
  

 

  

Tikrit Journal of Pure Science Vol. 25 (3) 2020 
 

124 

 

 

Tikrit Journal of Pure Science 
ISSN: 1813 – 1662 (Print)  --- E-ISSN: 2415 – 1726 (Online) 

 

Journal Homepage: http://tjps.tu.edu.iq/index.php/j 

 

 

Bi- Supra Hereditary and Bi – Supra Topological Properties for some 

Supra – Separation Axioms 
Leqaa Mohammed Saeed Hussein ,  Taha Hameed Jasim Al-Douri 

1 
College of Computer Science and Mathematics, Mosul University , Mosul , Iraq 

2 
College of Computer Science and Mathematics  Tikrit University , Tikrit , Iraq  

https://doi.org/10.25130/tjps.v25i3.260  
 

A r t i c l e  i n f o. 
Article history: 

-Received:  29 / 8 / 2019 

-Accepted: 24 / 9 / 2019 

-Available online:  /   / 2020 

Keywords: 𝑏𝑖 – Supra Topological 

Spaces , 𝑏𝑖 – Supra Topological 

property , 𝑏𝑖 - Supra hereditary 

property , 𝑏𝑖 -Supra – Separation 

Axioms . 
Corresponding Author: 

Name: Leqaa Mohammed Saeed 

E-mail: 
Leqaamohammed774@yahoo.com 

Tel: 

ABSTRACT 

A new definitions of some Supra hereditary and Supra topological 

property  was introduced namely (𝑏𝑖 - Supra hereditary and 𝑏𝑖 – Supra 

Topological) properties , the relation between them was studied for 

some  Supra – Separation Axioms 

At last many characterization and theorem was proved . 

 

 

1. Introduction 
In  1963 Kelly [1] introduced the concept of 𝑏𝑖 – 

topological space which was called a set 𝑋 equipped 

with two topologies a 𝑏𝑖 - topological space and is 

denoted by (𝑋, 𝜏1 , 𝜏2) where 𝜏1 , 𝜏2 are two 

topologies defined on 𝑋. 

In 1983  Mashhour ,M. S. Allam. A. A. Mohamoud 

f.s. and Khedr, F.H.[2] introduced the supra 

topological spaces  

 In 2011 Ravi, O., Pious, M.S and Salai, P.T. [3], 

introduced the concept A new type of 

homeomorphism in a 𝑏𝑖 -topological space . 

In 2017 B. K. Mahmoud [4], introduced the concept 

supra – separation axioms for supra topological 

spaces. 

In this paper some new definitions are introduced 

with some properties.via this definitions we 

generalization 𝑏𝑖 - Supra hereditary and 𝑏𝑖 – Supra 

Topological properties . 

2. 𝒃𝒊 −  𝐒𝐮𝐩𝐫𝐚 topological properties 
In this section bi-[resp (i,j)] supra topological 

properties are studied and it`s characterization are 

presented and some  

applications. 

 

 

Definition 2.1 :[ 5] 

Let (𝑋, 𝜇1, 𝜇2) be a bi- supra topological space, and 

Let 𝐴 be a subset of 𝑋. Then A is said to be (𝑖, 𝑗) −
 supra open set if 𝐴 =  𝐺1 𝑈 𝐺2 where 𝐺1  ∈ 𝜇1and 

𝐺2  ∈ 𝜇2. The complement of (𝑖, 𝑗)- supra open set is 

called (𝑖, 𝑗) − supra closed set, where  
( 𝑖, 𝑗) =  1,2 and i≠j. 

Definition 2.2:[ 5] 

Let (𝑋, 𝜇1, 𝜇2) be a bi-supra topological space and let 

𝐴 be a subset of 𝑋. Then 𝐴 is said to 𝑏𝑖-supra open 

set if 𝐴 =  𝐺1  ∩  𝐺2  
where 𝐺1  ∈  𝜇1 and 𝐺2  ∈ 𝜇2. The complement of 𝑏𝑖-
supra open set is called 𝑏𝑖-supra closed. 

Proposition 2.3 : 

Every 𝑏𝑖- supra open set is (𝑖, 𝑗) − supra open sets 

and every   (𝑖, 𝑗) −supra closed set is 𝑏𝑖-supra closed 

sets. 

The proof of proposition directly from the definitions. 

Definitions  2.4 :[5] 

A function 𝑓: (𝑋,  𝜇1𝑥 ,  𝜇2𝑥 )  →  (𝑌,  𝜇1𝑦 ,  𝜇2𝑦 )is 

called: 

1. (𝑖, 𝑗) − supra homeomorphism if 𝑓 is a bijective 

and 𝑓, 𝑓−1  are (𝑖, 𝑗) − supra continuous functions. 

http://tjps.tu.edu.iq/index.php/j
https://doi.org/10.25130/tjps.v25i3.260
mailto:Leqaamohammed774@yahoo.com
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2. 𝑏𝑖 − supra homeomorphism if 𝑓 is a bijective and 

𝑓, 𝑓−1 are 𝑏𝑖 − supra continuous functions.[5] 

Definitions 2.5 :  

