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1. Introduction

In 2013 Thivagar L.el at [1,2] introduced the idea of
a Nano topological space with respect to a subset X
of universe set M, where R an equivalence relation
on M. The pair (M,R) is known as the
approximation space. So the lower approximation of
X with respect to R denoted byLi(X) =
Usearrc{[x]: R(x) < X}and the upper approximation of
X with respect to R denoted by
Ug X)=U,ene{x: R®) N X = @}, in which the
boundary region of X with respect to R is denoted by
Bi(X) = Ug(X) — L&(X). The elements of Nano
topological space are called a Nano open sets.
Thivagar also defined Nano closed set, Ncl set, Nint
set, and also established Nano continuity maps, Nano
open (Nano closed) maps and Nano home. and by
using Nano open sets, the separation axioms
(VT _spaces) were known in 2019[3,4]. Through this
concept they defined and investigated several
topological properties. Topologists have focused their
research on different types of class separation axioms
[5]. Yaseen, R. et al [7] in 2021 studied the properties
of Penta open sets in Penta topological spaces and
used the concept of the N, _topology introduced by
Yaseen, R. et al [6]. They showed some practical
examples of the V,_ topology in real life [8]. In this

ABSTRACT

The main goal of this paper is to use the concept V»_ open sets to

present new classes of separation axioms in N, _topological spaces.
Those new classes are T;VF_spaces, i=0,1,2. We have studied some basic
properties of these spaces. We also discussed the relationship between
TP spaces and Nano separation axioms (N'T;_ spaces), i =0,1,2.
Furthermore the paper deals with the relationship between the separation
axioms throughout kernel set associated with the closed set which used to
prove some theorems related to it. The hereditary and topological
properties were also discussed.

paper, we use Np_open and Np_ closed sets defined
by Yaseen R. et al [6] to present the concept of Np_
Separation axioms on Nj,_topological spaces which
called Tl.N?_spaces, where i=0,1,2. Moreover, some

of its basic properties have been studied and the
hereditary and topological properties were also
discussed. Throughout the present paper, the
spaces M', M always means an Nj_topological
spaces.

Definition 1.1.[6] Let M be a non_ empty universe
set together with five Nano topologies
Sx1(X), 3522 (X)) , I3 (X)), Ia (X) and Jgs (X) on M
with respect to X. We call (M, Sxp(X)) is a
Np_topological space with respect to X,where
Jp = (t1, T2, T3, Ty, Ts).

A subset A is said to be Nano Penta open (NVp-open)
set ) if A€ (Sml(X) V) sz(X) U SggS(X) U
F5a(X) U I45(X) ) and complement is said to be
Np-closed. So these Np-open sets satisfies all the
axioms of Nano topology M.

2. TV? spaces
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In this section, we introduce T»® spaces, where
i=0,1,2 in N,_topological spaces and study its
properties.

Definition 2.1. A space (M, Syp(X)) is said to be:

i - TP space according to the points v, « of M
and there exists a V_open set containing one of them
but not the other.

ii- TP _space according to the points ,u of M
and there exists two NV, _open sets containing one
of the two points but not the other.

iii- TJ'P_space according to the points <, « of M and
there exists two distinct NV, _open sets H and DD, such
that v € H,« € D.

Results 2.2. A Nano Penta Topological Spaces
(M, Spp(X)) is:

First case: Ty'?_space, if all the five Nano topologies
is VT, —spaces.

Second case: T;VP_space, if there exist at least one of
the five Nano topologies not T, space. where

i=0,1,2.
Third case: If there is no one of the five topologies is
NT; _space, but the Np_ topological space is

TVP _space. wherei=1,2.

To explain these cases, we are going to discuss the
following three examples

Examples 2.3.

