&, 2)%063) A (M, D)V} =

(&, D\x) B (M, 2)\{x} = ¢ =
x € iD((K, 2)\{x)m

Theorem2.4: Consider(X,SI0S (X))
topological space"(STS), for "soft
(P,Z),(Q,Z) in X, so the next phrases hold:

i iIClX) =X,iCl(¢p) = ¢.

ii. iCl(P,Z) isaSICS.

iii. (P,2) €icl(P,2).

iv. (P,Z)=iCl(P,Z)ifandonlyif(P,Z)isaSICS.
V. iCL(P,Z) is the smallest SICS containing (P, Z).
vi. iCI(P,Z) = iCI(iCl(P, Z)).

vii. iCl((P,2) U (Q,2)) = icl(P,Z) T iclL(Q, 2).
viii. iCI(P,Z) = (P,Z)TiD(P,Z).

Proof: viii. By (iii) we obtain(P,2) € icCl(P,Z)

as a "soft
sets"(SSs)

......... Q)

And by "theory (2.3)(ii)" = iD(P,Z) € iD(iCI(P,Z))
......... @)

Since iCI(P,Z) is a SICS =

iD(iCl(P,2)) € iCl(P,Z).... (3)
From (2) and (3) we get iD(P,Z2) EiCl(P,Z)
From (8] and (@) we
have(P,2) UiD(P,Z) € iCl(P, Z).

Now, letx € iCI(P,Z). If x € (P,Z), then the proof
is obtained, Ifx €& (P,Z), each SIOS(M,Z)
containing x intersects (P, Z)at distinct point from x,

so x €iD(P,Z), thus
iCl(P,Z2) € (P,Z) UiD(P,Z).Which completes the
proof. gy

Definition2.4: Consider two STSs (X,t,E) and
(Y,p,H) with the mappingsu:X —=Y, pE — H
and fpy: SS(Xp — SS(Yy).Then:

1. [11]. If £y (F,E) € SOS(Yy) ,
V(F,E) € SOS(Xp), fou is named
soft open mapping SOM.

2. [11]. If £, (F,E) € SCS(Yy),V(F,E) € SCS(Xg),
fou is named soft closed mapping SCM.

3. If f,u(F,E) € SIOS(Yy) V(F,E) € SOS(Xg), fu
is named soft i — open mapping SI-OM.

4. If f,,(F,E) ESICS(Yy) V(F,E) €ESCS(Xg), fuu
is named soft i — closed mapping SI-CM.

5. [11]. If f! (G, H) € SOS(Xg)
V(G,H) € SOS(Yy), fou is named soft continuous
mapping SContM.

6. Iff,,'(G,H) ESIOS(Xg) V(G,H) E SOS(Yy),
fou is named soft i-continuous mapping SI-ContM.

TJPS

7. If £} (G, H) € SICS(Xg) V(G, H) € SICS(Yy),
fou IS Nnamed soft i — irresolute mapping Sl-IreM.
Theorem?2.5: Each SContM is SI-ContM.

Proof: Consider f,,:SS(Xg — SS(Yy)as SContM. If
(G,H) isaSOSin(Y,p, H) we have f,;,} (G, H) is SOS
in (X,7,E)(by suppose). By "Theory (2.1)", we
obtain f,,,' (G, H) is a SIOS in(X, T, E). Hence, f,,is a
SI-ContM.g

3. i-Soft Separation Axioms

Definition 3.1: [19]. Consider ep,e, as any two

distinct soft points in(X,t,Z), then(X,7,Z) is
considered:
1. Softsemi— T, space , if there exist

SSOSs(P,Z) or (Q,Z) whereine, € (P,Z), e, &
(P,Z) eq €(Q,Z),ep & (Q,Z), foreach ep, ey in X.
2. Softsemi—T,space, if there exist two SSOSs
(P,Z) and(Q, Z)Wherein, ep € (P,Z), e, & (P,2),
eo €(Q,2),ep & (Q,2), for each ep, ey in X.

3. Softsemi—T,space, if there exist two disjoint
SSOSs(P, Z) and(Q, Z)wherein,ep € (P, Z),

eq €(Q,Z), foreach ep, ey in X.
Definition 3.2: [20]. Consider x,y
distinct points in(X,t,L), then
considered:

1. SoftT,space, if there exists a SOS (0, L) wherein
either x € (0,L), y € (0,L)ory € (0,L), x & (0,L),
foreach x,y in X.

