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1. Introduction

In 1963 Kelly [1] introduced the concept of bi-—
topological space which was called a set X equipped
with two topologies a bi - topological space and is
denoted by (X,t,,7,) Wheret,,7, are two
topologies defined on X.

In 1983 Mashhour ,M. S. Allam. A. A. Mohamoud
fs. and Khedr, F.H.[2] introduced the supra
topological spaces

In 2011 Ravi, O., Pious, M.S and Salai, P.T. [3],
introduced the concept A new type of
homeomorphism in a bi -topological space .

In 2017 B. K. Mahmoud [4], introduced the concept
supra — separation axioms for supra topological
spaces.

In this paper some new definitions are introduced
with some properties.via this definitions we
generalization bi - Supra hereditary and bi — Supra
Topological properties .

2. bi — Supra topological properties

In this section bi-[resp (i,j)] supra topological
properties are studied and it’s characterization are
presented and some

applications.

ABSTRACT

A new definitions of some Supra hereditary and Supra topological

property was introduced namely (bi - Supra hereditary and bi — Supra
Topological) properties , the relation between them was studied for
some Supra — Separation Axioms

At last many characterization and theorem was proved .

Definition 2.1 :[ 5]

Let (X, u,, u;) be a bi- supra topological space, and
Let A be a subset of X. Then A is said to be (i,j) —
supra open set ifA = G, U G, where G, € u,and
G, € u,. The complement of (i, )- supra open set is
called (i,j) — supra closed set, where

(i,j)) = 1,2 and i#j.

Definition 2.2:[ 5]

Let (X, uy, 1,) be a bi-supra topological space and let
A be a subset of X. Then A is said to bi-supra open
setifA = G, n G,

where G, € u, and G, € p,. The complement of bi-
supra open set is called bi-supra closed.

Proposition 2.3 :

Every bi- supra open set is (i,j) — supra open sets
and every (i,j) —supra closed set is bi-supra closed
sets.

The proof of proposition directly from the definitions.
Definitions 2.4 :[5]

A function f: (X, pay, tox) = (Y, tay, tay )is
called:

1.(i,j) — supra homeomorphism if fis a bijective
and f,f~t are (i,j)— supra continuous functions.
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2. bi — supra homeomorphism if f is a bijective and
f, f~1 are bi — supra continuous functions.[5]
Definitions 2.5 :
1. If f is abi- supra homeomorphism function
(X'ﬂxl'ﬂxz) in to (Y,,prllyz), and p be any
property in (X, 1, Uy ), Then p is a bi— supra
topological property if f(p) is the some property of
p.

2. If fis a(i,j)- supra homeomorphism function
(X'ﬂxl'ﬂxz) in to (Y,,prllyz), and p be any
property in (X, ty1, lyz ), Then p is a (i,j)- supra
topological property if f(p) is the some property of
p.
Note :That bi— supra topological property is (i, j)-
supra topological property.
The proof of note directly from the definitions.
Theorem 2.6:
A bi-supra topological space is a (i,j)[resp bi] —
supra-T,, —space, n =0,1,2
If f it satisfies the following axiom:
1-When n =0

Vx,y€ X,x# y,3 (i,j)[resp bi]
—supra open setG 3 x € Gand y& G or x €
G,ye G
2- Whenn =1

Vx,y€ Xx+ y,3 two (i,j)[resp bi]
—supra open sets G, H
O3x €G,y¢ Gand x € H,y€ H
3-When n =2

Vx,y€ X,x # y,3 two distinct (i,j)[resp bi]-
supra open sets G, H
O3x €G,yeEH GNH+¢.
Theorem 2.7 :

(i,j)[resp bi]- supra —T, property is a supra
topological property.
Proof:
Let f: (Xnulnl’LZ) - (Y' 01,03 ) be (i,j)[resp bl] -
supra homeomorphism
Let (X,uq,u,) be a (i,j)[resp bi]- supra =T, ,to
prove that (Y,ay,0,) is (i,j)[resp bi] — supra —
T,
Letx*,y* € Y,x" # y* since f isonto