Let M = {a,b,c,d,f} on M /R={{a},{b,d}, {c}, {f}}
with

LetX, ={c,f} S M - I3:(X) ={M, 0,{c,f}}
LetX, ={a} € M - I3, (X) ={M, 0,{a}}
LetX; ={a,¢,f} S M - JIyp;(X) =

{M, 0,{acf}}

LetX, ={f} € M - Ip,(X) ={M, 0,{f}}

TJPS

LetXs ={a,f} € M - Ius(X) ={M,0,{af}}
Hence: Jpp(X) =
(M, 0,{a,f},{acf}{a}{cf},{f}}., Then M is
TP space for {a} and {c,f} with the five Nano
topologies is N'T, —space. Also M is
TP (T?)_space for {a} and {f} with the five Nano
topologies is not N'T; (V'T,)space.
1. M ={ab,c,d} on X={ab,c} with M
IR, ={{a}{b,c}{d}},

M IR,= { {a,d},{b,c}}, M /R;={{a,b,d}{c}}, M
IR4={{ab}.{c}{d}},

M IRs= {{c,d},{a,b}}. We can obtain the following
results

MIR, MIR, MIR, MIR, MIRs
Lyp(X) {abc} {bc} {c} {abc} f{ab}
Ugpr(X) {abc} M M {abc} M
By (X) [0} {ad} {abd} ¢ {c.d}

Hence:

Y21 Rp (X) ={abc}and ¥3_,Rp (X) ={a,b,c}.
So, we will be on

Z;’=1m7’ (X) = 2753:1 mf’ (X) = {ai b‘ C}!
Sss_ 5, X) = {M, 9, {a,b, c}}.
Then Mis TP _space for {a,b,c} and {d} with the
five Nano topologies is N'T, —space. But not
TP (T)P)_space for {a,b,c} and {d}with there exist
at least one of five Nano topologies is NT;(W'T,)_
space.
3. M ={ab,cde}, XS M with
M/%lz{{a,b},{c,d},{e}},

MIR,={{a,e}{b}{d.c}} M /R;={{b,c.d}{ae}},
M Re= {bcr{a}.{de}}, M [Rs=
{{d,e}.{a,b,c}}, We get

then

P=12345 Xy Lyp(X)  Ugp(X)  Bgp(X) Sapr (X)

M IR, {abc} {ab} {abcd {cd}  {M 0 {ab}{cdabcd}

M IR, {0} {b} {v} 1) {m,0,{b}}

M IR, {bcdt {bcd} {bcdt o {2, 0,{b.c,d}}

M IR, (e {bcr  {bc} 9 {M,9,{b,c}}

M IR {a,b} )] {a,b,c} {ab,c} {M, 04{ab,c}}
Hence: suppose that 1 € Ugp(X) andu € (UW(X))c
Sgp(X) = Then, Ugp(X) is Np_O. set containing one of them

{M,0,{a,b},{c,d},{a,b, c,d}, {b}, {b, ¢, d}, {b, ¢}, {a, b, c}} bt not the other. That is M is TP _space for «vand

Then Mis TP _space for {b} and {c, d} with the
five Nano topologies is N'T, —space. Also Mis
TP (T)P)_space for {b} and {c d} with there exist
at least one of five Nano topologies is
NT;(W'T,) —space.

Theorem 2.4.

A space (M,Sqp(X)),is said to be  T'P_space
according to the points «,« of M, either v €
Ugp(X)  andu € (Upp(X))0r v € Lyp(X)

and’LL € Bm?(x), |f Um?(x) * M, LﬁRT(X) * @, =]
Ugp (X) # Lgp (X).

Proof.

In this

SERIP (X) = {M' (Z)' Lm? (X): UERIP (X)' BiRiP (X)},

case

w, or suppose that v € LW(X) and « € Bgp(X).
since Lgp(X) is NMp_O. set containing v and
u ¢ Lgp(X). Then M is TP _space for vand .
Corollary 2.5.

A space (M,Sgp(X))is TP _space according to
v, u of M, such that v € Lip(X) and © € Byp(X)
if Ugp(X) =M and Ly»(X) # .

Corollary 2.6.

A space (M,Sxp(X))is TJ'P space according to

v,u of M, such that v € JIz(X) andu €
(Upp (X)), if Ugp(X) = Lazp(X) = X
Theorem2.7.