2. Soft T, space, if there exist two SOSs (0, L),
(J, L)wherein,x € (0,L), y € (0,L)and y € (J,L),
x & (J,L), for each x,y in X.

3. SoftT,space, if there exist two disjoint
SOSs(0, L), (J,L) wherein, x € (0,L)andy € (J, L),
foreach x,y in X.

Definition 3.3: Consider x, y as any two distinct
points in(X, t, L) then (X, t, L) is considered:

1. Softi-T,space, if there exists a SIOS (O,L)
wherein either,x € (0,L), y & (0,L)or y € (0,L),
x & (0,L), foreach x,y in X.

2. Softi—T, (Individually, Softsemi—T, and soft
Softa—T,space), if there exist two SIOSs
(Individually, SSOSs and SaOSs) (0,L), (J,L)
wherein, x € (0,L), y & (0,L) and y€ (J,L),
x & (J,L)for each x,y in X.

3. Softi—T,space, if there exist two disjoint
SIOSs (0, L), (J,L) wherein x € (0,L)andy € (J, L),
foreach x,y in X.

Example3.1. LetX ={35},7 = {¢p, (F, E), X¢},

E={s,r}-
Where,(Fy, E) = {(s,{3}), (, {31},

{¢E' (Fle)!XE}
3,5e X (3#5)

3E(F,,E)5¢(F,E).
Softi— T, space .

as any two
X,t,L) is

SI0S(Xy) =

A(F,,E)eSIOS( X ) Wherein
Therefore; (X, T, E)is
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Example3.2:

Let X ={7,8,9}

T =

{¢E' (Fl,E), (Fz,E), (F3,E), (F41E)' (Fs,E), (F6IE)IXE}
E :{W, Z }"Where(Fll E) = {(W, {7})’ (Z, {7})}1

(FZ' E) = {(W, {8}), (Z' {8})}1 (F3, E) =
{w, {9, (z,{9D}."
(F4_, E) = {(W! {7!8})! (Z, {718})}1 (FSv E) =

{w,{7.9), (z,{7.9D},
(FG' E) = {(W! {819})1 (Z, {8!9})} SOS(XE) =
SI0S(Xy) = SSOS(Xg) = Sa0S(Xy) = .

7,8e X (7+8) 3(F,,E),(F,,E) e SOS(X¢),
SIOS(X ), SSOS(X ), SaOS(X ).
Wherein

7¢(F,E),8¢(F,E). 8€(F,,E)7 ¢(F,,E).
7,9e X (7+9)3(F,E),(F,, E) e SOS(X,),
SIOS(X ), SSOS(X ), SeOS(X ).

Wherein

7€(F,E),9¢(F,E),
9¢(F,,E),7¢(F,,E).

8,9e X (8%9)3(F,,E), (R, E) e SOS(X;),
SIOS(X.), SSOS(X ), SaOS(X ).

Wherein,
8€(F,,E).9¢(F,,E),9¢(F,,E)8%(F,,E).
Therefore; X,1,E)is Soft T, , Softa—T,,

Soft semi—T,and Softi—T, space .

Definition3.4:  (X,t,E) is said to be
Softi —regular space (SI-RS) if it satisfies the next
condition: If (F,E) is a SICS inXand
xeX,xe(F,E)

(G, .E), (G, .E)eOS(X¢)(G1,E)N(G,,.E) = ¢
wherein, (F,E)c(G,,E),xe(G,,E).
Definition3.5: A Softi—T, space is named Softi-T,
if itis SIRS.

Definition3.6: X,t,E) considers
Softi —normal space (SI-NS) if the next condition
satisfied: if (F,E),(F,,E)are two disjoint SICSs
iNX 3(G,,E)(G,,E)€0S(X¢ ).(Gy,E)N(G, .E) = -
Wherein (F,,E)E(G,.E), (F,.E)E(G,.E).
Definition3.7: A Softi—T, space is named Softi-T,
if it is SINS.

Definition3.8: X,1,E) considers
Softi —completely regularspace (SI-CRS) if the

next condition satisfied: If (F,,E) is a SICS

inXand xe X,xg(F,E), there exists SI-
ContM f,: SS(Xp — SS(Yy), w:X —Y, pE—
H, (X,T,E) and (Y,p,H) are STSs, Y =[01],
p = {Dy, Y}Wherein f,,(F,E) = 14, (ulx) =
1Vx € (F,E)), fpu(xg) = 0y, (u(x) = 0,x & (Fy, E)).
Definition3.9: A Softi—T,space is named
softi _T(a}/) if it is SI-CRS.