Ax,y € X,x" =f(x),y" =f)
Since f onetooneand f(x) = f(y) —»x+ y
(X, uq, 1) be a (i, j)[resp bi]- supra —T,
x,y € X,x # ythen
There exist (i, j)[resp bi]- supra open set G
Suchthatx € Gandy & G
Since fis (i,j)[resp bi]- supra open function
- f(G) = G"isa (i,j)[resp bi]- supra open in
(Y,04,0;)
x €G- f(x) € f(G) »x* € G
YyE G- f(y) € f(G) »y" &G
There exist (i, j)[resp bi]- supra open G*
Suchthatx* € G*andy* ¢ G*
so (Y,01,0, ) is (i, j)[resp bi]- supra-T,- space .
Theorem 2.8 :

(i,))[resp bi] — supra-T, property
topological property.

is a supra
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Let f:(X,u, 1) = (Y,01,07) be (i, j)[resp bi]-
supra homeomorphism

Let (X,pq, ;) bea(i,j)[resp bi] —supra T, — space
To prove that (Y,oy,0,) is (i,))[resp bi] — supra-
T,— space

Since x*,y* € Y, x* # y* since f ison to
X =G,y =),

dx,y€ X, f(x) # f(y)weget x + y

However f is one to one and Since (X, us, p, ) is
(i, ))[resp bi] — supra- T, -space
then there exist (i, j)[resp bi] — supra open set G, H
forevery x,y € X,x # y

Suchthatx € Gandy ¢ Gandx & H,y€ H
Since fis (i,j)[resp bi] — supra open function
- f(G)= G, f(H) =H"is a (ij)[resp bi]-
supra openin (Y,ay,0;)

X €G- f(x)E f(G)—>x"€ G

ye G- fy)é f(G) -y & G
x¢ H- f(x)¢ f(H)->x" ¢ H*

y€H- f(y)e f(H)»>y" € Hx

~ 3G, H" are (i, j)[resp bi] — supra open sets
x* € G, y" ¢ G'andx™ € H",y" €

H* so (Y,04,0,)is (i,j)[resp bi] — supra- T; —

space.
Theorem 2.9 :

(i,j)[resp bi] — supra-T, property is a supra
topological property

Proof:

(X, uq, 4y )isa(i, j)[resp bi]- supra T, — space

Let fi X u,p )= (Y,01,07) is a

(i, ))[resp bi] — supra homeomorphism
to prove that (Y, 04,0, ) is (i,j)[resp bi]- supra-T,—
space .
Letx*,y* € Y, x* #y*
since f ison to
dx,y € X such that x* = f(x),y" = f(y).Since f
is one to one
= fx) #fy) —»x#y
Since (X, puq, 4y )is (i,j)[resp bi] — supra- T, -space
Vx,y € X,x * y
3 two disjoint (i, j)[resp bi] — supra open set G, H
Suchthatx € G,y€ H. GNH =¢
Since fis (i,j)[resp bi] — supra open function—
fG)= 6", f(H) =H"
are (i,j)[resp. bi]- supra open sets
GNH=¢- f(G) N f(H) =¢
x €G- x"€ f(G) x" € G
y€eEH->y € f(H) y' € H
(i, ))[resp bi]- supra- T, —space.
3. bi — supra hereditary property
In this section bi [resp (i,j)] - supra hereditary
properties are studied and
It's characterization are
applications .
Definitions 3.1 :
Let (X,uq,,u,) be a bi-supra topological space, and
let A be a subset of X. Then:
1. The subspace (i,j)—supra topology on A
determined by (i,j), — supra open is intersection

(Y,04,0,) is

presented and some
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(i,j) - supra open with A as {Anw:u € (i,j)—
supra open).

2. The subspace bi- supra topology on A determined
by bi, —supra open is intersection bi

- supra open with A as

{ANu:u € bi— supra open}.