If (M, 3x(X)) is a N'T,_space, then (M, Igp (X)) is
aT'P_space.
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Proof.

suppose M is  NT, space, 3 a N_O. set
containing H one of them but not the other for
v, u €M, #+ wsuchthat v € Hand « ¢ H. As
Every W _O. sets is Np_O. [2], hence My ,for
v, u EM such thaty € Hyp and « & Hyp.
Then M is TP _space.

Theorem 2.8.

Any N'T;_space is TP _space. Where i € {1,2}
Proof.

we prove that the theorem for T'?_space.

Let M be N'T;_space, 3 two NV_O. sets containing
one of the two points, but not the other, for v,« €
M, v # u since every N_O. sets is Np_O. [ 2].
Then H, D are Np_0. sets such that «++ € H and « ¢
Horr ¢ D andu € D . Then M is TP _space.
Remark 2.9. The converse is not true. (As in second
case of result 2)
Theorem2.10.
where i = 1,2
Proof.

we prove that the theorem fori =1

M TP space if for v, of M, there exists two
Np 0. sets H containing one of the two points, but
not the other. Furthermore if 3 H is NV»_0., such that
v €Hand u ¢ H,then M is TP _space.

we prove that the theorem for i = 2

suppose that M is T3P space, if for v, u of M,
then there exists two disjoint N, _O. sets containing
one of the two points, but not the other. Then 3 H,D
are  Np_Osuch that v e Hand w € H or u« €
Dand v ¢ D.Then M is T}'P_space.

Theorem 2.11.

A space (M, Jip(X)) is said to be TP _space for
v,u of M, when v € Lgp(X) and u € Bgp(X), if
Ugp(X) =Mand LygpX)#=0 3 LX) #
Ugp (X).

Proof.

Suppose v € Lyp(X) and . € Byp(X) for v, u €
M, since Lgp(X) and Bgp(X) are distinct Np_O.
sets. Then M is T{'P_space.

3. Properties of Vp_ Separation axioms via
N p_ kernel sets

In this section we extend the properties Np_
Separation axioms on JNp_topological spaces
throughout NV, _ kernel set associated with the Np_
closed set.

Definition 3.1.

Let (M, 3xp(X)) and (ﬁ[,sﬁp(X)) be a
Np_topological spaces with respect to X and X
respectively. A map
f: (M, Sqp (X)) - (ﬁ[ SﬁP(X)) is Nano Penta
continuous (Conyy,) if f~1(H) of each Np_O. in Mis
Np_O.in M.

Proposition3.2.

The Conyy,-image of Ty'F_space is Ty'F_space.
Proof.

Every TP space is TP space,

TJPS

Suppose that
f: (M, Spp (X)) - (J\‘/T,Sﬁp(??))and d,e € M, since
f is onto, then 3c,z such that c =f"1(d) A z =
f=1(e). Since M is a T)'®_space, then 3 N;,_O. set
containing one of the two points ¢ and z but not the
other, for ce H A z¢ H or S such that ze S A
c &G, s0f1(c)€f(H) =Horf'(z) € f(S)=G,
thend eHine¢H oreeSAd ¢S . Weget M is
aT)'P_space.

Remark 3.3.

The image of a T;""_space under a Conyy,, map need
not be T;'? space. Where i = 1,2

Example 3.4.
Let

Sep X) =

(M,0,{a,b},{c,d},{a,b,c,d},{b},{b,cd},{b,c}{ab,c}}

on M = {abcde} and Szgzl%(x) =
{M,9, {a,b,c}}on M ={abe¢d}, so that
f: (M, Sp(X)) = (M,sm(X)), define by f(a)=d,
f(b)=b, f(d)=a , f(c)=¢, fe)=e, then M is
T,¥?_space and f: M — M is Cony,, map, but not
TP space, i =1,2.

Proposition 3.5.

For every pair of distinct points «+,u € M
cly, {v} # cly, {u} iff a space M is T3P _space.
Proof.