1.  If 𝑓 is a 𝑏𝑖- supra homeomorphism function 

(𝑋, 𝜇𝑥1, 𝜇𝑥2 ) in to (𝑌, 𝜇𝑦1, 𝜇𝑦2 ), and 𝑝 be any 

property in (𝑋, 𝜇𝑥1, 𝜇𝑥2 ), Then 𝑝 is a 𝑏𝑖 – supra 

topological property if 𝑓(𝑝) is the some property of 

𝑝 . 
 2.  If 𝑓 is a(𝑖, 𝑗)- supra homeomorphism function 

(𝑋, 𝜇𝑥1, 𝜇𝑥2 ) in to (𝑌, 𝜇𝑦1, 𝜇𝑦2 ), and 𝑝 be any 

property in (𝑋, 𝜇𝑥1, 𝜇𝑥2 ), Then 𝑝 is a (𝑖, 𝑗)- supra 

topological property if 𝑓(𝑝) is the some property of 

𝑝 . 
Note :That 𝑏𝑖 – supra topological property is (𝑖, 𝑗)- 

supra topological property. 

The proof of note directly from the definitions. 

Theorem 2.6: 

A 𝑏𝑖-supra topological space is a (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖] − 

supra-𝑇𝑛 –space, 𝑛 =0,1,2 

If 𝑓 it satisfies the following axiom: 

1-When 𝑛 =0 

  ∀ 𝑥, 𝑦 ∈  𝑋, 𝑥 ≠  𝑦 , ∃  (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖]  
−supra open set 𝐺   ∋  𝑥 ∈  𝐺 and 𝑦 ∉  𝐺 or 𝑥 ∉
 𝐺 , 𝑦 ∈  𝐺 
2- When 𝑛 =1 

  ∀ 𝑥, 𝑦 ∈  𝑋 𝑥 ≠  𝑦, ∃   𝑡𝑤𝑜 (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖]  
−supra open sets 𝐺, 𝐻 
∋  𝑥 ∈  𝐺 , 𝑦 ∉  𝐺 𝑎𝑛𝑑  𝑥 ∉  𝐻 , 𝑦 ∈  𝐻  

3-When 𝑛 =2  

   ∀ 𝑥, 𝑦 ∈  𝑋, 𝑥 ≠  𝑦, ∃ two distinct (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖]- 
supra open sets 𝐺, 𝐻 
∋  𝑥 ∈  𝐺 , 𝑦 ∈  𝐻   𝐺 ∩  𝐻 ≠ 𝜑 .  
Theorem 2.7 : 

  (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖]- supra −𝑇0  property is a supra 

topological property. 

Proof: 

Let 𝑓: (𝑋, 𝜇1, 𝜇2 ) →   (𝑌, 𝜎1, 𝜎2 ) be (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖] − 

supra homeomorphism 

Let (𝑋, 𝜇1, 𝜇2 ) be a (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖]- supra −𝑇0 ,to 

prove that (𝑌, 𝜎1, 𝜎2 ) is (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖] −  𝑠𝑢𝑝𝑟𝑎 −
𝑇0 
Let 𝑥∗, 𝑦∗  ∈    𝑌, 𝑥∗ ≠ 𝑦∗  since 𝑓 is on to 

 ∃ 𝑥, 𝑦 ∈  𝑋, 𝑥∗  = 𝑓(𝑥) , 𝑦∗  = 𝑓(𝑦)  

Since 𝑓  one to one and 𝑓(𝑥)  ≠ 𝑓(𝑦)    → 𝑥 ≠  𝑦 

(𝑋, 𝜇1, 𝜇2) be a (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖]- supra −𝑇0 

𝑥, 𝑦 ∈  𝑋, 𝑥 ≠  𝑦 then 

There exist (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖]- supra open set 𝐺 

Such that 𝑥 ∈  𝐺 𝑎𝑛𝑑 𝑦 ∉  𝐺 

Since 𝑓 𝑖𝑠 (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖]- supra open function 

→  𝑓(𝐺) =  𝐺∗ 𝑖𝑠 𝑎 (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖]- supra open in 

(𝑌, 𝜎1, 𝜎2 )  

𝑥 ∈  𝐺 →  𝑓(𝑥)  ∈  𝑓(𝐺)  → 𝑥∗  ∈   𝐺∗  

𝑦 ∉  𝐺 →  𝑓(𝑦)  ∉  𝑓(𝐺)  → 𝑦∗  ∉  𝐺∗  

There exist (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖]- supra open 𝐺∗ 

Such that 𝑥∗   ∈  𝐺∗ 𝑎𝑛𝑑 𝑦∗ ∉  𝐺∗ 

𝑠𝑜 (𝑌,𝜎1, 𝜎2 ) is (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖]- supra-𝑇0- space . 

Theorem 2.8 : 

   (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖] − supra-𝑇1 property  is a supra 

topological property. 