Example 3.2 :

LetX = {a,b,c,d}

Uy = { @, X! {a}, {b}, {a, b}, {a, C}, {a, d}, {br C}r
{b,d},{a,b,d},{a,b,c},{a,c,d},{b, c d}}

12 = {9, X,{a},{b},{a b} {a, b, d},{a b, c}}

(i,J) — supra open set

={¢ X, {a},{b},{a,b}.{a,c}{a d} {b,c},
{b,d},{a,b,d},{a,b,c},{a,c,d},{b,c,d}}

bi — supra open set

={ ¢, X, {a},{a,b},{b},{a b,d},{a b,c}}

Let A = {a, c}

(i, j)a-supra topology = { ¢, 4, {a}, {c}}

bi, — supra topology = { ¢, A4,{a}}.

Definitions 3.3 :

LI (Y, py1, 1y ) sub space of (X, pyq, Uy ), and p any
property in (X, 1, tyz ), then p is called bi [resp
(i,j) 1 — supra hereditary property where p is the
same property in (Y, tyq, iyz ).

Theorem 3.4 :
(i,)[resp bi] —
hereditary property
Proof:

Let (X,u,,u,) be a bi-supra topological space and
(X, 1y, 1) isa (i, j)[resp bi] — supra -T,- space

Let (Y,0,,0, ) be a bi-supra topological subspace of
(X, 11, p2)

To prove that (Y,0q, 0, ) is (i,j)[resp bi]- supra-T, —
space

Letx,ye Y,x# vy

Since (X, uq,uy) isa (i,j)[resp bi]- supra-T,- space
Then there exist (i, j)[resp bi]- supra open set G .
Suchthatx € Gandy ¢ G,

(i, )y[resp biy]- supra topology ={G* =Y N G:G €
(i,))[resp bi] — supra open}

X€EG,xEY >ox€eEGNY> x€G”

is (i,))y[resp biy] — supra open

ye GyeY > ye GNnY->yég G*

there exist ((i, j)y[resp biy]- supra open , Such that
xX €EG,y¢& G"

Vx,yeEY,x+y

so (Y,a,,0,) is (i,])[resp bi]- supra-T, —space
Theorem 3.5 :

(i, ))[resp bi] —supra-T;
hereditary property
Proof:

Let (X, uq, 4, )bea (i,j)[resp bi]- supra-T; - space
Therefore (Y,0q,0,) be a (i,j)4[resp biy]- supra
topology sub space of (X, uq, ttz )

To prove that (Y, a4, 0, )is (i,j)[resp bi]- supra-T; -
space

Letx,ye YV, x# y

Since (X, uq, 1y )isa (i, j)[resp bi]- supra-T; - space

supra-T, property is a supra

property is a supra
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Then there exist two (i, j)[resp bi] — supra open set
G H

Such  that
SinceY € X

(i, Dylresp biy] — supra open = {G N
Y:G is(i,j)[resp bi] — supra open}

Let G*, H* are (i, j)y[resp biy]- supra open set
“XEG,xXEY>XxEGNY> x €EG"
vyE G,x ¢Y->x¢ GNY->x¢& G
x ¢ Hx¢eY->x&€ HNY > x & H"
yEHyeY->yeHNY—>ye€e H"

There exist two (i,j)y[resp biy]- supra open set
G*,H*
Such that X €EG,y¢ G'andx ¢ H",y €

H*  ,Vx,yeE Y, x+y
(Y, 04,0, )is (i, j)[resp bi]- supra-T, —space.
Theorem 3.6 :

(i, ))[resp bi] —supra-T,
hereditary property
Proof:

(X, uq, 4y ) bea(i,j)[resp bi]- supra-T, space
and(Y,a,,0, ) be a (i,j)y[resp biy]- supra topology
sub space of(X, uy, 4, )
to prove that (Y, a4, 0, ) is (i, j)[resp bi] — supra-T, -
space
Letx,y € Y,x# y,butY c X
Impliesthatx,y € X,x # y
Since (X, uq, 4y, ) isa (i, j)[resp bi]- supra-T,—space
There exist two disjoint (i, j)[resp bi] — supra open
sets
G,Hsuchthatx € G,y€ H,GN H=0
SinceY € X
(i, ))y[resp biy] — supra open
={un Y:uis (i,j)[resp bi]- supra open}
WehaveG S X—> G"= G NnYis
(i,))y [resp biy] - supra open
HcS X-> H'=HnY
is (i,))y [resp biy] -supra open
Sincex e GNY - x€ G*