2

TJPS

(X,7,E) Considers softi— completely normalspace (SI-
CNS) if the next condition satisfied: If
(FLE)(F, E)ESS(Xe ), (F E)A(F, E)=4¢,
301,,E).(1,,E) £ 108(X, ) st (F, E)E(1,, E), (F,, E)E(1,. )
Wherein (IlvE)ﬁ(|27E):¢E'

Definition3.11: A Softi—T, space is namedSofti-T,
if it is SI-CNS.

Definition3.12:

(X,7,E) considers softi— perefectly normalspace (SI-
PNS)if the next condition satisfied: If
(F,,E),(F,,E) are disjoint SICSs in X, there exists
SI-ContM f,,: SS(Xz — SS(Y), wX —Y,
p:E — H, (X,7,E) and (Y, p, H) are STSs, Y =[01],
p = {By,Y}. Wherein £,,,1{0,} = (F, E), (u™'(0) =
x,Vx € (F, E)), fou'{lu} = (F2, E), @' =
x,Vx € (F,, E)).

Definition3.13:

A Softi—T, space considers Softi- T, if itis SI-PNS.
Example3.3:

Let X ={6,9}.,7 = {¢g, (F, E), (F;, E), Xg},
E={aq.r}

."Where,(Fl, E) = {(CI. {6})' (T' {6})}1 (FZ! E) =

{(q' {9})' (T' {9})}7 SOS(XE) = SIOS(XE) =T
SICS(Xg) {Xg, (F, E)¢ = (F,, E), (F,, E)¢

= (FliE)'¢E}
1.6,9eX (629) I(F,E)(F,,E)eSIOS(X, ).

Whereing € (F,,E),9 ¢ (F,,E),

9 €(F,,E),6 ¢ (F,,E).Therefore; (X,7,E) is
Softi — T, space .

2.69eX (6#9) F,E)(F,E)eSIOS(X.)(F,E)A(F,.E)=4, -
Wherein6 € (F,,E), .9 €(F,,E).

therefore; (X, 7, E) isSofti—T, space

3. (F,,E) Is a SICS inXand6eXp & (F,,E)
AF,E), (R, E)eSIOS( X, ).(FLE)N(F, E) =g -
Wherein  (F,,E)Z(F,,E),6 € (F,,E).therefore,
(X,7,E) is SI-RS.

4, (Fy, E)And(F,,E) are SICSs inX,
AF,E), (R, E)eSIOS( X, ).(FLE)N(F, E) =g -
Wherein (F, E)E(F,.E)(F, E)E(F,.E).
therefore, (X, T, E)is SI-NS.

5. From (1) and (3) we obtain (X,t,E) is
Softi— T, space -

6. From (1) and (4) we obtain (X,t,E) is
Softi—T, space .

7. Let fou:SS(Xg — SS(Yy),be  SI-ContM,
wX—>Y, pE—H Y=01, p={®Y} ,
(F,,E)is a SICS in Xand 6 & (F,,E)
Wherein f,,(Fy, E) = 1y, (u(x) = 1Vx € (F,, E)),
fou(6g) = Oy, (u(6) = 0,6 & (Fy, E)).
Therefore, (X, 1, E) is SI-CRS.
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8. (X'T'E) is soft i—T(

(1) and (7).

9.Since

(Fi,E)(F,,E)eSS(Xe ), (F,E)N(F,,E)=¢¢
i(F,,E)(F,,E)€SIOS(X¢ )st (F,,E)S(F,E),(F,,E)S(F, E).
Therefore, (X, t, E) is SI-CNS.

10. (X, 7, E) is soft i — T, which is obtained from
(1) and (9).

11. Consider fp,:SS(Xg — SS(Yy) as, SI-ContM
wX —Y, pE—H, Y=[01], p={0y Y}, since
(F,E)(F,,E) are  two SICSs and
since f,,' {0y} = (Fy, E),

™(0) = x,Vx € (F, E)), fou'{1lu} = (F,, E),

(u (1) = x,Vx € (F,, E)).Therefore, (X,t,E) is
SI-PNS.