Proof: 

Let 𝑓: (𝑋, 𝜇1, 𝜇2) →  (𝑌, 𝜎1, 𝜎2 ) be (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖]- 
supra homeomorphism 

Let  (𝑋, 𝜇1, 𝜇2) be a (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖] − supra 𝑇1 – space  

To prove that (𝑌, 𝜎1, 𝜎2 ) 𝑖𝑠 (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖] − supra-

𝑇1– space 

Since 𝑥∗, 𝑦∗  ∈    𝑌, 𝑥∗ ≠ 𝑦∗  since 𝑓 is on to 
𝑥∗  = 𝑓(𝑥), 𝑦∗ = 𝑓(𝑦), 
∃ 𝑥, 𝑦 ∈  𝑋, 𝑓(𝑥) ≠ 𝑓(𝑦)𝑤𝑒𝑔𝑒𝑡 𝑥 ≠  𝑦 

However  𝑓 𝑖𝑠 𝑜𝑛𝑒 𝑡𝑜 𝑜𝑛𝑒  𝑎𝑛𝑑  Since (𝑋, 𝜇1, 𝜇2  ) is 
(𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖] − supra- 𝑇1  -space 

then there exist (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖] − supra open set 𝐺, 𝐻 

for every  𝑥, 𝑦 ∈  𝑋, 𝑥 ≠  𝑦 

Such that 𝑥 ∈  𝐺 𝑎𝑛𝑑 𝑦 ∉  𝐺 𝑎𝑛𝑑 𝑥 ∉  𝐻, 𝑦 ∈  𝐻 

 Since 𝑓 𝑖𝑠 (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖] − supra open function 

→  𝑓(𝐺) =  𝐺∗, 𝑓(𝐻)  = 𝐻∗  is a (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖]- 
supra open in (𝑌, 𝜎1, 𝜎2 )  

  𝑥 ∈  𝐺 →  𝑓(𝑥) ∈  𝑓(𝐺) → 𝑥∗ ∈   𝐺∗ 

  𝑦 ∉  𝐺 →  𝑓(𝑦) ∉  𝑓(𝐺) → 𝑦∗  ∉   𝐺∗ 

𝑥 ∉  𝐻 →  𝑓(𝑥) ∉  𝑓(𝐻) → 𝑥∗  ∉  𝐻∗  

  𝑦 ∈  𝐻 →  𝑓(𝑦) ∈  𝑓(𝐻) → 𝑦∗  ∈   𝐻 ∗ 

∴  ∃ 𝐺∗, 𝐻∗ 𝑎𝑟𝑒 (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖] − supra open sets 

𝑥∗   ∈   𝐺∗ , 𝑦∗  ∉   𝐺∗ 𝑎𝑛𝑑 𝑥∗  ∉   𝐻∗ , 𝑦∗  ∈
  𝐻∗  𝑠𝑜   (𝑌, 𝜎1, 𝜎2 ) 𝑖𝑠 (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖] − supra- 𝑇1  –

space. 

Theorem 2.9 : 

 (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖] − supra-𝑇2 property is a supra 

topological property 

Proof: 

 (𝑋, 𝜇1, 𝜇2  ) is a (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖]- supra 𝑇2 – space 

Let 𝑓: (𝑋, 𝜇1, 𝜇2  ) →   (𝑌, 𝜎1, 𝜎2 ) is a 

(𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖] − supra homeomorphism 

to prove that (𝑌, 𝜎1, 𝜎2 ) is (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖]- supra-𝑇2– 

space . 

Let 𝑥∗, 𝑦∗  ∈  𝑌, 𝑥∗ ≠ 𝑦∗  
since 𝑓 is on to 

∃𝑥, 𝑦 ∈  𝑋  such that 𝑥∗  = 𝑓(𝑥) , 𝑦∗  = 𝑓(𝑦).Since 𝑓 

is one to one 
 →  𝑓(𝑥)  ≠ 𝑓(𝑦)    → 𝑥 ≠  𝑦 

Since (𝑋, 𝜇1, 𝜇2  )𝑖𝑠 (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖] − supra- 𝑇2  -space 

∀𝑥, 𝑦 ∈  𝑋, 𝑥 ≠  𝑦  
∃ two disjoint (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖] − supra open set 𝐺, 𝐻 

Such that 𝑥 ∈  𝐺, 𝑦 ∈  𝐻, 𝐺 ∩ 𝐻 = 𝜑 

 Since 𝑓 𝑖𝑠 (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖] − supra open function→ 

𝑓(𝐺) =  𝐺∗ , 𝑓(𝐻)  = 𝐻∗ 

are (𝑖, 𝑗)[𝑟𝑒𝑠𝑝. 𝑏𝑖]- supra open sets 

𝐺 ∩ 𝐻 = 𝜑 →  𝑓(𝐺)  ∩  𝑓(𝐻)  = 𝜑  

  𝑥 ∈  𝐺 →  𝑥∗ ∈  𝑓(𝐺)       𝑥∗  ∈   𝐺∗ 

  𝑦 ∈  𝐻 →  𝑦∗  ∈  𝑓(𝐻)     𝑦∗  ∈   𝐻∗   (𝑌, 𝜎1, 𝜎2 ) is 

(𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖]- supra- 𝑇2  –space.
 

3. 𝒃𝒊 –  supra hereditary property 
In this section bi [resp (𝑖, 𝑗)] - supra hereditary 

properties are studied and  

It`s characterization are presented and some 

applications . 