YyEH NY—>ye€eH

GNY'=(GNnY)Yn(H NnY)
GNnHNY=pnY =9
~GTNY' =9
Henceforall x,y € X,x # y
3 two disjoint (i, j)[resp bi] - supra
open sets G*,H*such that x € G*,y€ H*,G"'n
H" =¢
(Y,0q,0,) isa (i,j)[resp bi] — supra T, — space.

4. Some Proposition and Example
Proposition 4.1 :
1-Every bi — supra T,- space is an (i, j) —supra To—
space
Proof : Let (X,u,,u, ) be a bi- supra topological
spaces
And let (X, uq, p, ) be a bi- supra T,- space And let
x,y EX,x#y
Then there exist bi- supraopenset G € X
Suchthatx € Gandy ¢ G

x EGandy € G,x ¢ H,y € H,

property is a supra
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Since every bi — supra open set is an (i,j) — supra
open set

Then G < Xis (i,j) — supra open set such that
x € Gandy € G

Hence (X, uq, i2) is (i, j)- supra- Ty-space.

2-Every bi-supra T;- space is an (i,j)- supraT;—
space

Proof :

Let (X, uq, 4, ) be abi — supra T, - space

andletx,y e X, x #y

Then there exist two bi — supra open set G, H
Suchthatx € Gandy € Gandx & H,y€ H
Since every bi —Supra open set is a (i,j) — supra
open set

Then G,H < X are two (i,j) — supra open sets such
thatx € Gandy ¢ Gandx ¢ H,y € H

Hence (X, uq, 13) is (i,j) — supra- T;-space.

3-Every bi-supra T,- space is a (i, j)- supra T,—space
Proof :

Let (X, iy, u,) be a bi — supra T,- space

Andletx,y € X,x+#y

Then there exist two bi- supraopensetG,H S X
Suchthatx € G,y€ H,GNH =¢

Since every bi — supra open set is a (i,j) — supra
open set

Then G,H < X are two (i, ) — supra open sets such
thatx € G,ye H,GNH =¢

Hence (X, uq, 45) is (i, j)- supra T,-space.
Proposition 4.2:

1-  Every (i,j)[resp bi] —supra T, —space s
(i,)) [resp bi]- supra T, -space.

Proof : Let (X,u,,u, ) be a bi- supra topological
spaces.

And let (X,u,,u, )be a (i,j)[resp bi]- supraT,—
space

Assumethat x,y € X,x#*y

Then there exist two (i, j)[resp bi] — supra open sets
GHC X

Suchthatx € G,ye H. GNH =¢.

Since GNH=¢ that is means x € G and x ¢
H,y¢G,y € H.

Hence (X, uq, 45) is (i, j)[resp bi] - supra T, -space.
2-Every  (i,j)[resp bi]- supraT,—space is a
(i,)) [resp bi] — supra T,-space.

Proof :

Let (X, uq, 4,) be a (i,j)[resp bi] — supraT, —space
andletx,y € X,x#y

Then there exist two (i,)[resp bi]- supra open sets
GHC X

Suchthatx € G,y€ H GNH=¢.

Since GNH=¢ that is means x € Gand x ¢
Hy¢G,y€ H.

Then there exist a (i,j)[resp bi] — supra open set
G cX

Suchthatx € G,y ¢ G

Hence (X, uq1, 1z ) is (i, j)[resp bi] - supra T,-space.
3-Every (i, j)[resp bi] — supraT;—space is a
(i,)) [resp bi]- supra T,-space.

