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1- Introduction

Beck [1] studied coloring of commutative rings and
studied chromatic number of it is graph such that two
different elements x and y are adjacent iff xy = 0,
Bhavanari et.al. studied prime graph of a ring with
some properties of its graph [2], and he studied
cartesian product of prime graph with Srinivasulu [3]
Kalita [4] computed chromatic number of prime
graph of some finite ring, Patra k. et.al [5]. found
chromatic number of prime graph of some rings of Z,,
, where n=[Ti_; pl.“" , Elizabeth [6] studied colorings
of zero divisor graphs of commutative rings . The
study obtains the chromatic number of Pseudo-Von
Nemann regular graph of cartesian product of rings.
2- Primer lay

Definition 2.1: let R be aring and a €R , a is called
regular element if there exist beR such that a=aba ,
if any element in R is regular then R is regular ring , if
R is commutative then a = a 2b and we say that R is
Von Neumann regular ring.

Definition 2.2: A graph G is defined by an ordered
pair (V (G) , E (G) ), when V(G) is a non empty set
whose elements are called vertices and E(G) is a set (
may be empty ) of unordered pairs of distinct vertices
of V(G) . the element of E(G) are called edges of the
graph G . we denote by uv , an edge between two
end verticesu and v .

Definition 2.3: A simple graph that has no loops or
multiple edges .

Definition 2.4: A graph H is said to be a subgraph of
a graph G if all the edges and all the vertices of H are
in G, and itis denoted by H c G.
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Let R be a commutative ring, the Pseudo — Von Neumann regular

graph of the ring R is define as a graph whose vertex set consists of all
elements of R and any two distinct vertices a and b are adjacent if and
only if a = a?b or b = b?a, this graph is denoted by P-VG(R), in this
work we got some new results about chromatic number of Pseudo-Von
Neumann regular graph of cartesian product of rings.

Definition 2.5: A path is a graph G that contains a
list vy, vy, ..., v, Of vertices of Gst. for1 <i<p-—
1, there is an edge v,7,,; in G and these are the only
edgesinG.
Definition 2.6: let v; and v, be two vertices , d
(vy, v,) is called the distance from v, to v, if it is the
shortest path from v, to v,.
Definition 2.7: A close path is called cylce , the
degree of each vertex of a cycle graph is two , a cycle
with n vertices denoted by C,, .
Definition 2.8: Let G(V,E) beagraph andCc G,
is called cligue if the induced subgraph of G induced
by C is a complete graph .
The clique is called maximal if there is no clique with
more vertices .
Theorem 2.9 :
For circular graph C,, one has

2 whennis even
X (Cn)=

3 whennisodd
Definition 2.10: A h-coloring of the vertex set of a
graph G is a function y: V(G) - {1,2, ..., h} such that
y(v,) # y(v,) whenever v, is adjacent to v, , if a h-
coloring of G exists , then G is called h- colorable.
Definition 2.11: The chromatic number of G
defined as X (G) =min { h: G is h- colorable }
where X (G)=h, G is called h- chromatic.
Definition 2.12: The Cartesian product G x K of
graphs G and K is a graph such that:
The vertex set of G X K is the Cartesian product
V(G) xV(K) and

is
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The two vertices (u,v) and (s, t) are adjacent in
G x K if and only if either u = s and v is adjacent to
tinKorv=tanduisadjacenttosing.

3- Main Results

Definition 3.1[14]: Let R be a commutative ring. A
graph G (V, E) is said to be (Pseudo -VVon Neumann
regular graph ) of R if V(G) =R and E (G) ={ ab/
a=a?b or b=>b?a and a# b } denoted by P-
VG(R), shortly P-Von Neumann regular graph .

Example 3.2:
Z,={0,1}
0 1
o—0
Fig. 1: P-VG(Z,)
Z5={0,1,2}
0
/\2
Fig. 2: P-VG(Z3)
Z,={0,1,2,3}
0
/\3
1 2
Fig. 3: P-VG(Z,)
Zs={0,1,2,3,4}
4
0
Fig. 4: P-VG(Z5)
Definition 3.2 :

Let R = R; X R,, then the P-VG(R) is define as the
vertices set={ (a,b) :a € R, and b € R, } then (a,b)
and (u,v) are adjacent in P-VG(R) if and only if a
adjacent to u in P-VG(R,) and b adjacent to v in P-
VG(R,) , and (0,0 ) adjacent to all vertices .