Definitions 3.1 : 

Let (𝑋, 𝜇1, 𝜇2) be a bi-supra topological space, and 

let 𝐴 be a subset of 𝑋. Then: 

 1. The subspace (𝑖, 𝑗) −supra topology on 𝐴 

determined by (𝑖, 𝑗)𝐴 − supra open is intersection 
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(𝑖, 𝑗) - supra open with 𝐴 as  {𝐴 ∩ 𝑢: 𝑢 ∈  (𝑖, 𝑗) −
 𝑠𝑢𝑝𝑟𝑎 𝑜𝑝𝑒𝑛). 
2. The subspace bi- supra topology on 𝐴 determined 

by 𝑏𝑖𝐴 −supra open is intersection 𝑏𝑖 

–  𝑠𝑢𝑝𝑟𝑎 𝑜𝑝𝑒𝑛  with 𝐴 𝑎𝑠 
{𝐴 ∩ 𝑢: 𝑢 ∈ 𝑏𝑖 − 𝑠𝑢𝑝𝑟𝑎 𝑜𝑝𝑒𝑛}. 
Example 3.2  : 

 Let 𝑋 = {𝑎, 𝑏, 𝑐, 𝑑} 

𝜇1 = { 𝜑, 𝑋, {𝑎}, {𝑏}, {𝑎, 𝑏}, {𝑎, 𝑐}, {𝑎, 𝑑}, {𝑏, 𝑐},  
{𝑏, 𝑑}, {𝑎, 𝑏, 𝑑}, {𝑎, 𝑏, 𝑐}, {𝑎, 𝑐, 𝑑}, {𝑏, 𝑐, 𝑑}}  

𝜇2 =  { 𝜑, 𝑋, {𝑎}, {𝑏}, {𝑎, 𝑏}, {𝑎, 𝑏, 𝑑}, {𝑎, 𝑏, 𝑐}}  
(𝑖, 𝑗) − supra open set 

 = { 𝜑, 𝑋, {𝑎}, {𝑏}, {𝑎, 𝑏}, {𝑎, 𝑐}, {𝑎, 𝑑}, {𝑏, 𝑐}, 
{𝑏, 𝑑}, {𝑎, 𝑏, 𝑑}, {𝑎, 𝑏, 𝑐}, {𝑎, 𝑐, 𝑑}, {𝑏, 𝑐, 𝑑}}  

𝑏𝑖 − supra open set  

={ 𝜑, 𝑋, {𝑎}, {𝑎, 𝑏}, {𝑏}, {𝑎, 𝑏, 𝑑}, {𝑎, 𝑏, 𝑐}} 

Let 𝐴 = {𝑎, 𝑐} 

 (𝑖, 𝑗)𝐴-supra topology = { 𝜑, 𝐴, {𝑎}, {𝑐}} 

𝑏𝑖𝐴 −  supra topology =  { 𝜑, 𝐴, {𝑎}} . 

Definitions 3.3 :  

1.If (𝑌, 𝜇𝑦1, 𝜇𝑦2 ) sub space of (𝑋, 𝜇𝑥1, 𝜇𝑥2 ), and 𝑝 any 

property in (𝑋, 𝜇𝑥1, 𝜇𝑥2 ), then 𝑝 is called  bi [resp 

(𝑖, 𝑗 ) ] – supra hereditary property where 𝑝 is the 

same property in (𝑌, 𝜇𝑦1, 𝜇𝑦2 ). 

Theorem 3.4 : 

(𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖] − supra-𝑇0 property is a supra 

hereditary property 

Proof: 

Let  (𝑋, 𝜇1, 𝜇2) be a bi-supra topological space and  

(𝑋, 𝜇1, 𝜇2) is a (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖] − supra  -𝑇0- space 

Let (𝑌,𝜎1, 𝜎2 ) be a bi-supra topological subspace of 

(𝑋, 𝜇1, 𝜇2) 
To prove that (𝑌,𝜎1, 𝜎2  ) is (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖]- supra-𝑇0  –

space 

Let 𝑥, 𝑦 ∈  𝑌, 𝑥 ≠  𝑦 
 Since  (𝑋, 𝜇1, 𝜇2) is a (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖]- supra-𝑇0- space 
Then there exist (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖]- supra open set 𝐺 . 

Such that 𝑥 ∈  𝐺 𝑎𝑛𝑑 𝑦 ∉  𝐺, 
(𝑖, 𝑗)𝑌[𝑟𝑒𝑠𝑝 𝑏𝑖𝑌]- supra topology ={𝐺∗ = 𝑌 ∩  𝐺: 𝐺 ∈
 (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖] −  𝑠𝑢𝑝𝑟𝑎 𝑜𝑝𝑒𝑛} 
𝑥 ∈  𝐺 , 𝑥 ∈  𝑌 →  𝑥 ∈  𝐺 ∩  𝑌 →    𝑥 ∈  𝐺∗  

𝑖𝑠 (𝑖, 𝑗)𝑌[𝑟𝑒𝑠𝑝 𝑏𝑖𝑌] −  𝑠𝑢𝑝𝑟𝑎 𝑜𝑝𝑒𝑛  

𝑦 ∉  𝐺, 𝑦 ∉  𝑌 →   𝑦 ∉  𝐺 ∩  𝑌 → 𝑦 ∉  𝐺∗  

there exist ((𝑖, 𝑗)𝑌[𝑟𝑒𝑠𝑝 𝑏𝑖𝑌]- supra open , Such that 

𝑥 ∈  𝐺∗ , 𝑦 ∉  𝐺∗ 
 

∀ 𝑥, 𝑦 ∈  𝑌, 𝑥 ≠  𝑦  

𝑠𝑜 (𝑌, 𝜎1, 𝜎2 ) 𝑖𝑠 (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖]- supra-𝑇0  –space 