For v,u € M, v # w with cly {v} # cly, {u} .
Suppose that «w € M such that w € cly, {v}, w &
cly,{u}. Assume v & cly, {u}. If v € cly, {u} then
{v}cdy,{u} - cy,{v}ccy,{u}. Thus
w € cly, {vr} AN € cly, {u} this is contradiction.
Hence M\cly,{u} is Np_O. set containing v, but
not«. Then M is T3'P_space. Conversely,

Suppose that v, u € M ,v # w , since Mis a
TP space and X € NpO(M) such that v € X
Au ¢X, therefore cly, {u} € M\X Hence
v € M\X as v & cly, {v} A u€cly,{u}, then
clyp{v} # cly, {u}.

Definition 3.6.

The intersection of all Np_ 0O.subset  of
(M, Spp(X)) containing A is called the Nano Penta
Kernel of A, in short (¥, (A)).

Remark 3.7. For any two subsets A, B of a space
(M, Iyp (X)),

1. AcB implies Xy, (A) € Ky, (B) , where
P=1,2,3,4,5.

2. Ky (Foprp, (A))= K, (A).

Theorem 3.8.

A space M is said to be TP space iff Vv, u €
M, v # ueitheru ¢ Ky {vior v & Ky, {u}.
Proof.

Suppose that M is a T3'P_space, Vv # « € M, 3
a Np_0O. set M containing one of them but not the
other. Thus either v eHand w¢H->u ¢
Kyp{vioru e Handv € H > v & Ky, {u}.
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Conversely, Vv # « € M, either « & Ky, {v} or
v & Ky, {u} .Then Np_O. set H containing one of
them but not the other, thus M is a TJ'"_space.

Theorem 3.9.

A space M is said to be T;'?_space iff Vo # u €
M,u & Ky, {v}and v ¢ Ky, {u}.

Proof.

Let M be a TP space, v, € M, v # u, then 3
two Np_O. sets H, D containing one of the two
points, but not the other such that v+ € H,« ¢ H or
u €D,v & D.

Hence u ¢ Ky {v}or v ¢ Hy {u}.
Conversely, 3 two Np_O. sets containing one of the
two points, but not the other, v # « € M, thus
u & Ky,{v} andv & Ky {u}. Then M is a
TVP_space.

Corollary 3.10.

A space M is said to be TP _space iff Xy {u} =
{ulpvuem.

Proof.

Let M be a T{'P_space and Ky, {u} # {u}, then
eitherv € Ky {ulor w € Ky, {v} Hence (by
theorem3.9) M is not a T} space this is
contradiction. So K, {u} = {u}. Conversely,

Let K, {u} = {u}, « € Mand suppose that M is
not a T}® space. By (theorem3.9) we getv €
Ko} = Ky, {u} # {u}, this is contradiction.
Thus M isa T{'?_space.

Corollary 3.11.

A space M is said to be TP _space iff %y, {u}
N Ky, {vr}=0.Y v +u € M.

Proof.

Let M be a T®_space, then Ky, {u} = {u} and
Kyp{v} = {v}. By Corollary 3.10. Thus Fy-,{u} N
Kyp{v}=0.

Conversely,

Let Ky, {u} NHy,{v} =0 #u €M and a
space M be dose not T;¥P_space.

Then Vo #u EM - v €Ky, {uloru €
Kyplv}, so Ky, {u} NHy {v} #0, this is
contradiction. Hence M be a T}?_space.

Lemma 3.12.

The M space is a T{'"_space iff ¥y, {u}=
cly, {u},Vu € M.

Proposition 3.13.

Let (M,3xp(X)) be a XNp_topological space.
u € cly, {v}iff v € Ky {ulvu+ v eM.
Proof.

Letv ¢ ?CN},{@L}, u+1veEM, then 3 N, _O.
set D containing « suchthat v € D > w« & cly, {v},
the converse can be proved in the similar way.
Proposition 3.14.

A space M is said to be TP _space iff Ky, {u} € H
, VNp_C. H setand « € H.

Proof.

TJPS

Suppose that M is a TP _space and H is V_C. set,
w € H. Then, v € HF is NVp_O. set. Since M is a
TP _space. Then cly,{v} S H, by Proposition
3.13, we getu & cly {v} - v & Ky {u}.

