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ABSTRACT 

The main goal of this paper is to use the concept 𝒩𝒫_ open sets to 

present new classes of separation axioms in 𝒩𝒫 _topological spaces. 

Those new classes are Τi
𝒩P_spaces, 𝑖=0,1,2. We have studied some basic 

properties of these spaces. We also discussed the relationship between 

Τ𝑖
𝒩P _spaces and Nano separation axioms (𝒩Τ𝑖 −

spaces), 𝑖 =0,1,2. 

Furthermore the paper deals with the relationship between the separation 

axioms throughout kernel set associated with the closed set which used to 

prove some theorems related to it. The hereditary and topological 

properties were also discussed. 

 

1. Introduction  
In 2013 Thivagar L.el at [1,2]  introduced the idea of 

a Nano topological space with respect to a subset  𝕏  

of  universe set ℳ, where ℜ an equivalence relation 

on ℳ. The pair (ℳ, ℜ) is known as the 

approximation space. So the lower approximation of 

𝕏 with respect to ℜ denoted by ℒℜ(𝕏) =
⋃ {[x]: ℜ(x) ⊆ 𝕏}ϰ∈ℳ and the upper approximation of 

𝕏 with respect to ℜ denoted by 

Uℜ(𝕏)=⋃ {[x]: ℜ(x) ∩ 𝕏 ≠ ∅}ϰ∈ℳ , in which the 

boundary region of  𝕏 with respect to ℜ is denoted by 

Bℜ(𝕏) = Uℜ(𝕏) − ℒℜ(𝕏). The elements of Nano 

topological space are called a Nano open sets. 

Thivagar also defined Nano closed set, Ncl set, Nint 

set, and also established Nano continuity maps, Nano 

open (Nano closed) maps and Nano home. and by 

using Nano open sets, the separation axioms 

(𝒩Τi−
spaces) were known in 2019[3,4]. Through this 

concept they defined and investigated several 

topological properties. Topologists have focused their 

research on different types of class separation axioms 

[5]. Yaseen, R. et al [7] in 2021 studied the properties 

of Penta open sets in Penta topological spaces and 

used the concept of the  𝒩𝒫_topology introduced by 

Yaseen, R. et al [6]. They showed  some practical 

examples of the 𝒩𝒫_ topology in real life [8].  In this 

paper, we use 𝒩𝒫_open and 𝒩𝒫_ closed sets defined 

by Yaseen R. et al [6] to present the concept of  𝒩𝒫_ 

Separation axioms on 𝒩𝒫_topological spaces which 

called Τ𝑖
𝒩𝒫

−
spaces, where 𝑖=0,1,2.  Moreover, some 

of its basic properties have been studied and the 

hereditary and topological properties were also 

discussed. Throughout the present paper, the 

spaces ℳ, ℳ̂ always means an 𝒩𝒫_topological 

spaces. 

Definition 1.1.[6] Let ℳ be a non_ empty universe 

set together with five Nano topologies 

ℑℜ1(𝕏), ℑℜ2(𝕏) , ℑℜ3(𝕏), ℑℜ4(𝕏) and ℑℜ5(𝕏) on ℳ 

with respect to 𝕏. We call  (ℳ, ℑℜ𝒫(𝕏)) is a 

𝒩𝒫_topological space with respect to 𝕏,where 

𝔍𝒫 = (τ1, τ2, τ3, τ4, τ5).  

A subset 𝔸  is said to be Nano Penta open (𝒩𝒫-open) 

set , if 𝔸 ∈ (ℑℜ1(𝕏)  ∪ ℑℜ2(𝕏) ∪  ℑℜ3(𝕏) ∪
ℑℜ4(𝕏) ∪ ℑℜ5(𝕏) ) and complement is said to be 

𝒩𝒫-closed. So these 𝒩𝒫-open sets satisfies all the 

axioms of Nano topology ℳ. 

2.  𝚻𝐢
𝓝𝐏

−
spaces  
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In this section, we introduce Τ𝑖
𝒩P

−
spaces, where 

𝑖=0,1,2 in  𝒩𝒫_topological spaces and study its 

properties.  

Definition 2.1. A space (ℳ, ℑℜP(𝕏)) is said to be:    

i - Τ0
𝒩P

−
space  according to the points 𝓋, 𝓊 of  ℳ 

and there exists a 𝒩𝒫_open set containing one of them 

but not the other.  

ii-  Τ1
𝒩P_space according to the points  𝓋, 𝓊 of  ℳ 

and there exists two 𝒩𝒫  _open  sets  containing one 

of the two points  but not the other. 

iii- Τ2
𝒩P_space according to the points 𝓋, 𝓊 of ℳ and 

there exists two distinct 𝒩𝒫_open sets  ℍ and 𝔻, such 

that 𝓋 ∈ ℍ, 𝓊 ∈ 𝔻. 
Results 2.2. A Nano Penta Topological Spaces 

(ℳ, ℑℜP(𝕏)) is:  

First case: Τ0
𝒩P_space, if all the five Nano topologies 

is  𝒩Τ0 −spaces. 

Second case: Τi
𝒩P_space, if there exist at least one of 

the five Nano topologies not  𝒩Τi_space. where 

i = 0,1,2. 

Third case: If there is no one of the five topologies is 

𝒩Τi__space, but the 𝒩𝒫_ topological space is 

Τi
𝒩P_space. where i = 1,2 . 

To explain these cases, we are going to discuss the 

following three examples  

Examples 2.3.  

Let  ℳ = {a, b, c, d, f} on  ℳ /ℜ={ {a}, {b, d}, {c}, {f}} 

with   

Let 𝕏1 = {c, f} ⊆  ℳ →  ℑℜ1(𝕏)   = { ℳ,  ∅ , {c, f }}  

 Let 𝕏2 = {a} ⊆  ℳ →  ℑℜ2(𝕏)   = { ℳ,  ∅, {a}}  
 Let 𝕏3 = {a, c, f} ⊆  ℳ →  ℑℜ3(𝕏)   =

{ ℳ,  ∅ , {a, c, f}}  

 Let 𝕏4 = {f} ⊆  ℳ →  ℑℜ4(𝕏)   = { M,  ∅ , {f}}  

 Let 𝕏5 = {a, f} ⊆  ℳ →  ℑℜ5(𝕏)   = { ℳ, ∅, {a, f}}  
Hence: ℑℜ𝒫(𝕏) =
{ℳ, ∅ , {a, f}, {a, c, f}, {a}, {c, f}, {f}}. Then ℳ is 

Τ0
𝒩P_space for {a} and {c,f} with the five Nano 

topologies is 𝒩Τ0 −space. Also ℳ is 

Τ1
𝒩P(Τ2

𝒩P)_space for {a} and {f} with the five Nano 

topologies is not 𝒩Τ1(𝒩Τ2)space.  