Theorem 3.5 : 

(𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖] −supra-𝑇1 property is a supra 

hereditary property 

Proof: 

Let (𝑋, 𝜇1, 𝜇2  )be a (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖]- supra-𝑇1- space 

Therefore (𝑌, 𝜎1, 𝜎2 ) be a (𝑖, 𝑗)𝐴[𝑟𝑒𝑠𝑝 𝑏𝑖𝐴]- supra 

topology sub space of (𝑋, 𝜇1, 𝜇2  ) 
To prove that (𝑌, 𝜎1, 𝜎2 )is (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖]- supra-𝑇1  -

space 

Let 𝑥, 𝑦 ∈  𝑌, 𝑥 ≠  𝑦 

Since (𝑋, 𝜇1, 𝜇2  )is a (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖]- supra-𝑇1- space 

Then there exist two (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖] − supra open set 

𝐺, 𝐻 

Such that 𝑥 ∈  𝐺 𝑎𝑛𝑑 𝑦 ∉  𝐺 , 𝑥 ∉   𝐻 , 𝑦 ∈   𝐻 , 
Since 𝑌 ⊆  𝑋 
(𝑖, 𝑗)𝑌[𝑟𝑒𝑠𝑝 𝑏𝑖𝑌] − 𝑠𝑢𝑝𝑟𝑎 𝑜𝑝𝑒𝑛 = {𝐺 ∩
𝑌: 𝐺 𝑖𝑠(𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖] −  𝑠𝑢𝑝𝑟𝑎 𝑜𝑝𝑒𝑛}   
 Let 𝐺∗, 𝐻∗  𝑎𝑟𝑒 (𝑖, 𝑗)𝑌[𝑟𝑒𝑠𝑝 𝑏𝑖𝑌]- supra open set  
∴ 𝑥 ∈  𝐺 , 𝑥 ∈  𝑌 →  𝑥 ∈  𝐺 ∩  𝑌 →  𝑥 ∈  𝐺∗  

𝑦 ∉   𝐺 , 𝑥 ∉ 𝑌 →  𝑥 ∉   𝐺 ∩  𝑌 →  𝑥 ∉   𝐺∗  

𝑥 ∉   𝐻, 𝑥 ∉ 𝑌 →  𝑥 ∉  𝐻 ∩  𝑌 →  𝑥 ∉   𝐻∗   
𝑦 ∈  𝐻, 𝑦 ∈  𝑌 →  𝑦 ∈  𝐻 ∩  𝑌 →  𝑦 ∈   𝐻∗  

There exist two (𝑖, 𝑗)𝑌[𝑟𝑒𝑠𝑝 𝑏𝑖𝑌]- supra open set 

𝐺∗, 𝐻∗ 

Such that 𝑥 ∈  𝐺∗, 𝑦 ∉  𝐺∗𝑎𝑛𝑑 𝑥 ∉   𝐻∗ , 𝑦 ∈
  𝐻∗ , ∀ 𝑥, 𝑦 ∈  𝑌, 𝑥 ≠  𝑦 
 (𝑌, 𝜎1, 𝜎2 )is (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖]- supra-𝑇1  –space. 
Theorem 3.6 : 

(𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖] −supra-𝑇2 property is a supra 

hereditary property 

Proof: 

 (𝑋, 𝜇1, 𝜇2  ) be a (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖]- supra-𝑇2 space 

and(𝑌, 𝜎1, 𝜎2 ) be a  (𝑖, 𝑗)𝑌[𝑟𝑒𝑠𝑝 𝑏𝑖𝑌]- supra topology 

sub space of(𝑋, 𝜇1, 𝜇2  ) 
to prove that (𝑌, 𝜎1, 𝜎2 ) is (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖] − supra-𝑇2  -

space 

Let 𝑥, 𝑦 ∈  𝑌, 𝑥 ≠  𝑦 , but 𝑌 ⊆  𝑋 

Implies that 𝑥, 𝑦 ∈  𝑋, 𝑥 ≠  𝑦 
Since (𝑋, 𝜇1, 𝜇2  ) is a (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖]- supra-𝑇2–space 

There exist two 𝑑𝑖𝑠𝑗𝑜𝑖𝑛𝑡 (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖] − supra open 

sets 

 𝐺, 𝐻 such that 𝑥 ∈  𝐺, 𝑦 ∈  𝐻, 𝐺 ∩  𝐻 = ∅ 

Since 𝑌 ⊆  𝑋 
(𝑖, 𝑗)𝑌[𝑟𝑒𝑠𝑝 𝑏𝑖𝑌] − supra open 

={𝜇 ∩  𝑌: 𝜇 𝑖𝑠 (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖]- supra open}   
We have 𝐺 ⊆  𝑋 →  𝐺∗ =   𝐺  ∩  𝑌 is  