12. (X, 7, E) is soft i — T, which is obtained by (1)
and (9).

Theorem3.1:

Each soft i — T, space considerssoft i — T, .

Proof: By using "(Definition 3.3(1and2))" we get the
required proof.

Theorem3.2: Each soft semi — T, space considers
soft i—T,.

Proof: By using "(Definitions (3.1(2), 3.3(2))" and by
"(Theorem 2.2) ", we get the required proof. The
converse is not true, Indeed:

Example3.4:
Let X :{214)6 18 } T = {¢E' (Fll E)! (FZI E)! (F3l E)'XE}!

E ={k,w}.Where(F,, E) = {(k,{2}), (w, {2})},

(FZ' E) = {(k' {2'4})' (W! {214})}1

(F3' E) = {(k, {214'6})' (W! {2,4’,6})}-"

"(F4-' E) = {(k’ {2'6})’ (W! {2!6})}1

(FS' E) = {(k’ {2'8})’ (W! {2!8})}1

(FG' E) = {(k! {2!6'8})’ (W' {2!6’8})}1

(F7' E) = {(k’ {2’4!8})! (W' {2’418})}
SOS(Xp) = 1.
SSOS(Xg) = Sa0S(Xg) =

{¢El (Flr E)r (FZr E)r (FSr E),"{(k, {2,6}), (W' {2r6})}1
{(k,{2,8]), (w,{2,8D}{(k, {2,6,8)), (w,{2,6,81)},
{(k,{2,4,8}), (W, {2,4,8})}X}.

SIOS(Xy) =

{¢E' (F]_, E)' (FZ' E), (F3' E),"{(k, {4’}), (W, {4})}1
{(k,{6]), (w, {6D}.{(k,{2,6}), (W, {2,6])},
{(k, {416})1 (W' {4'6})}' XE}

1. (X,r,E) is notsoft T, , because it is impossible to
find two SOSs (F,E),(F,,E) Wherein
x, E(F,E)x, 2(F,E),

X, €(F,,E) X & (F, E)-
2. Similarly (X,7,E) isnotsoft a.—T, .
3. (X,z,E) Is not soft semi — T,
4, (X,7,E) Issoft i—T, . Since
VX, % € X (X, #%,)  3IF,E),(F,,E)eSIOS(X;)

) which is obtained from

%

TJPS

Whereinx, (F,,E),x, & (F,,E),

X, € (F,,E),x, € (F,,E).

Theorem3.3:

Eachsoft i — T, space considers soft i—T, and

soft i — T,

Softi-T, | —»| Softi-T, Soft i-Ty

Fig. 1: The Relations among soft i — T, space ,
soft i—T, andsoft i—T, -

Theorem3.4: Each SI-CRS is a SI-R S.
Proof: By using "(Definitions (3.4 and 3.8)", we get
the required proof.

Theorem3.5: Each SOfti—T3y space considers
2

softi—T, .

Proof: By using "(Definitions (3.5 and 3.9)", we get
the required proof.

Theorem3.6: (X,z,E) is named SI-NS if Whether it

fulfills the next state: For each two separated SICSs
(F,E),(F,,E) in X, and for each real numbers
closed interval [ab] there exists SI-ContM
fou: SS(Xg — SS(Yy), wX—Y, p:E—H,
Y :[a,b]; P = {@H: Y} 1 fpu(FllE) = aH 1 (u(x) =
avx € (F,E)), fou(F2E) = by, (u(x) =b,vx €
(FZ' E)

Theorem3.7:

softi—T ., .
3%

Proof: Consider (X,r,E) satisfiessofti— T, space
definition, which leads to soﬁi_T3 definition, the
2

%

Each  softi—T,space considers

proof is complete "Theorem3.6". g

Theorem3.8: Each softi— T, space is softi—T,
Proof: Consider (X,7,E) satisfies
softi — T, space definition,  which
softi — T, definition, hence the proof is complete
(since each two discrete SICSs areseparated ).g
Theorem  3.9: Each  soft subspace  of
softi—T, space isasofti—T,.

Proof: Consider(X,z,Z) is softi—T, and(W,s,Z)
as soft subspace of X, x and y are two distinct

leads to

points inw , we shall prove that X and y contained
in disjoint SIOSs in soft subspace topology forW .
Since X and vy are distinct points of X , there exists

two disjoint SI0Ss of X, as, (K,,Z),(K,,Z)
Wherein x € (Ky,2), y € (K3, 2).
Consider(K;,Z) N W and(K,, Z) N W are soft subsets
of W .