1. ℳ = {a, b, c, d} on  𝕏 = {a, b, c} with ℳ 

/ℜ1= { {a},{b,c},{d}},   

  ℳ /ℜ2= { {a,d},{b,c}} , ℳ /ℜ3={{a,b,d},{c}}, ℳ 

/ℜ4= { {a,b},{c},{d}}, 

  ℳ /ℜ5= {{c,d},{a,b}}. We can obtain the following 

results 
 

                    ℳ /ℜ1 ℳ /ℜ2 ℳ /ℜ3 ℳ /ℜ4 ℳ /ℜ5 

ℒℜ𝒫(𝕏) {a,b,c} {b,c}  {c}  {a,b,c} {a, b}  

Uℜ𝒫(𝕏) {a,b,c}  ℳ ℳ  {a,b,c} ℳ  

Bℜ𝒫(𝕏)    ∅ {a,d} {a, b, d}   ∅  {c,d} 

Hence:     

∑ ℜ𝒫
5
𝒫=1 (𝕏) ={a,b,c} and  ∑ ℜ𝒫

5
𝒫=1 (𝕏) = {a, b, c} . 

So, we will be on  

 ∑ ℜ𝒫
5
𝒫=1 (𝕏) = ∑ ℜ𝒫

5
𝒫=1 (𝕏) =  {a, b, c},  then 

ℑ∑ ℜ𝒫
5
𝒫=1

(𝕏) = {ℳ, ∅,  {a, b, c}}.  

Then ℳis Τ0
𝒩P_space for {a,b,c} and {d} with the 

five Nano topologies is 𝒩Τ0 −space.  But not 

Τ1
𝒩P(Τ2

𝒩P)_space for {a,b,c} and {d}with there exist 

at least one of five Nano topologies is  𝒩Τ1(𝒩Τ2)_ 

space. 

3.  ℳ = {a,b,c,d,e} , 𝕏 ⊆ ℳ ,with  

ℳ/ℜ1={{a,b},{c,d},{e}}, 

   ℳ/ℜ2={{a,e},{b},{d,c}}, ℳ /ℜ3={{b,c,d},{a,e}},  

ℳ /ℜ4= {{b,c},{a},{d,e}},  ℳ /ℜ5= 

{{d,e},{a,b,c}},    We  get  

 

𝒫 = 1,2,3,4,5 𝕏𝒫 ℒℜ𝒫(𝕏) Uℜ𝒫(𝕏) Bℜ𝒫(𝕏) ℑℜ𝒫(𝕏)  
ℳ /ℜ1 {a,b,c} {a,b} {a, b, c, d} {c,d} { ℳ, ∅, {a, b}, {c, d}, {a, b, c, d}} 

ℳ /ℜ2 {b} {b} {b}   ∅ {ℳ, ∅, {b}} 

ℳ /ℜ3 {b,c,d} {b,c,d} {b,c,d}  ∅ { ℳ, ∅,{b,c,d}} 

ℳ /ℜ4 {b,c} {b,c} {b,c}  ∅ { ℳ, ∅, {b, c}}  

ℳ /ℜ5 {a,b}  ∅ {a,b,c} {a,b,c} {ℳ, ∅,{a,b,c}} 

Hence:     

ℑℜ𝒫(𝕏) =
{ℳ, ∅ , {a, b}, {c, d}, {a, b, c, d}, {b}, {b, c, d}, {b, c}, {a, b, c}}
.Then ℳis Τ0

𝒩P_space for {b} and {c, d} with the 

five Nano topologies is 𝒩Τ0 −space.  Also ℳis 

Τ1
𝒩P(Τ2

𝒩P)_space for {b} and {c d} with there exist 

at least one of five Nano topologies is  

𝒩Τ1(𝒩Τ2) −space.  

Theorem 2.4.  

A space (ℳ, ℑℜP(𝕏)), is said to be   Τ0
𝒩P_space   

according to the points  𝓋, 𝓊 of  ℳ, either 𝓋 ∈

Uℜ𝒫(𝕏) and 𝓊 ∈  (Uℜ𝒫(𝕏))
c
or 𝓋 ∈ ℒℜ𝒫(𝕏) 

and 𝓊 ∈  Bℜ𝒫(𝕏),  if Uℜ𝒫(𝕏) ≠ ℳ, ℒℜ𝒫(𝕏) ≠ ∅, ∋ 

Uℜ𝒫(𝕏) ≠ ℒℜ𝒫(𝕏).  

Proof. 

In this case  

ℑℜ𝒫(𝕏) = {ℳ, ∅, ℒℜ𝒫(𝕏), Uℜ𝒫(𝕏), Bℜ𝒫(𝕏)}, 

suppose that  𝓋 ∈ Uℜ𝒫(𝕏) and 𝓊 ∈  (Uℜ𝒫(𝕏))
c
. 

Then, Uℜ𝒫(𝕏) is  𝒩𝒫_O. set   containing one of them 

but not the other. That is  ℳ is Τ0
𝒩P_space for 𝓋and 

𝓊, or suppose that 𝓋 ∈ ℒℜ𝒫(𝕏) and 𝓊 ∈  Bℜ𝒫(𝕏). 

since ℒℜ𝒫(𝕏) is 𝒩𝒫_O. set    containing 𝓋 and 

𝓊 ∉ ℒℜ𝒫(𝕏). Then ℳ is Τ0
𝒩P_space for 𝓋and 𝓊. 

Corollary 2.5. 

 A space (ℳ, ℑℜP(𝕏)) is Τ0
𝒩P_space according to  

𝓋, 𝓊 of ℳ, such that 𝓋 ∈ ℒℜ𝒫(𝕏) and  𝓊 ∈  Bℜ𝒫(𝕏)  

if  Uℜ𝒫(𝕏) = ℳ and ℒℜ𝒫(𝕏) ≠ ∅. 