(𝑖, 𝑗)𝑌 [𝑟𝑒𝑠𝑝 𝑏𝑖𝑌] - supra open 

𝐻 ⊆  𝑋 →  𝐻∗ =   𝐻 ∩  𝑌 

𝑖𝑠 (𝑖, 𝑗)𝑌 [𝑟𝑒𝑠𝑝 𝑏𝑖𝑌] -supra open  
Since 𝑥 ∈  𝐺 ∩  𝑌 →  𝑥 ∈  𝐺∗ 

𝑦 ∈  𝐻  ∩  𝑌 →  𝑦 ∈  𝐻∗  

𝐺∗  ∩  𝑌∗ =  (𝐺 ∩  𝑌)  ∩ ( 𝐻  ∩  𝑌)  

(𝐺 ∩  𝐻)  ∩  𝑌 = 𝜑 ∩ 𝑌 = 𝜑  

∴ 𝐺∗  ∩  𝑌∗ = 𝜑  

Hence for all 𝑥, 𝑦 ∈  𝑋, 𝑥 ≠  𝑦   
∃  two disjoint (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖] - supra 

open sets 𝐺∗, 𝐻∗ such that 𝑥 ∈  𝐺∗ , 𝑦 ∈  𝐻∗ , 𝐺∗ ∩
 𝐻∗ = 𝜑 

(𝑌, 𝜎1, 𝜎2 ) 𝑖𝑠 𝑎 (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖] − supra 𝑇2  – space. 

4. Some Proposition and Example 
Proposition 4.1 : 
1-Every 𝑏𝑖 −  supra  𝑇0- space is 𝑎𝑛 (𝑖, 𝑗) −supra 𝑇0–

space 

Proof : Let (𝑋, 𝜇1, 𝜇2  ) be a 𝑏𝑖- supra topological 

spaces  

 And let (𝑋, 𝜇1, 𝜇2  ) be a 𝑏𝑖- supra  𝑇0- space And let 

𝑥, 𝑦 ∈ 𝑋, 𝑥 ≠ 𝑦   
Then there exist 𝑏𝑖- supra open set 𝐺 ⊆  𝑋 

Such that 𝑥 ∈  𝐺 𝑎𝑛𝑑 𝑦 ∉  𝐺  
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Since every 𝑏𝑖 − supra open set is 𝑎𝑛 (𝑖, 𝑗) − supra 

open set 

Then 𝐺 ⊆  𝑋 𝑖𝑠 (𝑖, 𝑗) − supra open set such that 

𝑥 ∈  𝐺 and 𝑦 ∉  𝐺 

Hence (𝑋, 𝜇1, 𝜇2) is (𝑖, 𝑗)- supra- 𝑇0-space. 

2-Every 𝑏𝑖-supra 𝑇1- space is 𝑎𝑛 (𝑖, 𝑗)- supra𝑇1–

space 
Proof : 

Let (𝑋, 𝜇1, 𝜇2  ) be a 𝑏𝑖 − supra 𝑇1- space  

and let 𝑥, 𝑦 ∈ 𝑋 , 𝑥 ≠ 𝑦   
Then there exist two 𝑏𝑖 − supra open set 𝐺, 𝐻 

Such that 𝑥 ∈  𝐺 𝑎𝑛𝑑 𝑦 ∉  𝐺 𝑎𝑛𝑑 𝑥 ∉  𝐻, 𝑦 ∈  𝐻  

Since every 𝑏𝑖 −Supra open set is a (𝑖, 𝑗) − supra 

open set 

Then 𝐺, 𝐻 ⊆  𝑋 are two (𝑖, 𝑗) − supra open sets such 

that 𝑥 ∈  𝐺 and 𝑦 ∉  𝐺 and 𝑥 ∉  𝐻, 𝑦 ∈  𝐻  

Hence (𝑋, 𝜇1, 𝜇2) is (𝑖, 𝑗) − supra- 𝑇1-space. 

3-Every 𝑏𝑖-supra 𝑇2- space is a (𝑖, 𝑗)- supra 𝑇2–space 
Proof :  

Let (𝑋, 𝜇1, 𝜇2) be a 𝑏𝑖 − supra  𝑇2- space  

And let 𝑥, 𝑦 ∈    𝑋, 𝑥 ≠ 𝑦   
Then there exist two bi- supra open set 𝐺, 𝐻 ⊆  𝑋 

Such that 𝑥 ∈  𝐺, 𝑦 ∈  𝐻, 𝐺 ∩ 𝐻 = 𝜑 

Since every 𝑏𝑖 −  supra open set is a (𝑖, 𝑗) − supra 

open set 

Then 𝐺, 𝐻 ⊆  𝑋 are two (𝑖, 𝑗) − supra open sets such 

that 𝑥 ∈  𝐺, 𝑦 ∈  𝐻 , 𝐺 ∩ 𝐻 = 𝜑 

Hence (𝑋, 𝜇1, 𝜇2) is (𝑖, 𝑗)- supra 𝑇2-space. 

Proposition 4.2: 
1- Every (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖] −supra 𝑇2 −space is 

(𝑖, 𝑗) [𝑟𝑒𝑠𝑝 𝑏𝑖]- supra 𝑇1-space. 

Proof  : Let (𝑋, 𝜇1, 𝜇2  ) be a 𝑏𝑖- supra topological 

spaces. 