Thus K, {u} € H. Conversely, Let Np _C. H
set, u € H. Then Ky {u} € H and « € H € Jgp ,
then v € HY, Vo & H is Np_C. set » Ky {v} C
HC. whenever u« € Ky {v}and v €& cly,{u}, so
cly,{u} € H,by Proposition 3.13, thus M is a
TP _space.

Proposition 3.15.

Let F: (M, S (X)) = (M, Szp(X) )oe
injective Cony., map and M is a TJ'P_space, then
M is TP _space.

Proof.

Let w # v € M, then f(u) # f(v) in M. Since
Mis TJ'P _space, then 3 V,_O. set H of Msuch that
flu) € H, f (v) & H. Since f is Cony,,, then §~*(H)
isa Np_O. set of M, with « € f~1(H), v ¢ §~* (H).
Hence M is T'P_space.

Proposition 3.16.

Let M be aT"P space. If f: (M, Spp(X)) -
(JV[, SﬁP(X)) is  bijective Cony,map, then Mis
aT]N? space. Where i = 1,2.

Proof.

Wheni=1

Let u # v € M, then f(u) # f(v) in M.Since ,
Mis T]P space, then 3 two disjoint Np_O.
sets H, D of Msuch that f(«) € H , f (v) € D.

Since, f is Cony,. Then f~'(H) and {' (D) are
Np_O. sets of M with« € 1(H) and v € {1 (D).
Hence M is TP _space.

When i=2

Similarly, with {~1(H) and ! (ID) are distinct.
Proposition 3.17.

For every u, v € (M, Spp(X)),
cly,{u} # cly, {vr} there exist H,D

U+ v 3
disjoint

Np_O. sets such that cly, (¥, {u}) S Hand
ly, (Hppfv}) €D iff (M, 3xp(X)) is a
TP _space.

Proof.

Let M be a TP space andu # v € M, with
clyp{u} # cly,{v} , then 3 disjoint Np_O. sets
H, D such that cly,{u} € H and cly, {v} € D.
Since every TP space is T{?_space, by Lemma
312, we getu €M, cly,{u} =Ky, {u}. But
clyp {u} = cly, (cly {u}) = cly, (FKp,{u}). Thus
cly, (Kvpfu}) € Hand cly, (K, {v}) ED.
Conversely, let —u#v €M, with cly,{u}#
cly,{v}, then 3 disjoint NVp_O. sets H, D such that
cly, Kpypfup) €S H and  cly, (Ky,{v}) S D
Since {u} € Ky, {u} then
clyp{u} € cly, (K, {u}),vu e M, so we get
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cly,{u} €H and cly, {v}SD . Then M be a
TP _space.

Proposition 3.18.

Let M beT)'® space, for every wu=#+ v€
M, v & Ky,{u} and w ¢ Ky, {v} such that
Koy i} N Koy, {v} = @ iff M isa T'P_space.
Proof. by using Theorem 3.9, Corollary 3.10 and
Theorem 2.10.

Proposition 3.19.

Let M be TP _space, for every « # v € M and
clyp{u} # cly {v},3 Np_O. setsHand D >
cly,, (Hopp{ue}) € H and cly, (K, {v}) € D iff M
is T'P_space.

Proof. By using Proposition 3.17. and Theorem 2.10.
Remark 3.20. The following figure. Explains the
relations between spaces N'T;_spaces
and T'P_spaces, where i=0,1,2.

NT, space — NT;_space— NT,;_space

l l l
Tﬁ“rp_space 2 Tf\rp_space pad Tg'rp_space
Fig.1
The relations between spaces V'T; _spaces

and T;?_spaces, where i=0,1,2

4. N p_Topological and Hereditary property
Definition  4.1. A map (M, Spp(X)) -
(7, 356 (X) ) s called:

1. Np_ open map (Np_OM) if,
NpO(M, X), for each A € Jgp(X).
2. Np_ closed map (NVp_CM) if,
S (X), f(A%) € NpC(I, X).

3. Np_ homeomorphism (Hom,,,) if, fis bijective,
Conyy,and Np_OM.

Proposition 4.2.