Clearly:

1. XeW and x € (K;,2), so x € (K,Z)DW.
Similarly, y € (K,,Z) A W.
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2. (K, Z)AW And (K,,Z) 0 W are disjoint since
(K,,Z2),(K,,z)are disjoint.

3. (K, Z) AW is SIOS relative overW , because it
is the intersection withw of SIOS in X . Similarly,

(K5, Z) AW is also SIOS overW . Hence, we get two
disjoint SIOSs containing X and Y, over the subspace

topology of W . Therefore W issofti — T, space .m

Theorem3.10: Each soft subspace of SI-RS is SI-RS.
Proof: Consider(X,z,L)is SI-RS and R as soft

subspace, xeR and (M,,L)
soft i —closed subset inR. Right away X may be a
side of the point overX, (M,L) is
soft i —closed subset of X, wherein
(M,,L)AR=(M,,L)- Such (M,,L)exists by the way
that soft subspace topology is defined. Obviously,
whatever (M,,L) is Picked dependent upon for

those motivation, X impossible softly belongs to
(M,,L), because the only points in(m,,L)\R are in
a SS not containing X . Since X is SI-RS, we can find
SIOSs (J,,L) and(J,,L) in X wherein,x € (J,,L),
(My,L) € (pL) and (J,,L).(J,,L) are soft disjoint.
Now, (J,,L)NRand(J, L)NR are disjoint
soft i —opensubsets of R withxe(s,,L)NR and

(M,,L)E(3,,L)NR-m

Theorem3.11: Each soft i —closed subspace of
SI-NS is SI-NS.

Proof: Since the subspace is alreadysoft i —closed ,
soft i —closed subsets of it are already SICSs in the
whole space. So we do not have to expand the
soft i —closed subsets . Now  we separate
soft i —closed subsets in the whole space. We have
disjointed SIOSs of the whole space. Now, simply
intersect these SI0Ss with the SOft subspace , to get
disjoint SIOS of the subspace separating the two
disjoint SICSs. g

Corollaries3.1:

1. Eachsofti—T, (respect, so1‘ti—T3 ,softi—T,,

%
softi—T,and softi— T, space) is softi—T,but the
converse is not necessary to be true because
softi—T,space is not necessary to be SI-RS
(respect.SI-CRS, SI-NS, SI-CNS and SI-PNS).

Proof: By using "(Definitions (3.5, 3.7, 3.9, 3.11,
3.13 and 3.3(2))"we get the required proof.

2. Each softT,space (respect.,SOftT,, softT,) is
softi—T, (respect. softi—T,, softi—T,space) but
the converse is not necessary to be true.

Proof: The proof is obtained from "Theory 2.1".

From above we have the next diagram as appear in
the Figure 2:

Softi-T,

7 X

> Soft i-T;

Fig. 2: The Relations among i-Soft Separation Axioms

Example3.5: LetX ={67}.7v = {¢g, (F1,E), Xg},
E={q,r}."Where,(F,E) = {(q,{6}), (r,{6})},
SOS(Xg) = SIOS(Xp) = 1.

SICS(XE) = {XE' (Fl' E)C = {(q, {7})1 (7", {7})}1 ¢E }1
6,7 X (6=7) 3(F,E) €SIOS(X;). Wherein

6 €(F,E)7¢(F,E), Therefore; (X,7,E) s
Softi—T,space. But it is notSofti—T,space. Thus,
(X,7,E) is notSofti—T,space, also it is not
Softi —T, space, it is notSofti—T, space , €tc.

4. New Results

Theorem 4.1: (X,7,E) is softi-T if and only if
every two different points of X have a different
soft i —closure:

vx,ye X (x=y), iCI(x,E)=iCI(y,E).

Proof: 1.LetX # Y to neediCl(x,E)=iCI(y,E).

For each two different points x and y in X. since the
two SSs iCI(x,E),iCl(y,E) are different, there

exist a point z in X belongs only to one of these two
SSs and letz €iCI(x,E),z giCI(y,E). If
x €iCI(y,E) then
iClI(x,E)ZiCI(iCI(y,E))=iCI(y,E).We have,
z<iCl(y,E)ciCI(y,E), contradiction. Then
x €iCI(y,E). therefore; iCl(y,E)° is SIOS "Theorem
2.4" containing x not y.