Corollary 2.6. 

 A space (ℳ, ℑℜP(𝕏)) is Τ0
𝒩P_space according to  

𝓋, 𝓊 of ℳ, such that 𝓋 ∈ ℑℜ(𝕏) and 𝓊 ∈

 (Uℜ𝒫(𝕏))
c
, if  Uℜ𝒫(𝕏) = ℒℜ𝒫(𝕏) = 𝕏. 

Theorem2.7. 

 If (ℳ, ℑℜ(𝕏)) is a 𝒩Τ0_space, then (ℳ, ℑℜP(𝕏)) is 

a Τ0
𝒩P_space. 
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Proof. 

 suppose ℳ is  𝒩Τ0_space, ∃ a 𝒩_O. set 

containing  ℍ one of them but not the other for 

𝓋, 𝓊 ∈ ℳ, 𝓋 ≠  𝓊 such that  𝓋 ∈ ℍ and 𝓊 ∉ ℍ. As 

Every 𝒩_O. sets is 𝒩𝒫_O. [2], hence ℍ𝒩P ,for 

𝓋, 𝓊 ∈ ℳ such that𝓋 ∈ ℍ𝒩P and 𝓊 ∉ ℍ𝒩P. 

Then ℳ is Τ0
𝒩P_space. 

Theorem 2.8.   

 Any  𝒩Τi_space is Τi
𝒩P_space. Where i ∈ {1,2}   

Proof.  

we prove that the theorem for Τ1
𝒩P_space. 

Let ℳ be  𝒩Τ1_space, ∃ two 𝒩_O. sets containing 

one of the two points, but not the other, for 𝓋, 𝓊 ∈
ℳ , 𝓋 ≠  𝓊 ,since every 𝒩_O. sets is 𝒩𝒫_O. [ 2]. 

Then ℍ, 𝔻 are 𝒩𝒫_O. sets such that 𝓋 ∈ ℍ and 𝓊 ∉
ℍ or𝓋 ∉ 𝔻  and 𝓊 ∈ 𝔻 . Then ℳ is Τ1

𝒩P_space. 

Remark 2.9. The converse is not true.  (As in second 

case of result 2) 

Theorem2.10.  Every Τi
𝒩P_space is Τi−1

𝒩P _space, 

where i = 1,2 

Proof.  

we prove that the theorem for 𝐢 = 𝟏 

ℳ  Τ1
𝒩P_space if for 𝓋, 𝓊 of  ℳ,  there exists two 

𝒩𝒫  _O. sets ℍ containing one of the two points, but 

not the other. Furthermore if ∃ ℍ is 𝒩𝒫_O., such that 

𝓋 ∈ ℍ and  𝓊 ∉ ℍ , then  ℳ is  Τ0
𝒩P_space.  

we prove that the theorem for 𝐢 = 𝟐 

 suppose that  ℳ is  Τ2
𝒩P_space, if for 𝓋, 𝓊 of  ℳ, 

then there exists two disjoint  𝒩𝒫  _O. sets containing 

one of the two points, but not the other. Then  ∃ ℍ,𝔻 

are  𝒩𝒫_O.such that 𝓋 ∈ ℍ and  𝓊 ∉ ℍ or 𝓊 ∈
𝔻 and  𝓋 ∉ 𝔻 . Then ℳ is  Τ1

𝒩P_space. 

Theorem 2.11.  

A space (ℳ, ℑℜP(𝕏)) is said to be  Τ1
𝒩P_space for 

𝓋, 𝓊 of  ℳ, when  𝓋 ∈ ℒℜ𝒫(𝕏) and 𝓊 ∈  Bℜ𝒫(𝕏),  if  

Uℜ𝒫(𝕏) = ℳand ℒℜ𝒫(𝕏) ≠ ∅ ∋ ℒℜ𝒫(𝕏) ≠
Uℜ𝒫(𝕏). 

Proof. 

 Suppose 𝓋 ∈ ℒℜ𝒫(𝕏) and 𝓊 ∈  Bℜ𝒫(𝕏) for 𝓋, 𝓊 ∈
 ℳ, since ℒℜ𝒫(𝕏) and   Bℜ𝒫(𝕏) are distinct  𝒩𝒫_O. 
sets. Then ℳ is  Τ1

𝒩P_space. 

3.  Properties of 𝓝𝓟_ Separation axioms via 

𝓝𝓟_ kernel sets   
In this section we extend the properties 𝒩𝒫_ 

Separation axioms on 𝒩𝒫_topological spaces 

throughout 𝒩𝒫_ kernel set associated with the 𝒩𝒫_ 

closed set. 

Definition 3.1.  

Let (ℳ, ℑℜP(𝕏)) and (ℳ̌, ℑℜ̌P(𝕏̌)) be a 

𝒩𝒫_topological spaces with respect to 𝕏 and 𝕏̌ 

respectively. A map 

f: (ℳ, ℑℜP(𝕏)) → (ℳ̌, ℑℜ̌P(𝕏̌)) is Nano Penta 

continuous (Con𝒩𝒫
) if f −1(ℍ) of each 𝒩𝒫_O. in ℳ̌is 

𝒩𝒫_O.in  ℳ. 

Proposition3.2.  

The Con𝒩𝒫
-image of Τ0

𝒩P_space is Τ0
𝒩P_space.  

Proof. 

Suppose that 

f: (ℳ, ℑℜP(𝕏)) → (ℳ̌, ℑℜ̌P(𝕏̌))and 𝒹, ℯ ∈ ℳ̌, since 

f is onto, then ∃𝒸 , z such that 𝒸 = f −1(𝒹) ∧ z =
f −1(ℯ). Since  ℳ is a Τ0

𝒩P_space, then ∃ 𝒩𝒫_O. set 

containing one of the two points 𝒸 and z but not the 

other, for 𝒸 ∈ ℍ ∧ z ∉ ℍ or 𝔖 such that  z ∈ 𝔖 ∧ 

𝒸 ∉ 𝔖, so f −1(c) ∈ f(ℍ) = ℍ̌ or f −1(z) ∈ 𝕗(𝔖 )= 𝔖̌, 

then 𝒹 ∈ ℍ̌ ∧ ℯ ∉ ℍ̌  or ℯ ∈ 𝔖̌ ∧ 𝒹 ∉ 𝔖̌ .We get ℳ̌ is 

a Τ0
𝒩P_space. 