Example 3.3:

1-LetR =27, X Z,

©,0)
]

©,1) \/ (1,0)

@
Fig. 5-i: P-VG(Z,) x P-VG(Z,)
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.0

0,1) 1,0

(L.1)
Fig. 5-ii: P-VG(Z, X Z3)

P-VG(Z,) x P-VG(Z,) n P-VG(Z, x Z,)= 3- star
graph.

2-LetR = Z5 X Z,

(18]

2,1) 12)

2.2)
Fig. 6-i: P-VG(Z3) xP-VG(Z3)

L1)

PR

2,0 0,2)

|

@22
Fig. 6-ii: P-VG(Z3 x Z3)

P-VG(Z3) XP-VG(Z3) NP-VG(Z; X Z3) = 5- star
graph.

In general P-VG(Z,) XP-VG(Z,,) NP-VG(Z, X Z,,) =
(2n-1) - star graph and the below theorem show that .
Theorem 3.4:

let R =Z,, , then the intersection of cartesian product
of P-VG (Z,) and P-VG (Z,, x Z,) is equal to (2n-1)-
star graph i.e.

P-VG(Z,) xP-VG(Z,) NP-VG(Z, X Z,) = (2n-1) -
star graph.

Proof :

Since(0,0)(0,a) € E (P-VG(Z,) xXP-VG(Z,) NP-
VG(Z, X Z,)).

Then P-VG(Z,,) XxP-VG(Z,) NP-VG(Z,, X Z,,) # ®.
Now, let H={ (a,b) ,a=0o0orb =0 } and E(H) =
{(0,0)(a, b), (a, b) # (0,0) }:

H is a subgraph and in the same time H is a star graph
by the set E(H).

Now, we need to prove this star has 2n-1 of vertices.
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The study focuses on a number have of vertices are

equal to 2(n-1) because the set of vertices of K graph
{(0,1), ... (0,n-1),(1,0), ... ,(n-1,0)}and (0,0) isa

center of star graph then H has 2(n-1) +1 = 2n-1

vertices, i.e. H has order 2n-1

H = (2n-1) - star graph c P-VG(Z,,) XxP-VG(Z,,) and
it is in the same time is a sub graph from P-VG(Z,, X

Zn).

Hence H c P-VG(Z,,) xP-VG(Z,) NP-VG(Z,, X Z,).
Let (a,b)(uw,v) € P-VG(Z,) xXP-VG(Z,) nP-

VG(Z,, X Z,,), and a,b,u,v #0.

Implies that (a, b)(u, v) € P-VG(Z,) XP-VG(Z,,) and
(a,b)(u,v) € P-VG(Z, X Z,).

Then ( either a=u and bv € E(P-VG(Z,,) or b=v and

au € E(P-VG(Z,) and (au , bv € E(P-VG(Z,))
Hence there are two cases:

Case i: if (a=u and bv € E(P-VG(Z,)) and au € E(P-

VG(Z,)) , this is a contradiction by the definition of
P-VN- Regular graph ).

Case ii : if b=v and au € E(P-VG(Z,) and bv €
E(P-VG(Z,))

,also this is a contradiction by the definition of P-

VN- Regular graph).

Then P-VG(Z,) xP-VG(Z,,) NP-VG(Z, x Z,)= K=

(2n-1) - star graph.

lemma 3.5:
Let R=Z,

VG(R) )=3.

Proof : since P-VG(Z,, ) has only cycle C then X (P-

VG(R) )=3.

Theorem 3.6:

Let R=Zx p>3 be a prime number, k be a

positive integer then X ( P-VG(R) )=3.

Proof : since P-VG(Zpk ) has only cycle C 5 then X

(P-VG(R) )=3.

,p > 3 be a prime number then X (P-

Corollary 3.7:

Let R=Z,, then X (P-VG(R))=
2 n= 23428
4 if any vertex has invrse.
3 other wise

proof :

if R =27, ,n=2348 then P-VG(R) is a star graph
and X (P-VG(R) ) =2.

if any vertex a € R has inverse then (pa, pa=1,aa"1)
is a cycle C; in P-VG(R), and since all vertices in P-
VG(R) are adjacent to vertex 0 then X ( P-VG(R)) =4
now in other wise

Case 1 : if nis prime number then X ( P-VG(R) ) =3
(by lemma 3.5)

Case 2 : if n=p* where p is prime number and k a
positive integer then X ( P-VG(R) ) =3 since P-VG(R)

has only% — 1 of cycle C;.