And let (𝑋, 𝜇1, 𝜇2  ) be a (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖]- supra𝑇2–

space 

Assume that  𝑥, 𝑦 ∈    𝑋, 𝑥 ≠ 𝑦   
Then there exist two (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖] − supra open sets 

𝐺, 𝐻 ⊆  𝑋 

Such that 𝑥 ∈  𝐺, 𝑦 ∈  𝐻, 𝐺 ∩ 𝐻 = 𝜑 . 
Since 𝐺 ∩ 𝐻 = 𝜑 that is means 𝑥 ∈  𝐺 𝑎𝑛𝑑 𝑥 ∉
 𝐻, 𝑦 ∉ 𝐺, 𝑦 ∈  𝐻. 
Hence (𝑋, 𝜇1, 𝜇2) is (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖] - supra 𝑇1-space. 

2-Every (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖]- supra𝑇2–space is a 

(𝑖, 𝑗) [𝑟𝑒𝑠𝑝 𝑏𝑖] − supra 𝑇0-space. 

Proof  : 

Let (𝑋, 𝜇1, 𝜇2) be a (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖] − supra𝑇2 –space 

 and let 𝑥, 𝑦 ∈    𝑋, 𝑥 ≠ 𝑦   
Then there exist two (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖]- supra open sets 

𝐺, 𝐻 ⊆  𝑋 

Such that 𝑥 ∈  𝐺, 𝑦 ∈  𝐻, 𝐺 ∩ 𝐻 = 𝜑 . 
Since 𝐺 ∩ 𝐻 = 𝜑  that is means 𝑥 ∈  𝐺 𝑎𝑛𝑑 𝑥 ∉
 𝐻, 𝑦 ∉ 𝐺, 𝑦 ∈  𝐻. 

Then there exist a (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖] − supra open set 

𝐺 ⊆  𝑋 

Such that 𝑥 ∈  𝐺, 𝑦 ∉  𝐺 

Hence (𝑋, 𝜇1, 𝜇2 ) is (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖] - supra 𝑇0-space. 

3-Every (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖] − supra𝑇1–space is a 

(𝑖, 𝑗) [𝑟𝑒𝑠𝑝 𝑏𝑖]- supra 𝑇0-space. 

Proof  : 

Let (𝑋, 𝜇1, 𝜇2) be a (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖] − supra 𝑇1 –space 

 Assume that  𝑥, 𝑦 ∈    𝑋, 𝑥 ≠ 𝑦   
Then there exist two (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖]- supra open sets 

𝐺, 𝐻 ⊆  𝑋 

Such that 𝑥 ∈  𝐺 𝑎𝑛𝑑 𝑥 ∉  𝐻, 𝑦 ∉ 𝐺, 𝑦 ∈  𝐻 

That is mean there exist a (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖] − supra 

open set 𝐺 ⊆  𝑋 

Such that 𝑥 ∈  𝐺, 𝑦 ∉  𝐺 

Hence (𝑋, 𝜇1, 𝜇2 ) is (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖] - supra 𝑇0-space. 

The converse of the propositions 

Is not necessarily true as the following example : 

To show that (𝑖, 𝑗) - supra 𝑇0-space not implies bi- 

supra 𝑇0-space 

Example 4.4 : 

Let 𝑋 = {1,2} 

𝜇1={𝜑,𝑋,{1}},  

𝜇2 = {𝜑, 𝑋, {1}, {2}} 

(𝑖, 𝑗) −  𝑠𝑢𝑝𝑟𝑎 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡 = {𝜑, 𝑋, {1}, {2}} 
𝑏𝑖 −  𝑠𝑢𝑝𝑟𝑎 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡{𝜑, 𝑋, {1}} 

 Hence (𝑋, 𝜇1, 𝜇2 ) is (𝑖, 𝑗) − supra 𝑇0-space but not 

𝑏𝑖 - supra 𝑇0-space. 

To show that (𝑖, 𝑗) - supra 𝑇1-space not implies  𝑏𝑖 − 

supra 𝑇1-space 

Example 4.5 : 

Let𝑋 = {1,2,3,4} 

𝜇1 = {𝜑, 𝑋, {1}, {3}, {2}, {1,2}, {1,4}, {1,3}, {2,3}, 
{2,4}, {3,4},{1,2,3}, {1,3,4}, {1,2,4}, {2,3,4}} 

𝜇2={𝜑, 𝑋, {1}, {4}, {3}, {1,3}, {1,4} 

, {3,4}, {1,3,4}, {1,2,4}, {2,3,4}}. 
(𝑖, 𝑗) − supra open set 

= {𝜑, 𝑋, {1}, {3}, {1,3}, {1,2}, {1,4}, {2,3}, {2,4},  
{3,4}, {1,2}, {1,2,4}, {1,3,4}, {2,3,4}}.  
𝑏𝑖 − supra open set = {𝜑, 𝑋, {1}, {3}, {1,3} 

, {3,4}, {1,4}, {1,2,4}, {1,3,4}, {2,3,4}} 

 Hence (𝑋, 𝜇1, 𝜇2 ) is (𝑖, 𝑗) − supra 𝑇1-space but not 

𝑏𝑖 - supra 𝑇1-space. 