1. Then again let X besofti—T space and let x,y be

two different points in X. By softi—T space definition
there exists SIOS (G, E ) containing one of these two
points not the other. Let x € (G,E),y (G,E) then
(G,E)C is SICS "Theorem 2.4"containing x not y. By
iCl(y,E))definition, we have y €iCl(y,E)) but
x&iCl(y,E))  becausexz(G,E)°.  Therefore;

iCI(X,E))#iCI(y,E))m
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Theorem 4.2: (X,t,E) is SOfti—T, space on the

off chance that and just if each singleton SS belongs
toitis SICS.

Proof: 1. Consider for each singleton SS belongs
to(X,t,E) is SICS and x,y be two different points
inX. Then (x,E)® is SIOS containingy NoOt X,

(y,E)¢is SIOS containing X NOt y. Therefore;
(X,t,E) is a soft i—T,-

2. Consider(X,7,E) is asofti—T, , X€ X . From
soft i —T, definition we obtain, for each two different
points in X (X,ye X, x=#y) there exists SIOS
(G, .E ycontaining y not X wherein
yE(G,,E)c(x,E)°-Then,

(xE)° =Uf(¥.E):(y,E)Z(X,E )} & (x.E)°. Therefore;
(x,E)¢ is the union of SIOSs, then it is SIOS. Then
(X,E) isSICSVX in X

Theorem 4.3: (X,t,E) is SI-RS if and only if
Vx € X and for each SIOS (G,E)containing x
there exists a SIOS(G",E) wherein x € (G*,E) and
iCI(G*,E)=(G,E).

Proof: 1. Consider (X,7,E) as SI-RS and let
Xx€(G,E) where (G,E) is SIOS inX . Then
(F,E) = Xz \ (G,E) is SICS not contains x. By SI-
RS definition, there exist two discrete SIOSs(G, ,E)
and (G, ,E)wherein x (G, ,E)and(F,E)c(G.,E).
Since(G, ,E) & (G, ,E)°, then
iCI(G,,E)ZiCI(G, ,E)® =(G,,E)® E(F,E)° =(G,E).

Therefore; x (G, ,E)andiCI(G, ,E)S(G,E). Then
(G,E)is SIOS which we need.

2. Consider the condition above is true and we will
show (X, t,E) is SI-RS. Letx ¢ (F,E) where(F,E) ,
is SICS. Thenxe(F,E)® where (F,E)° is SIOS
inX. Then there exists SIOS(G*E) wherein
x€(G*E) andicl(G*E)Z(F,E)°. Obviously,
(G*E) and (iCl(G*E))‘are discrete SIOSs
wherein x € (G*,E),(F,E ) (iCI(G*,E))° . Therefore;
(X,7,E) isSI-RS.g

Theorem 4.4: (X,7,E) is SI-NS if and only if for

each SICS (F, E)and for each SIOS (G, E) containing
(F, E)there exists SIOS (G*,E ) wherein

(F,E)S(G*,E) and iCI(G*,E)=(G,E).

Proof: 1. Consider(X, t, E) be SI-NS be and let(F, E)
be SICS contained in SIOS (G,E) then (K,E) =
Xz \ (G,E) is SICS, where (K,E) and (F,E) are
discrete SSs. By SI-NS definition there exist two

SIOSs(G, ,E) and (G ,E) wherein
(K,E)ZS(Gy ,E) and (F,E)Z (G ,E)- Since
(G, ,E)ZXg \ (G, E)theniCI(G, ,E) &

iCl(Xg \ (Gx, E))=Xg \ (Gx, E) =€ Xz \(K,E) =

TJPS

(G,E). Therefore, xe(G,,E)andiCI(G,,E)Z(G,E)
.Then(G_ ,E) is the wanted SIOS.