Case 2 : if n=pk where p is prime number and k a
positive integer, if any vertex in R has no inverse then
X (P-VG(R) ) =3.

Theorem 3.8:

TJPS

LetR =Z, X Zy, X ..XZ, , (ntimesof Z,) p> 3

is prime number then X ( P-VG(R) )= X (P-VG( Z,))

+1.

Proof :

Let (a,0,...,0) € R and a # 0, then (a,0,0,...,0) is

adjacent each to vertices

(ata™t..,a™,(0,atal..,a),(0,aa,..,aq)

and (@', a,qa,..,a) only. since a € Z, and Z, is a

field.

But (a %,a,a,..,a) and (0,a”%,a™%,..,a”1) are

adjacent and also

0,a,a,..,a)and (at,a™?,...,a™?) are adjacent
(a0,....0)

(0a,...,a) 0.a',...a7°)

- Lyl o 1) (@ I,a,...,a)
Then, the graph has cycle of length 3 , therefore , we
colored it by 3 colors .

But by definition of P-VG-regular graph of cartesian
product of a rings all vertices are adjacent to (0
,0,...,0) then X ( P-VG(R) )=4

X (P-VG(Z,))+1=3+1=4=X (P-VG(R)).
Theorem 3.9:

LetR =Z,, X Z,andn,m = 3, then

1- X (P-VG(R)) = X (P-VG(Z,,) ) + X (P-VG(Z,)
)—2if

i- mand n are a prime.

ii- mis prime and n not prime and X ( P-VG(Z,,) )
=3

iii- m and n are not a prime and X ( P-VG(Z,,) ) = X
(P-VG(Z,) )=3

@by

(&bl) M\
/ )
A

@Lby)
X

@9

2- X (P-VG(R)) = X (P-VG(Z,,)) + X (P-VG(Z,)) — 3 if
i. mand n are not prime .
ii. mis prime and n not prime and X ( P-VG(Z,,) )

=4
Proof :
1-i:
LetR =Z,, X Z, , m and n are a prime then X ( P-
VG(Z,,)) and X (P-VG(Z,)) equal to 3,( by lemma
3.5)
Now, let (a,b)e Rand a € Z,,, ,b € Z,, , then (a, b)
is adjacent only to (a™%,b71),(a™%,0) and (0,b71).
But (a~%,0) and (0,b 1)are adjacent therefore we
colored it by 3 colors, and since all vertices are
adjacent to the vertex (0,0), then X ( P-VG(R) ) =
3+1=4,
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X (PVG(Z,))+ X (PVG(Z,) )—2=3+3—
2=4 =X (P-VG(R))

1-ii :

Let m is prime then X ( P-VG(Z,,) ) equal to 3, and
nis not prime and X ( P-VG(Z,,) ) equal to 3

Then we have three sets

@b
05"

-l
) @0
{(a' bl)' (a' bZ)l (a, 0)}; {(a—l' bl)' (a—l’ bZ)' (a—l’ 0)}
and {(0, b,),(0,b,)} where a € Z,, and b,,b, € Z,
such that b, b, € E(P —VG(Z,))
such that the vertices in the same set not adjacent to
each other , then we have 3- partite graph and to
colored it we need 3 colors, but all vertices are
adjacent to vertex (0,0) then X ( P-VG(R) ) = 3+1=4
X (PVG(Z,) )+ X (PVG(Z,) )—2=3+3-—
2=4 =X (P-VG(RR)) .
1-iii:
Let m and n are not prime and X ( P-VG(Z,,) ) and
X (P-VG(Z,)) areequal to 3
Let ay,a, € Z, such thata;a, € E(P -VG(Z,))
by, b, € Z,, such that byb, € E(P — VG(Z,))
Now, we have three sets
{(alﬁ bl)' (alﬁ bz)' (all 0)}1 {(az. bl)' (a2' bZ)' (a2' 0)}
and {(0' bl)! (0' bZ)}
(anby)

(ab2)

(81, 0)