Remark 3.3.  

The image of a Τi
𝒩P_space under a  Con𝒩𝒫

 map need 

not be Τi
𝒩P space. Where i = 1,2  

Example 3.4. 

Let   

ℑℜ𝒫(𝕏) =
{ℳ, ∅ , {a, b}, {c, d}, {a, b, c, d}, {b}, {b, c, d}, {b, c}, {a, b, c}}
 on ℳ = {a,b,c,d,e} and ℑ∑ ℜ𝒫

5
𝒫=1

(𝕏) =

{ℳ̇, ∅̇,  {ȧ, ḃ, ċ}} on ℳ̇ = {ȧ, ḃ, ċ, ḋ}, so that 

f: (ℳ, ℑℜP(𝕏)) → (ℳ̇, ℑℜ̇P(𝕏̇)), define by f(a)=ḋ, 

f(b)=ḃ, f(d)= ȧ , f(c)= ċ, f(e)= ė,  then  ℳ is 

Τi
𝒩P_space and  f: ℳ → ℳ̇ is Con𝒩𝒫

 map, but not 

Τi
𝒩P_space,  i = 1,2. 

Proposition 3.5. 

 For every pair of distinct points 𝓋, 𝓊 ∈ ℳ ,  

cl𝒩𝒫
{𝓋} ≠ cl𝒩𝒫

{u} iff a space ℳ is Τ0
𝒩P_space. 

Proof.  

 For  𝓋, 𝓊 ∈ ℳ, 𝓋 ≠  𝓊 with cl𝒩𝒫
{𝓋} ≠ cl𝒩𝒫

{𝓊} . 

Suppose that 𝓌 ∈ ℳ such that 𝓌 ∈ cl𝒩𝒫
{𝓋} , 𝓌 ∉

cl𝒩𝒫
{𝓊}. Assume 𝓋 ∉ cl𝒩𝒫

{𝓊}. If 𝓋 ∈ cl𝒩𝒫
{𝓊} then 

{𝓋} ⊆ cl𝒩𝒫
{𝓊} →  cl𝒩𝒫

{𝓋} ⊆ cl𝒩𝒫
{𝓊}. Thus 

𝓌 ∈ cl𝒩𝒫
{𝓋}  ∧ 𝓌 ∈ cl𝒩𝒫

{𝓊} this is contradiction. 

Hence ℳ\cl𝒩𝒫
{𝓊}  is  𝒩𝒫_O. set containing 𝓋, but 

not 𝓊.  Then  ℳ is Τ0
𝒩P_space.  Conversely, 

Suppose that  𝓋, 𝓊 ∈ ℳ , 𝓋 ≠  𝓊 , since ℳis a 

Τ0
𝒩P_space and  𝕏 ∈ 𝒩𝒫O(ℳ) such that 𝓋 ∈ 𝕏 

∧  𝓊 ∉ 𝕏, therefore cl𝒩𝒫
{𝓊} ⊆ ℳ\𝕏.  Hence 

𝓋 ∈ ℳ\𝕏  as 𝓋 ∉ cl𝒩𝒫
{𝓋}  ∧  𝓊 ∈ cl𝒩𝒫

{𝓊}, then 

cl𝒩𝒫
{𝓋} ≠ cl𝒩𝒫

{𝓊}. 

 Definition 3.6. 

 The intersection of all  𝒩𝒫 −
 O. subset of 

 (ℳ, ℑℜP(𝕏)) containing 𝔸 is called the Nano Penta  

Kernel of 𝔸, in short (𝒦𝒩𝒫
(𝔸)). 

Remark 3.7.  For any two subsets 𝔸, 𝔹 of a space 

(ℳ, ℑℜP(𝕏)), 

1. 𝔸 ⊆ 𝔹 implies 𝒦𝒩𝒫
(𝔸) ⊆ 𝒦𝒩𝒫

(𝔹) , where 

P = 1,2,3,4,5. 

2. 𝒦𝒩𝒫
(𝒦𝒩𝒫

(𝔸))= 𝒦𝒩𝒫
(𝔸). 

Theorem 3.8.  

 A space ℳ is said to be  Τ0
𝒩P_space iff  ∀ 𝓋, 𝓊 ∈

ℳ, 𝓋 ≠  𝓊 either 𝓊 ∉  𝒦𝒩𝒫
{𝓋} or  𝓋 ∉  𝒦𝒩𝒫

{𝓊}. 

Proof. 

 Suppose that  ℳ is a Τ0
𝒩P_space, ∀ 𝓋 ≠  𝓊 ∈ ℳ, ∃ 

a 𝒩𝒫_O. set  ℍ containing one of them but not the 

other. Thus either  𝓋 ∈ ℍ and 𝓊 ∉ ℍ → 𝓊 ∉
 𝒦𝒩𝒫

 {𝓋} or 𝓊 ∈ ℍ and 𝓋 ∉ ℍ →  𝓋 ∉  𝒦𝒩𝒫
 {𝓊}. 
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Conversely, ∀ 𝓋 ≠ 𝓊 ∈ ℳ, either  𝓊 ∉  𝒦𝒩𝒫
 {𝓋} or 

𝓋 ∉  𝒦𝒩𝒫
 {𝓊} .Then 𝒩𝒫_O. set ℍ  containing one of 

them but not the other, thus ℳ is   a Τ0
𝒩P_space. 

 

Theorem 3.9. 

 A space ℳ is said to be Τ1
𝒩P_space iff ∀𝓋 ≠ 𝓊 ∈

ℳ, 𝓊 ∉ 𝒦𝒩𝒫
{𝓋} and 𝓋 ∉ 𝒦𝒩𝒫

{𝓊}. 

Proof. 

Let  ℳ be a Τ1
𝒩P_space,  𝓋, 𝓊 ∈ ℳ, 𝓋 ≠ 𝓊, then ∃ 

two 𝒩𝒫_O. sets  ℍ, 𝔻 containing one of the two 

points, but not the other such that 𝓋 ∈ ℍ, 𝓊 ∉ ℍ or 

𝓊 ∈ 𝔻, 𝓋 ∉ 𝔻. 