Proof :
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Let (X, uy, u,) be a (i, j)[resp bi] — supra T; —space
Assume that x,y € X,x#y
Then there exist two (i, j)[resp bi]- supra open sets
GHC X
Suchthatx € Gandx ¢ H,y¢ G,y € H
That is mean there exist a (i,j)[resp bi] — supra
opensetG c X
Suchthatx € G,y ¢ G
Hence (X, u1, 1, ) is (i, j)[resp bi] - supra T,-Space.
The converse of the propositions
Is not necessarily true as the following example :
To show that (i,j) - supra Ty-space not implies bi-
supra T,-space
Example 4.4 :
Let X = {1,2}
m={e X {1}},
1z = {0, X, {1}, {2}}
(i,j) — supra open set = {@, X,{1},{2}}
bi — supra open set{p, X,{1}}

Hence (X, uq, 15 ) is (i,j) — supra T,-space but not
bi - supra T,-space.
To show that (i, ) - supra T;-space not implies bi —
supra T, -space
Example 4.5 :
LetX = {1,2,3,4}
m = {p,X,{1},{3},{2},{1,2},{1,4},{1,3},{2,3},
{2,4},{3,4}.{1,2,3},{1,3,4},{1,2,4},{2,3,4}}
.u2:{(p' X' {1}' {4}' {3}' {1'3}' {1'4}
,{3,4},{1,3,4},{1,2,4},{2,3,4}}.
(i,j) — supra open set
= {p, X,{1},{3},{1,3},{1,2}, {1,4}, {2,3}, {24},
{3,4},{1,2},{1,2,4},{1,3,4},{2,3,4}}.
bi — supra open set = {¢, X, {1}, {3}, {1,3}
,{3,4},{1,4},{1,2,4},{1,3,4},{2,3,4}}

Hence (X, uq, 1, ) is (i,j) — supra T;-space but not
bi - supra T, -space.
To show that (i,j) [resp bi] — supra T;-space not
implies (i, j)[resp bi] — supra T,-space
Example 4.6 :

Let X = {1,2,3,4}
m={e, X, {3}, {4},{3,4},{1,3},{1,4},{2,3}
,{2,4},{1,3,4},{1,2,3},{1,2,4},{2,3,4}}

/'42={(P' X: {1}, {2}, {3}, {2,3}, {1,2}, {1:3}
,{1,2,3},{1,2,4},{1,3,4}}.
(i, j)-supra open set
= {, X, {1},{3}, {34}, {1,3}, {1,4}
,{2,3},{2,4},{1,2,3},{1,2,4},{2,3,4}, {1,3,4}}
bi-supra open set = {¢, X, {1}, {3}, {1,3}
,{2,3},{1,3,4},{1,2,3},{1,2,4}}.
Hence (X,uq,pp) is (i,j) [resp bi] — supra T;-
space butnot (i,j)[resp bi] — supra T,-space.
To show that (i,j) [resp bi] - supra T,space not
implies bi — supra(resp. T;) T,-space
Example 4.7 :
Let X = {1,2,3}
m = {p, X, {1}}

12 = {o, X, {1{1,2}}
(i,j) -supraopenset={p, X,{1},{1,2}}
bi — supraopenset = {¢p,X,{1}}
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Hence (X, uq, 1, )is (i,j) [resp bi] - supraT,-space
but not bi — supra(resp. T,) T,-space

To show that (i,j) —supra T,-space not implies
bi - supra T,-space

Example 4.8:

Let X = {1,2,3,4}

.ul = {(p! X' { 2}’ {3}’ {2!3}’ {1'4}v {1v2'4}! {1!3'4}}
t={p, X,{1},{4},{1,4},{2,3},{1,2,3},{2,34}}-

(i,j) — supra open set={gp,X,{2},{3},{2,3},{1,4}
,{1,2,43},{1,3,4},{1,23},{2,4},

{1,2,3},{2,4,3},{1,3}, {3,4}}.

bi — supra open set= {¢, X, {1,4},{2,3}}

Hence (X, uq, 15 ) is (i,j) —supra T,-space but not
bi - supra T,-space.
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