0,62 iy

such that the vertices in the same set not adjacent to
each other, then we have 3- partite graph and to
colored it we need 3 colors, but all vertices are
adjacent to vertex (0,0) then X (P-VG(R)) =3+1=4
X ( P-VG(Z,) ) + X (PVG(Z,)—2 =3+3—
2=4 = X (P-VG(R) ).
2-i:

Let m and n are not prime and n,m # 4,8 then X (P-
VG(Z,,))and X (P-VG(Z,) ) equal to 3 or 4
Then either X ( P-VG(Z,,) ) = 3 and X ( P-VG(Z,))
=4 or X (P-VG(Z,,)) and X (P-VG(Z,) ) equal to 4
case 1:
X (P-VG(Z,))=3and X (P-VG(Z,) ) =4 then we
have three sets

{(ay, b1), (ay, by), (ay, bs), (ay, 0)},
{(aZI bl)' (aZ' bZ)' ((12, b3)' ((12, 0)} and

TJPS
{(0, b,), (0, b,), (0, b3)} such that

where a,,a, € Z,,such that aja; € E(P —VG(Z,,),
by, b,, b; € Z,such that b,b, ,bi1b3,b,b; €
E(P —VG(Zy)).

(@b

(ai,b3) (21,0)

@nby

06y (0,by) (0.5

The vertices in the same set not adjacent to each
other , then we have 3- partite graph and to colored it
we need 3 colors , but all vertices are adjacent to
vertex (0,0) then X (P-VG(R)) =3+1=4

X (P-VG(Z,)) +X (P-VG(Z,) )—3=3+4-
3=4 = X (P-VG(R) ).

Case2:

X (P-VG(Z,) ) and X ( P-VG(Z,) ) are equal to 4
then we have four sets

{(ay, b1), (a4, by), (a4, b3), (a4,0)},

{(az, by), (az, by), (az, bs), (az, 0)},

{(as, by), (as, by), (as, bs), (a3, 0)},

{(0,b,), (0, by), (0, b3)}.

b, b
(anb) (apb3) @0

(arby)
oy %T SAI '\\ /\I"‘T“@}‘;;\ (azby)
///’ /%\/\ \/\\\\
NS 23 ‘/ S S7

4‘/{/‘/ 2 \ 5

NP /// T b
/\//\/(,,\ Q

ASCNAZT® @369

@359 (a3by) (@3by)

where ay,a,,a; € Z,, such that a;a,,a;a;, a,a; €
E(P -VG(Z,), by, by, b; € Z, such that
bib;  biby ,bob, € E(P — VG (Z,)).

The vertices in the same set not adjacent to each
other, then we have 4- partite graph and to colored it
we need 4 colors , but all vertices are adjacent to
vertex (0,0) then X (P-VG(R)) =4+1=5.

X (P-VG(Z,))+X (PVG(Z,) )—3 =4+4-
3=5 =X (P-VGR)) .

2-ii:

Let m is prime and n not prime and X (P-VG(Z,,)) =4
then we have three sets

{(a, bl)f (a, bZ)! (a! bS)! (a! 0)})

{(a—l’ bl)! (a—l, bZ)f (a—l’ b3)! (a—l’ 0)} and

{(0, bl)! (0! bZ)f (0, b3)}
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@by @by @b3) @0)

by by 05y

where  a € Z,, and by,b,,b; € Z,  such  that
byby, bybs, bybs € E(P — VG(Zy)),

the vertices in the same set are not adjacent to each
other , then we have 3- partite graph and to colored it
we need 3 colors , but all vertices are adjacent to
vertex (0,0) then X (P-VG(R) ) = 3+1=4.

X (P-VG(Z,)) + X (P-VG(Z,) )—3 =3+4—
3=4 =X (P-VG(R)) .

Example 3.10:

R=127;%xZs

X (P-VG(R)) =X (P-VG(Z;) ) + X (P-VG(Zs)) —
2=2+3-2=3

feX3} oD

a4 13)
Fig. 7: X (P-VG(Z3 X Z5) )
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@wn @2 63 @h 45

(37)(3.8) ~ O
) AN

69 Nt _§‘§
ANV

AN AN MR

(34) N [ i:;

(3.3) A A :\:
(2) e W 3 \\

(3.1 ,-’

— —

(2.8) mﬁ:\:\\‘i“l

@n T'\\\\\\\\:\\\::\\:;
28 -\\\\\\\:\.Q\\‘ >
N WS

0,3
0 09 05 08) 0.1 05
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