2. Think about the condition above is valid; we will
demonstrate that (X, 7, E) is SI-NS. Consider (F,,E)

and (F,,E)as two discrete SICSs inX,
then(Fy, E) € (Xz \ (F», E)) whereX; \ (F,,E) , is
SIOS in X. Then there exists SIOS (G*,E) wherein
(F,E)S(G*E)and  iCl(G*,E) € (X \ (F, E)).
obviously (G*,E) and X; \ iCL(G*,E) are discrete
SI0Ss wherein

(F,,E)S(G*,E), (F,, E) € (Xg \ iCI(G", E). Hence,
(X,7,E) isSI-NS. g

Theorem 4.5: (X, 7, E) is SI-NS if and only if for any
disjoint SICSs (F,,E),(F,,E), there exists SI-ContM,
fou: SS(Xg) — SS(Yy)(where w: X —Y , p:E —
H, Y=[01], p = {8 Y}), wherein t (F E)={0,}
J(u(x) =0,vx € (F,E)), f(FE)={1, } (ulx) =
1,Vx € (F,, E)).

Proof: Let (X,7,E) be SI-NS and let(F ,E),(F,,E)
be two SICSs in X. Set (F,,E) to be(F ,E), and set
(F,,E)to beX. Let(F,,,, E) be a set containing
(F,,E) whose softi—closureis contained in
(F,,E). When all is said in done, inductively
characterize for every normal number n and for every

single regular numbera < 2", (F E)to be
1

2a+1 1
Zn

E)

a soft  set containing (F whose
)

soft i —closure is contained within the complement

of(F 1 E) This defines (F, ,E) where k is a

¢

2!’\71
rational number in the interval [0,1] expressible in

a
the formz—n where a and n are entire numbers.

Now define the mapping f,,:SS(Xg) — SS(Yy) to
be fy, (kg) = inf{x: k € (Fy, E)}, (uk) =
inf{x:k € (F,(e),Ve € E)}. Consider any
element x within SNS X, and consider any open
interval (a,b) aroundf,,(x). There exists rational
numbers ¢ and d in that expressible open interval in

the formL where k and n are whole numbers,

2n

wherein ¢ < f,,(x) <d. If ¢ <0, then replace it
with 0, and if d > 1, then replace it with 1. Then the
intersection of the complement of the set (F_,E) and
the set (F,,,E) is soft open neighborhood of f(x)
with image with(a, b) (a, b), obtaining the map is
SContM. Since each SContM is SI-ContM "Theorem
2.5" we obtain, f,, is SI-ContM.

Conversely, considers for any two disjoint SICSs,
there is SI-ContM
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four SS(Xg) — SS(Yy)(wherew: X — Y , p:E—
H, Y=[01], p={0gY}), wherein f.(x)={0,}
() =0,vx € (FL,E)) f,(x)={L,}» (@)=
1,Vx € (F,, E)). Since the disjoint SS ([0,0.5),E)
and((0.5,1],E)are SIOSs and under those soft
topology subspace, the inverses f.4[005))" which
contains X , and f.H[0.51]) which contains Y, are
also SIOSs and disjoint. gy

Remark4.1: Consider ( X*,z* E)as a partial STS of
(X,r,E) and (F,E) be SS inX* then
* crc10S(X, ) ifand only if X* € 7.
Theorem4.6:( X ,z,L) is SI-CNS in the event that
and just if partial STS of it is SI-NS.

Proof:
1. Consider (X,z,L) as SI-CNS and let
(X*,7*,E) be a partial STS ofX. Let(W,L),

(N,L)be two discrete SICSs in X, then:
(W,L)NICI(N,L)=iCl"(W,L)NiCI(N,L)= X * AiCI(W, L) NiCI(N, L)
=iCI"(W,L)NiCI"(N,L)=(W,L)A(N,L)=¢.Then
(W,L), (N,L) are separated SSs inX. By SI-CNS
definition there exists two SIOSs(J,,L), (j,,L)
wherein(W,L)E(J, L), (N,L)E(J,,L)  then
X*N(J,,L),X*N(J, L)are discrete SIOSs inX*.
Where (W,L)E X* (I, L)NL)E X* (I, L).
Therefore; (X" ,z",E") is SI-NS.

4, Then again, consider each partial STS of
(X,7,L) as SI-NS and prove that X is SI-CNS. Let
(B,,L),(B,,L) be separated sets in X and let SIOS
lici(s,,L)nici(B, L)] = X *be a partial STS of X
this space is SI-NS (by suppose) and
X *NiCI(B,,L),X * NiCI(B,,L) are two discrete SICSs
in X *. At that point there exist two discrete SIOSs
(J5;,L),(Jg,,L)iN X* wherein
X*NICI(B,,L) & (Jg,,L), X *NICI(B,,L) & (J5,,L).
Since, X *is SIOS in X, then (J,,L),(J,,,L)are
SIOSs in X too "Remark 4.1".Then
(B,L) € X *NCI(B, L) (s, L), (B,,L) E X *MCH(B, L) E (I ).
Therefore; ( X,z,E) is SI-CNS. g

Theorem 4.7: If (X,7,E) is SI-NS, and then it
considers as SI-CRS in also just if it is SI-RS.