To show that (𝑖, 𝑗) [𝑟𝑒𝑠𝑝 𝑏𝑖]   − supra 𝑇1-space not 

implies  (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖]  − supra 𝑇2-space 

Example 4.6 : 

  Let 𝑋 = {1,2,3,4} 

𝜇1={𝜑, 𝑋, { 3}, {4}, {3,4}, {1,3}, {1,4}, {2,3} 

, {2,4}, {1,3,4}, {1,2,3}, {1,2,4}, {2,3,4}}  

 𝜇2={𝜑, 𝑋, {1}, {2}, {3}, {2,3}, {1,2}, {1,3} 

, {1,2,3}, {1,2,4}, {1,3,4}}. 
(𝑖, 𝑗)-supra open set  

= {𝜑, 𝑋, {1}, {3}, {3,4}, {1,3}, {1,4}  

, {2,3}, {2,4}, {1,2,3}, {1,2,4}, {2,3,4}, {1,3,4}}  

𝑏𝑖-supra open set = {𝜑, 𝑋, {1}, {3}, {1,3} 

, {2,3}, {1,3,4}, {1,2,3}, {1,2,4}}. 
Hence (𝑋, 𝜇1, 𝜇2 ) is (𝑖, 𝑗) [𝑟𝑒𝑠𝑝 𝑏𝑖]   − supra 𝑇1-

space  but not  (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖]  − supra 𝑇2-space. 

To show that  (𝑖, 𝑗) [𝑟𝑒𝑠𝑝 𝑏𝑖]  - supra 𝑇0space not 

implies   𝑏𝑖 – supra(resp. 𝑇1) 𝑇2-space 

Example 4.7 : 

Let 𝑋 = {1,2,3} 

𝜇1 = {𝜑, 𝑋, { 1}} 
 𝜇2 = {𝜑, 𝑋, {1}{1,2}} 

(𝑖, 𝑗)  - supra open set = {𝜑, 𝑋, { 1}, {1,2}} 

𝑏𝑖 −  supra open set = {𝜑, 𝑋, { 1}} 
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Hence (𝑋, 𝜇1, 𝜇2 ) is   (𝑖, 𝑗) [𝑟𝑒𝑠𝑝 𝑏𝑖]  - supra𝑇0-space  

but not 𝑏𝑖 – supra(resp. 𝑇1) 𝑇2-space 

To show that (𝑖, 𝑗)   − supra 𝑇2-space not implies   

𝑏𝑖 - supra 𝑇2-space 
Example 4.8: 

Let 𝑋 = {1,2,3,4} 

𝜇1 = {𝜑, 𝑋, { 2}, {3}, {2,3}, {1,4}, {1,2,4}, {1,3,4}} 
𝜇2={𝜑, 𝑋, {1}, {4}, {1,4}, {2,3}, {1,2,3}, {2,3,4}}. 
(𝑖, 𝑗) − supra open set={𝜑, 𝑋, {2}, {3}, {2,3}, {1,4} 

, {1,2,4}, {1,3,4}, {1,2}, {2,4}, 
{1,2,3}, {2,4,3}, {1,3}, {3,4}}. 
𝑏𝑖 − supra open set= {𝜑, 𝑋, {1,4}, {2,3}} 

Hence (𝑋, 𝜇1, 𝜇2 ) is (𝑖, 𝑗)   − supra 𝑇2-space but not   

𝑏𝑖 - supra 𝑇2-space. 

 

 

 

 

Conclusions.  
some new result 

Proposition 4.1: 

1-Every 𝑏𝑖 −  supra  𝑇0- space is an  (𝑖, 𝑗) −supra 𝑇0–

space. 

2-Every 𝑏𝑖-supra 𝑇1- space is an (𝑖, 𝑗)- supra𝑇1–

space. 
3-Every 𝑏𝑖-supra 𝑇2- space is an (𝑖, 𝑗)- supra𝑇2–

space. 

Proposition 4.2: 
1-Every (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖] − supra 𝑇2 −space is an 

(𝑖, 𝑗) [𝑟𝑒𝑠𝑝 𝑏𝑖]- supra 𝑇1-space. 

2-Every (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖]- supra𝑇2–space is an 

(𝑖, 𝑗) [𝑟𝑒𝑠𝑝 𝑏𝑖] − supra 𝑇0-space. 

3-Every (𝑖, 𝑗)[𝑟𝑒𝑠𝑝 𝑏𝑖] − supra 𝑇1–space is an 

(𝑖, 𝑗) [𝑟𝑒𝑠𝑝 𝑏𝑖]- supra 𝑇0-space. 
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 لبعض بديهيات الفصل ثنائية الفوقيةال االتبولوجيالوراثية و صفات ال
  2، طه حميد جاسم 1لقاء محمد سعيد حسين عبدالله

 ، الموصل ، العراق , جامعة الموصل كلية العلوم الحاسوب والرياضيات ، قسم الرياضيات 1
  ، تكريت ، العراق كلية العلوم الحاسوب والرياضيات , جامعة تكريت ، قسم الرياضيات 2
 

 الملخص
 ات فيما العلاق تودرسالثنائية الفوقية  االصفات الوراثية والتبولوجيب سميتو قد قدمت الفوقية  االتبولوجي الصفات الوراثية وجديدة لبعض  اتفيتعر 
 .   الكثير من الخصائص والمبرهنات قد برهنت  اخيراا هبين

 
 