 Hence 𝓊 ∉  𝒦𝒩𝒫
{𝓋} or  𝓋 ∉  𝒦𝒩𝒫

{𝓊}. 

Conversely,  ∃ two 𝒩𝒫_O. sets containing one of the 

two points, but not the other, 𝓋 ≠ 𝓊 ∈ ℳ,  thus   

𝓊 ∉  𝒦𝒩𝒫
{𝓋} and 𝓋 ∉  𝒦𝒩𝒫

{𝓊}. Then  ℳ is a 

Τ1
𝒩P_space. 

Corollary 3.10. 

 A space ℳ is said to be Τ1
𝒩P_space iff  𝒦𝒩𝒫

{𝓊} =

{𝓊},∀ 𝓊 ∈ ℳ. 

Proof. 

Let ℳ be a Τ1
𝒩P_space and 𝒦𝒩𝒫

{𝓊} ≠ {𝓊}, then 

either 𝓋 ∈  𝒦𝒩𝒫
{𝓊} or 𝓊 ∈  𝒦𝒩𝒫

{𝓋}. Hence (by 

theorem3.9) ℳ is not a Τ1
𝒩P_space this is 

contradiction. So 𝒦𝒩𝒫
{𝓊} = {𝓊}. Conversely,  

Let  𝒦𝒩𝒫
{𝓊} = {𝓊}, 𝓊 ∈ ℳand suppose that  ℳ is 

not a Τ1
𝒩P_space. By (theorem3.9) we get 𝓋 ∈

𝒦𝒩𝒫
{𝓊} → 𝒦𝒩𝒫

{𝓊} ≠ {𝓊},  this is contradiction. 

Thus ℳ is a Τ1
𝒩P_space. 

Corollary 3.11. 

 A space ℳ is said to be  Τ1
𝒩P_space iff  𝒦𝒩𝒫

{𝓊} 

∩ 𝒦𝒩𝒫
{𝓋} =∅,∀ 𝓋 ≠ 𝓊 ∈ ℳ. 

Proof. 

 Let ℳ be a Τ1
𝒩P_space, then 𝒦𝒩𝒫

{𝓊} = {𝓊} and 

𝒦𝒩𝒫
{𝓋} = {𝓋}. By Corollary 3.10. Thus 𝒦𝒩𝒫

{𝓊} ∩

𝒦𝒩𝒫
{𝓋} = ∅.  

Conversely, 

 Let 𝒦𝒩𝒫
{𝓊} ∩ 𝒦𝒩𝒫

{𝓋} =∅,𝓋 ≠ 𝓊 ∈ ℳ and a 

space ℳ be dose not  Τ1
𝒩P_space.  

Then  ∀𝓋 ≠ 𝓊 ∈ ℳ →  𝓋 ∈ 𝒦𝒩𝒫
{𝓊} or 𝓊 ∈

𝒦𝒩𝒫
{𝓋}, so 𝒦𝒩𝒫

{𝓊} ∩ 𝒦𝒩𝒫
{𝓋} ≠ ∅, this is 

contradiction.  Hence  ℳ be a Τ1
𝒩P_space. 

Lemma 3.12. 

The ℳ  space is a  Τ1
𝒩P_space iff  𝒦𝒩𝒫

{𝓊} =

cl𝒩𝒫
{𝓊},∀𝓊 ∈ ℳ. 

Proposition 3.13. 

 Let (ℳ, ℑℜP(𝕏)) be a 𝒩𝒫_topological space. 

𝓊 ∈ cl𝒩𝒫
{𝓋} iff  𝓋 ∈ 𝒦𝒩𝒫

{𝓊},∀ 𝓊 ≠  𝓋 ∈ ℳ. 

Proof.   

Let 𝓋 ∉ 𝒦𝒩𝒫
{𝓊}, 𝓊 ≠ 𝓋 ∈ ℳ, then  ∃  𝒩𝒫_O. 

set 𝔻 containing 𝓊 suchthat 𝓋 ∉ 𝔻 →  𝓊 ∉ cl𝒩𝒫
{𝓋} , 

the converse can  be proved in the similar way.  

Proposition 3.14.  

A space ℳ is said to be Τ1
𝒩P_space iff  𝒦𝒩𝒫

{𝓊} ⊆ ℍ 

, ∀ 𝒩𝒫_C. ℍ set and 𝓊 ∈ ℍ. 

Proof.  

 Suppose that ℳ is a Τ1
𝒩P_space and ℍ is 𝒩𝒫_C. set, 

𝓊 ∈  ℍ. Then, 𝓋 ∈ ℍc is 𝒩𝒫_O. set. Since ℳ is a 

Τ1
𝒩P_space. Then cl𝒩𝒫

{𝓋} ⊆ ℍc, by Proposition 

3.13, we get𝓊 ∉ cl𝒩𝒫
{𝓋} → 𝓋 ∉ 𝒦𝒩𝒫

{𝓊}.  

Thus 𝒦𝒩𝒫
{𝓊} ⊆ ℍ. Conversely,  Let 𝒩𝒫_C. ℍ 

set, 𝓊 ∈ ℍ.  Then 𝒦𝒩𝒫
{𝓊} ⊆ ℍ and 𝓊 ∈ ℍ ∈ ℑℜ𝒫 , 

then 𝓋 ∈ ℍc, ∀ 𝓋 ∉ ℍ is 𝒩𝒫_C. set → 𝒦𝒩𝒫
{𝓋} ⊆

ℍc. whenever 𝓊 ∈ 𝒦𝒩𝒫
{𝓋} and 𝓋 ∉ cl𝒩𝒫

{𝓊}, so 

cl𝒩𝒫
{𝓊} ⊆ ℍ,by Proposition 3.13, thus ℳ is a 

Τ1
𝒩P_space.  

Proposition 3.15. 

Let 𝔣: (ℳ, ℑℜP(𝕏)) → (ℳ̌, ℑℜ̌P(𝕏̌))be 

injective Con𝒩𝒫
  map and ℳ̌ is a Τ0

𝒩P_space, then 

ℳ is Τ0
𝒩P_space. 