Proof: It is enough to prove each SI-NS and SI-RS
space is SI-CRS "Theory 3.4". Let x ¢ (F,E) where,
(F,E)is SICS in X, then x € (F,E)® where
(F,E)Cis SIOS. Then there exists SIOS(G™,E)
whereinx € (G",E)and iCI(G",E) & (F,E)®"Theory
4.3".Since(F,E) andiCI(G",E) are discrete SICSs in
SI-NS (X,z,E) and by "Theorem3.6", there exists Sl-
ContM f,,,: SS(Xg) — SS(Yy)wherein
f,(F.E)={1,},(u(x) = 1,vx € (F,E)),

TJPS

f,(ICI(G*E))={0, },(u(x) = 0,Vx E iCL(G *
,E))and sincex€(G",E)then f_ (x,E)={0, }.

Therefore; (X ,r,E) is SI-CRS.

Remark4.2: The "Definition 2.4(7)" is also true for
S10Ss by taking the soft complements of it.
Theorem4.8: Let(X,r,E) be STS and (Y,5,H) is

softi—T,space. If  f,:SS(Xg) — SS(Yy) s
injective 1-1 and Sl-IreM, then X issofti — T, space .

Proof: Consider x,y e X such that X # Y. Since
fouis1=1, then f_(x )= f,(y,). Since (Y,6,H) is
softi—T,, at that point there exist two SIOSs

(G,,H).(G,,H) in Y wherein
fou (X)E (G, H ), T (V) E(G, H) and
(G, H)N(G, H)=¢. Sincef s Sl-IreM then
f(G,H)f*(G,H) are two SIOSs inX.
x€f ™G, H)yEf(G,,H).

f1(G,,H)Nf G, H)=¢. Hence X is

softi—T, space . m

Theorem4.9: Let(X,z,E) be STS and (Y,6,E) is
softi—T,space. If fu,: SS(Xg) — SS(Yy) is
injective  (one-one) and SI-ContM, then X is
softi—T, space .

Proof: Similarly as in"Theory4.8", and using f_, as

SI-ContM instead of SI-IreM. g
Theorem4.10: Let (X ,z,E) and (Y,5,H) be STSs and

Y is SI-RS. If f,,:SS(Xz) — SS(Yy) is SICM, SI-
IreM and 1-1, then X is SI-RS.

Proof: Let (F,E)be SCS in X ,X & (F,E).Since
fou is SICM, then fu(F.E) is SICS inY.
f,(%)=Ye # f,,(F,E). Bt Y is SI-RS, then there are

two  SIOSs(G,,H),(G,,H) in Y  wherein
fu(FE)E(G,H) YE(GH) and
(G,,H)N(G,,H)=4¢. Since f,, is Sl-IreM and 1-1, so
f(Gy,H), f,1(G, H) are  SIOSs  inX and
X € fp’ul(Gl,H )W(F,E)C fp’ul(Gz,H )

f.2(G,,H)N f,2(G,,H)=¢ - Hence X is SI-RS. g
Theorem4.11: Consider f,,:SS(Xg) — SS(¥y) as
SICM and Sl-IreM from (X ,T,E) into(Y,5,H). IFY is

SI-NS, so is X .
Proof: Let (F,E),(F,,E) be SICSs inX wherein,

(F.E)N(F, E)=¢. Since  fyis SICM, then
f.(FLE).f,(F,E) are two SICSs in Y and
fo (FLE)N f, (F, E)=¢. SinceY is SI-NS and

fou is Sl-IreM, then there are two SIOSs
(G, H).(G,,H) in Y wherein

pu
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fou(FLE)E (G, H), fou(F E)E(G, H) and
(G.H)N(G, H)=¢, alsO {2}, H) (G, H) are
two SIOSs in X and

(F,E)S f.1(G,,H)(F,,E)S f(G,,H)

= p = p

f4(G,,H)N f,X(G, H)=¢ - Hence X is SI-NS g

u
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