Let f: (M, 35p(X)) = (M, I5p(X)) be a ;_OM
bijective and M is a TP space, then M is
TVP _space, where i = 0,1,2.

Proof.

When i= 2

Suppose that 1« # 4 € M , since f is injective then
Ju #v € Msuch that « = f(u)&e =§ (). We
get 3 H, D are two disjoint Np_0O. sets in M such
thatw € H A v € D (because Mis TJ'P_space) and
HND = @,sincef is Np_OM, then f(w),f(v) are
Np_O. sets of M and f(H N D) = @, so 1 = f(u) €
f(H) & ¢ = (v) € f (D). Then Mis an TJ'"_space.
Proposition 4.3. TP _ property is N;_topological

property.
Proof.

f(A) €

for each A€ €

TJPS

suppose  that  f: (M, Sxp(X)) - (J\7[ Sgﬁp(X))
is Homy,, 3u,v € M with 4 = f(w), 7= f(v)
and i # ¥ € M, since f is bijective, then « # v-.
Let M be TJ'P_space for « and v+ then 3 H NV,_O.
setd w € H,v ¢ H, now f (H)is Np_ O. set in M
( because H is Np_O. in M and f is NVp_OM)), we

get i € f (H),# ¢ f (H) , hence (ﬁ,SﬁP(X)) is

TP _space.

Proposition 4.4. T}?_ property is Np_topological
property.

Proof.

Let f: (M, S5p (X)) = (M, 35 (X))

be Homy,, 3u,v € M 34 = f(u), #=f(v) and
it # ¥ € M, since f is bijective, then « # v. Let
M be T{P_space for « andv then 3 two Np_O.
sets H,LD 3 weH,v¢H andu €& D,v €D.
Now f (H), f (D) are NVp_ O. sets in M ( because H
,Dare Np_O. sets and f is Np_OM , since « €
H,v¢H we get «€f(H), & ¢f(H) andu ¢
D,veD), we get #&f(D),F €f(D), then
(JV[ » Isip (X)) is T{'P_space.

Proposition 4.5. TP property is Np_topological
property.

Proof.

Let f: (M, Sxp (X)) = (3, I (X))
be Homy,, 3 u,v € M 3 @ = f(u),¥= | (v) and
il # ¥ € M. Since f is bijective , then « # 1 and
Let M be TP space for wand « then 3 two
Np O. sets HD >SueH,vr¢H andué¢
D,v € D.

Now f (H) and f(D) are Np_ O. sets in M, ( because
H ,Dare Np_O. sets and f is Mp_OM and { (H) #
f (D), such that « € H,v € D), we get { (H) N
f(D) =@[H N D = @ and { is one to one], however
u€eH->#efj(H) and v € D » & €f(D), then
(]\7[ s Jsp (X)) is TP _space.

Notes 4.6.

1- Every relative Nano_ topological space [1] is
relative Vp_ topological space. Because, each Nano
open set is Mp_ O. set.

2- A property 6 of a N, _ topological space
(M, Sxp (X)) is said Np_hereditary iff v subspace of
M also satisfies property 6.

Proposition 4.7. TP _ property is N,_hereditary
property.

Proof.

suppose that (M, Jgp(X)) is TP space and
(M, S5p(X)) is a subspace on (M, Sgp (X)),
Asu, v E M € M if u# v €M, we geta Np_O.
set H on M with w € H,v ¢ H , thus H =M n
H —» His Np_O. set (because H is Mp_O. set &
weH,r¢gH) , then w€Handwv ¢H,
hence(M, Sgp (X)) is T3P _space.

Proposition 4.7. T?_ property is N,_ hereditary
property. Where i = 1,2

121



Tikrit Journal of Pure Science Vol. 27 (5) 2022

When i =2

Proof.

Suppose that (M,SJgp(X)) is TP _space and
(M, 35p(X)) is a subspace on (M, Ixp(X)) , for
w,v €M S M ,u+v €M, then 3 two distinct
Np O. sets H,D> weMH,v ¢H and u ¢
D,veD,socH=MNH&D =MnD.
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