Proof.  

Let 𝓊 ≠ 𝓋 ∈ ℳ, then 𝔣(𝓊) ≠ 𝔣(𝓋) in ℳ̌.  Since 

ℳ̌is Τ0
𝒩P_space, then ∃  𝒩𝒫_O. set  ℍ of ℳ̌such that 

𝔣(𝓊) ∈ ℍ , f (𝓋) ∉ ℍ. Since 𝔣 is Con𝒩𝒫
, then  𝔣−1(ℍ)  

is a 𝒩𝒫_O. set of ℳ, with 𝓊 ∈ 𝔣−1(ℍ), 𝓋 ∉ 𝔣−1 (ℍ).  

Hence ℳ is Τ0
𝒩P_space. 

Proposition 3.16. 

Let ℳ̌ be a Τi
𝒩P_space. If   𝔣: (ℳ, ℑℜP(𝕏)) →

(ℳ̌, ℑℜ̌P(𝕏̌)) is  bijective Con𝒩𝒫
map, then ℳis 

a Τi
𝒩P_space. Where i = 1,2. 

Proof.  

When i= 𝟏 

Let 𝓊 ≠ 𝓋 ∈ ℳ, then 𝔣(𝓊) ≠ 𝔣 (𝓋) in ℳ̌.Since , 

ℳ ̌ is Τ1
𝒩P_space, then ∃ two disjoint 𝒩𝒫_O. 

sets ℍ, 𝔻 of ℳ̌such that 𝔣(𝓊) ∈ ℍ , 𝔣 (𝓋) ∈ 𝔻. 

 Since, 𝔣 is Con𝒩𝒫
. Then 𝔣−1(ℍ) and  𝔣−1 (𝔻) are 

𝒩𝒫_O. sets of ℳ with 𝓊 ∈ 𝔣−1(ℍ)  and 𝓋 ∈ 𝔣−1 (𝔻). 

Hence ℳ is Τ1
𝒩P_space. 

When i=2 

Similarly, with 𝔣−1(ℍ) and  𝔣−1 (𝔻) are distinct. 

Proposition 3.17. 

For every 𝓊, 𝓋 ∈ (ℳ, ℑℜP(𝕏)), 𝓊 ≠ 𝓋 ∋ 

cl𝒩𝒫
{𝓊} ≠ cl𝒩𝒫

{𝓋}  there exist ℍ, 𝔻  disjoint  

𝒩𝒫_O. sets such that cl𝒩𝒫
(𝒦𝒩𝒫

{𝓊}) ⊆ ℍ and 

cl𝒩𝒫
(𝒦𝒩𝒫

{𝓋}) ⊆ 𝔻 iff  (ℳ, ℑℜP(𝕏)) is a 

Τ2
𝒩P_space. 

Proof.   

 Let ℳ be a Τ2
𝒩P_space and 𝓊 ≠ 𝓋 ∈ ℳ, with 

cl𝒩𝒫
{𝓊} ≠ cl𝒩𝒫

{𝓋} , then  ∃  disjoint  𝒩𝒫_O. sets 

ℍ, 𝔻 such that cl𝒩𝒫
{𝓊} ⊆ ℍ  and cl𝒩𝒫

{𝓋} ⊆ 𝔻 . 

Since every Τ2
𝒩P_space is Τ1

𝒩P_space, by Lemma 

3.12, we get 𝓊 ∈ ℳ,  cl𝒩𝒫
{𝓊} = 𝒦𝒩𝒫

{𝓊}. But 

cl𝒩𝒫
{𝓊} = cl𝒩𝒫

(cl𝒩𝒫
{𝓊}) = cl𝒩𝒫

(𝒦𝒩𝒫
{𝓊}). Thus 

cl𝒩𝒫
(𝒦𝒩𝒫

{𝓊}) ⊆ ℍ and  cl𝒩𝒫
(𝒦𝒩𝒫

{𝓋}) ⊆ 𝔻 . 

Conversely, let  𝓊 ≠ 𝓋 ∈ ℳ, with cl𝒩𝒫
{𝓊} ≠

cl𝒩𝒫
{𝓋} , then ∃  disjoint  𝒩𝒫_O. sets ℍ, 𝔻 such that 

cl𝒩𝒫
(𝒦𝒩𝒫

{𝓊}) ⊆ ℍ  and  cl𝒩𝒫
(𝒦𝒩𝒫

{𝓋}) ⊆ 𝔻 . 

Since {𝓊} ⊆ 𝒦𝒩𝒫
{𝓊} then 

cl𝒩𝒫
{𝓊}  ⊆ cl𝒩𝒫

(𝒦𝒩𝒫
{𝓊}), ∀ 𝓊 ∈ ℳ,  so we get 
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cl𝒩𝒫
{𝓊} ⊆ ℍ and cl𝒩𝒫

{𝓋} ⊆ 𝔻 . Then ℳ be a  

Τ2
𝒩P_space.  

 

 

 

 

Proposition 3.18. 

Let ℳ be Τ0
𝒩P_space, for every 𝓊 ≠  𝓋 ∈

ℳ, 𝓋 ∉ 𝒦𝒩𝒫
{𝓊}  and 𝓊 ∉ 𝒦𝒩𝒫

{𝓋} such that  

𝒦𝒩𝒫
{𝓊} ∩ 𝒦𝒩𝒫

{𝓋} = ∅ iff ℳ is a  Τ1
𝒩P_space. 

Proof.  by using Theorem 3.9,  Corollary 3.10 and 

Theorem 2.10.  

Proposition 3.19.  

Let ℳ be Τ1
𝒩P_space, for every 𝓊 ≠  𝓋 ∈ ℳ and 

cl𝒩𝒫
{𝓊} ≠ cl𝒩𝒫

{𝓋},∃ 𝒩𝒫_O.  sets ℍand 𝔻 ∋ 

cl𝒩𝒫
(𝒦𝒩𝒫

{𝓊}) ⊆ ℍ and cl𝒩𝒫
(𝒦𝒩𝒫

{𝓋}) ⊆ 𝔻 iff ℳ 

is Τ2
𝒩P_space. 

Proof. By using Proposition 3.17. and Theorem 2.10.  

Remark 3.20. The following figure. Explains the 

relations between spaces  𝒩Τi−
spaces 

and Τi
𝒩P_spaces, where i=0,1,2. 

 

 
Fig.1 

 

The relations between spaces 𝒩Τ𝑖 −
spaces 

and Τ𝑖
𝒩P_spaces, where i=0,1,2 

4. 𝓝𝓟_Topological and Hereditary property 

Definition 4.1. A map 𝔣: (ℳ, ℑℜP(𝕏)) →

(ℳ̌, ℑℜ̌P(𝕏̌)) is called:  

1. 𝒩𝒫_ open map (𝒩𝒫_OM)  if,  𝔣( 𝔸) ∈

𝒩𝒫O(ℳ̌, 𝕏̌), for each 𝔸 ∈ ℑℜP(𝕏). 

2. 𝒩𝒫_ closed map (𝒩𝒫_CM)  if,  for each 𝔸c ∈

ℑℜP(𝕏), 𝔣(𝔸c) ∈ 𝒩𝒫C(ℳ̌, 𝕏̌). 

3. 𝒩𝒫_ homeomorphism (Hom𝒩𝒫
)  if,  𝔣 is bijective, 

Con𝒩𝒫
and 𝒩𝒫_OM. 

Proposition 4.2. 

Let  𝔣: (ℳ, ℑℜP(𝕏)) → (ℳ̌, ℑℜ̌P(𝕏̌)) be  a 𝒩𝒫_OM 

bijective and ℳ is a Τi
𝒩P_space, then ℳ̌ is 

Τi
𝒩P_space, where i = 0,1,2. 

Proof.  

When i= 2 

 Suppose that 𝓊̇ ≠ 𝓋̇ ∈ ℳ̌ , since 𝔣  is injective then 

∃ 𝓊 ≠ 𝓋 ∈ ℳsuch that 𝓊̇ = 𝔣(𝓊)&𝓋̇ = 𝔣 (𝓋). We 

get ∃  ℍ, 𝔻  are two disjoint 𝒩𝒫_O. sets in  ℳ such 

that 𝓊 ∈ ℍ ∧ 𝓋 ∈ 𝔻 (because ℳis Τ2
𝒩P_space) and 

ℍ ∩ 𝔻 = ∅, since 𝔣  is 𝒩𝒫_OM , then  𝔣(𝓊), 𝔣 (𝓋) are 

𝒩𝒫_O. sets of ℳ̌ and 𝔣(ℍ ∩ 𝔻) = ∅,  so 𝓊̇ = 𝔣(𝓊) ∈

𝔣(ℍ) & 𝓋̇ = 𝔣 (𝓋) ∈ 𝔣 (𝔻). Then  ℳ̌is an Τ2
𝒩P_space. 

Proposition 4.3.  Τ0
𝒩P_ property is 𝒩𝒫_topological 

property. 

Proof. 

 suppose that 𝔣: (ℳ, ℑℜP(𝕏)) → (ℳ̌, ℑℜ̌P(𝕏̌)) 

is  Hom𝒩𝒫
, ∃ 𝓊, 𝓋 ∈ ℳ with  𝓊̌ = f(𝓊), 𝓋̌= f(𝓋) 

and  𝓊̌ ≠ 𝓋̌  ∈ ℳ̌, since 𝔣   is bijective, then 𝓊 ≠ 𝓋.  

Let ℳ be Τ0
𝒩P_space for 𝓊 and 𝓋  then ∃  ℍ 𝒩𝒫_O. 

set ∋  𝓊 ∈ ℍ , 𝓋 ∉ ℍ , now 𝔣 (ℍ)is 𝒩𝒫_ O. set in ℳ̌ 

( because ℍ is 𝒩𝒫_O. in ℳ and f  is 𝒩𝒫_OM)), we 

get  𝓊̌ ∈ 𝔣 (ℍ), 𝓋̌  ∉ 𝔣 (ℍ) , hence (ℳ̌, ℑℜ̌P(𝕏̌)) is 

Τ0
𝒩P_space. 

Proposition 4.4.   Τ1
𝒩P_ property is 𝒩𝒫_topological 

property. 

Proof. 

 Let 𝔣: (ℳ, ℑℜP(𝕏)) → (ℳ̌, ℑℜ̌P(𝕏̌)) 

be Hom𝒩𝒫
, ∃ 𝓊, 𝓋 ∈ ℳ ∋ 𝓊̌ = 𝔣(𝓊), 𝓋̌=𝔣(𝓋) and 

 𝓊̌ ≠ 𝓋̌  ∈ ℳ̌, since 𝔣  is bijective, then 𝓊 ≠ 𝓋. Let 

ℳ be Τ1
𝒩P_space for 𝓊 and𝓋  then ∃ two  𝒩𝒫_O. 

sets ℍ, 𝔻  ∋  𝓊 ∈ ℍ , 𝓋 ∉ ℍ  and 𝓊 ∉ 𝔻 , 𝓋 ∈ 𝔻. 

Now 𝔣 (ℍ), 𝔣 (𝔻)  are 𝒩𝒫_ O. sets in ℳ̌ ( because ℍ 

, 𝔻 are 𝒩𝒫_O. sets  and 𝔣 is 𝒩𝒫_OM ,  since 𝓊 ∈
ℍ , 𝓋 ∉ ℍ we get  𝓊̌ ∈ 𝔣 (ℍ), 𝓋̌  ∉ 𝔣 (ℍ) and 𝓊 ∉
𝔻 , 𝓋 ∈ 𝔻), we get 𝓊̌ ∉ 𝔣 (𝔻), 𝓋̌  ∈ 𝔣 (𝔻), then 

(ℳ̌, ℑℜ̌P(𝕏̌)) is Τ1
𝒩P_space. 

Proposition 4.5.  Τ2
𝒩P_ property is 𝒩𝒫_topological 

property. 

Proof. 

Let 𝔣: (ℳ, ℑℜP(𝕏)) → (ℳ̌, ℑℜ̌P(𝕏̌)) 

be Hom𝒩𝒫
, ∃ 𝓊, 𝓋 ∈ ℳ ∋ 𝓊̌ = 𝔣(𝓊), 𝓋̌= 𝔣 (𝓋) and 

 𝓊̌ ≠ 𝓋̌  ∈ ℳ̌. Since 𝔣  is bijective , then 𝓊 ≠ 𝓋 and 

Let ℳ be Τ2
𝒩P_space for 𝓊 and   𝓋  then ∃ two 

 𝒩𝒫_O. sets ℍ, 𝔻  ∋  𝓊 ∈ ℍ , 𝓋 ∉ ℍ  and 𝓊 ∉
𝔻 , 𝓋 ∈ 𝔻.  

Now 𝔣 (ℍ) and 𝔣(𝔻)  are 𝒩𝒫_ O. sets in ℳ̌, ( because 

ℍ , 𝔻 are 𝒩𝒫_O. sets  and 𝔣 is 𝒩𝒫_OM and  𝔣 (ℍ) ≠ 

𝔣 (𝔻),  such that  𝓊 ∈ ℍ , 𝓋 ∈ 𝔻), we get  𝔣 (ℍ) ∩
𝔣 (𝔻) = ∅[ℍ ∩  𝔻 = ∅ and 𝔣 is one to one],  however 

𝓊 ∈ ℍ → 𝓊̌ ∈ 𝔣 (ℍ) and 𝓋 ∈ 𝔻 → 𝓋̌  ∈ 𝔣 (𝔻), then 

(ℳ̌, ℑℜ̌P(𝕏̌)) is Τ2
𝒩P_space. 

Notes 4.6.  

1- Every relative Nano_ topological space [1] is 

relative 𝒩𝒫_ topological space. Because, each Nano 

open set is 𝒩𝒫_ O. set. 

2- A property δ of a 𝒩𝒫_ topological space 

(ℳ, ℑℜP(𝕏)) is said 𝒩𝒫_hereditary iff  ∀ subspace of  

ℳ also satisfies property δ. 

Proposition 4.7.  Τ0
𝒩P_ property is 𝒩𝒫_hereditary 

property. 

Proof. 

suppose that (ℳ, ℑℜP(𝕏)) is Τ0
𝒩P_space and 

(ℳ̂, ℑℜ̌P(𝕏̌)) is a subspace on  (ℳ, ℑℜP(𝕏)),  

As 𝓊, 𝓋 ∈ ℳ̂ ⊆ ℳ if 𝓊 ≠ 𝓋 ∈ ℳ, we get ∃ 𝒩𝒫_O. 

set ℍ on ℳ with 𝓊 ∈ ℍ , 𝓋 ∉ ℍ , thus ℍ̂ = ℳ̂ ∩
ℍ →  ℍ̂ is  𝒩𝒫_O. set (because ℍ  is 𝒩𝒫_O. set & 

𝓊 ∈ ℍ , 𝓋 ∉ ℍ) , then 𝓊 ∈ ℍ̂ and 𝓋 ∉ ℍ̂, 

hence(ℳ̂, ℑℜ̌P(𝕏̌)) is Τ0
𝒩P_space. 

Proposition 4.7.  Τ𝑖
𝒩P_ property is 𝒩𝒫_ hereditary 

property. Where 𝑖 = 1,2 
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When  𝑖 = 2 

Proof. 

Suppose that (ℳ, ℑℜP(𝕏)) is Τ2
𝒩P_space and 

(ℳ̂, ℑℜ̌P(𝕏̌)) is a subspace on  (ℳ, ℑℜP(𝕏)) , for 

𝓊, 𝓋 ∈ ℳ̂ ⊆ ℳ , 𝓊 ≠ 𝓋 ∈ ℳ , then ∃ two distinct 

 𝒩𝒫_O. sets ℍ, 𝔻 ∋  𝓊 ∈ ℍ , 𝓋 ∉ ℍ  and 𝓊 ∉

𝔻 , 𝓋 ∈ 𝔻 , so ℍ̂ = ℳ̂ ∩ ℍ&  𝔻 ̂ = ℳ̂ ∩ 𝔻 . 

Now 𝓊 ∈ ℍ̂ ∈ ℑℜ̌P(𝕏̌) and 𝓋 ∈ 𝔻̂ ∈

ℑℜ̌P(𝕏̌) (because 𝓊 ∈ ℍ ∈ ℑℜP(𝕏) and 𝓋 ∈ 𝔻 ∈

ℑℜP(𝕏) ) and since ℍ ∩ 𝔻 = ∅ , hence  ℍ̂ ∩ 𝔻 ̂ =

(ℳ̂ ∩ ℍ) ∩ (ℳ̂ ∩ 𝔻 )=ℳ̂ ∩ (ℍ ∩ 𝔻) = ℳ̂ ∩ ∅ =

∅.   Then (ℳ̂, ℑℜ̌𝑃(𝕏̌)) is Τ2
𝒩P_space. 
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 𝓝𝓟 -المجموعات المفتوحة من خلال 𝓝𝓟) ) الخماسي انولنتطبيقات بديهيات الفصل ل
 2, علي عبد المجيد شهاب 1, مزعل حمد ذاوي 1رنا بهجت ياسين 

 تكريت , العراق , تكريتجامعة  والرياضيات,علوم الحاسوب  , كلية الرياضياتقسم  1
  تكريت , العراق , جامعة تكريت , للعلوم الصرفةالتربية كلية  , قسم الرياضيات 2
 

 الملخص
بادةهيات الفصا  (.  لتقاديم فئاات جدةادن ما  open sets)  𝒩𝒫 _المفتوحة ناانو خماسايهو استخدام مفهوم المجموعات لهذا البحث  الهدف الرئيسي 

Τi هذه الفئات الجدةدن هي  ،خماسي نانوالتبولوجي فضاء الفي 
𝒩P

−
space , i =  ،فضااءاتالهاذه ل ض الخصاائ  اسساسايةبعاوتم دراساة  0,1,2

−𝒩Τiالفصااا  ناااانو  بااادةهيات وباااة  االعلاقاااات بةنهاااناقشااانا ايضاااا 
spaces, i = العلاقاااة باااة  بااادةهيات الفصااا  عبااار  بحاااثتنااااول ال وكاااذل  ،0,1,2

 كما تمت مناقشة الخصائ  الوراثية والتبولوجية. ، بهادمت لإثبات بعض النظريات المتعلقة موعة النوان المرتبطة بالمجموعة المغلقة التي استخ  مج
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