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Introduction

Let M - smooth manifold of dimension 2n; C* (M)-
algebra of smooth functions on M'; X(M )the module
of smooth vector fields on manifold of M'; g=<.,.>
- Riemannian metrics; V — Riemannian connection of
the metrics g on M; d - the operator of exterior
differentiation. In the further all manifold, Tensor
fields, etc. objects are assumed smooth a class C*.

So Almost Hermition (is shorter, AH) structure on a
manifold M the pair (J, g) ,where J-almost complex
structure

(J?=id)onM,g =<.,.>

—(pseudo) Riemannian metric on M .In this case
<JX,JY>=<XY>;XYeXxXM).
Endomorphism J is called structural endomorphism
.Manifold which is fixed almost manifold M
equivalently to the task of G-structure above M with
structural U(n) ,the elements of space which[1].
Definition 1: [2]

"Almost Hermition structure (J, g) on manifold of
M is called Kahler (more shortly ,K-) structure if M
the identity is carried out (if M satisfies the identity)
vx(DY +V,(NDX =0;X Y € X(M)".
Proposition2:[3]

Let (M J, g) - AH- manifold.

Invariant ~ concircular  transformations metric is
tensor C type (3, 1) determined by the formula

between these

Cc(X,Y)Z =R(X,Y)Z-n(:_1) (X, Z)Y — (Y, Z)X}.... (1)
And called concircular curvature tensor was

introduced will be Reminded Yano [8]Jon n-
dimensional Riemannian manifold

ABSTRACT

The study deals with the necessary condition where a nearly Kahler

manifold of flat concircular tensor has been found. And the relationship
invariants and additional
concircular tensor, as well as geometrical meaning of the reference in
zero of these invariants .

properties of symmetry

Where R-the Riemann curvature tensor, g =(.,.) is
the Riemannian metric and k-is the scalar curvature
X, Y,Z,W € X(M))

where X(M) is the Lie algebra of C*vector fields
on M.

This tensor is
transformations,
i.e. with conformal transformations of space keeping
a harmony of functions.

Definition 3:[4]

"A concircular curvature tensor on AH-manifold M
is a tensor of type (4,0) and satisfied the relation
e 2 C(X,Y,Z, W)= C(X,Y,Z,W),which is defined as
the form: CX)Y,Z,W) = RXYW7Z) -

L {(g(X, W)g(Y,Z) — g(X, Z)g (Y, W)} ...(2)

nn-1)
Where R is the Riemannian curvature tensor ,g is the
Riemannian metric and k-is the scalar curvature
X,Y,Z,W € X(M') .Where X(M) is the Lie algebra of
C>vector fields on M.

Let's consider properties
curvature".

Remark 4: [3]

Thus concircular curvature tensor satisfies all the
properties of algebraic  curvature tensor:

1) C (X,Y,Z, W)=—-C(Y, X, Z,W) ;

2) C(X,Y,Z,W)= - C(X,Y,Z,W) ;

3)C (X,Y,ZW) + C(Y,Z, X, W) +C(ZX, Y, W)=
0;
4) C (X,Y,Z, W)=C(Z,W X)Y) ; X,Y,ZW € X(M).
..... 4)

invariant under concircular

tensor  concircular
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1) C (XY, Z, W) =R

lg(X, W)S Y, Z) — g(X, Z)S(Y, W)]-

- Z(n 5 [g(Y,Z)S(X, W) —

g(Y, W)S(X 7)]=R(X,Y,Z,W)+

+ Z(n 5 [FaXW)S(Y,Z) + g(X, Z) + S(Y, W)]+
o [F9 L DS W) + g (Y, W)SI (X, 2) =

—C(Y,X,Z, W)

Properties are similarly proved :

2) C(X,Y,Z,W) =-C(X,Y,W,Z);

3) C(X,Y,Z,W) =-C(Z,W X.Y);

4) C(XY,Z,W) +C(Y,Z,X,W)+C(Z,X,Y,W) = 0.

Covarient —tensor concircular curvatare C type (3,1)

have form

C(X,X)Z :R(X,Y)Z-ﬁk X,Z>Y-<Y,Z>X}

1
2(n-1)

Where R-is the Riemannian curvature tensor and k-is
the scalar curvature, X,Y,Z € X(M)

By definition of a spectrum tensor.

C(X,Y)Z=C, (X, Y)Z+C, (X, Y)Z+ C,(X, Y)Z+

C3(X, ) Z+C, (X, Y)Z+Cs (X, Y) Z+Co (X, Y) Z+
C,(X,VZ; X)Y,Z € X(M)

tensor Cy(X,Y)Z as nonzero. The component can
have only  components of  the form
{C8 bea € peat =1{C%ea Coeak:
tensor Cl(X Y)Z - components
{CF bear €1 pea) =1C%a ’Caﬁc”d} ;
tensor C2 (X Y)Z - components
{CF bearC3 pea) =1C%ea Ccak:
tensor 63 (X,Y)Z - components
{C; pea » C3 bcd} = {Cabcd ,ct bcd}
tensor  C,(X, Y)Z - components of the
form{ C;' 5.0 Cf pea} = {Co%car Coocal) s

tensor Cs(X,Y)Z - components of the form

{Cs bear Cs pea) = {Ccha'Ca péa ) s

of the form

of the form

of the form

tensor C6(X Y)Z- components of the form
{Cgﬁéd' 6 bcd} { 6 béd’ 6 hcd}
tensor C,(X,Y)Z- components of the

form{C; 5,0 €7 bea } = {C e Cvea } -
Tensors Cy = Co(X, Y)Z, C, = C;(XY)Z,
C,(X, Y)Z.

The basic invariants concircular AH-manifold will be
named.

Definition 5:

AH - manifold for which €;=0, AH- manifold of class
C;,i=0,1,...,7.

Theorem6:

1) AH- manifold of class C, characterized by
identity

vy C7 =

CX,Y)Z -C(XJY)JZ-C(X,Y)JZ-CUXJY)Z -
ICX, Y)IZ -ICXJY)Z - JCUX,Y) Z +
ICEUXJIY)IZ=0, X,Y,ZeXM)........... ©)

2) AH - manifold of class C; characterized by
identity

3) CX,V)Z
+CIX,JY)Z

+C(X,JY)J Z
+IC(X, Y)JI Z

CUX, Y)IZ
JCXJIY)Z -

TJPS

JCUX,Y)Z-JCUXJIYVNZ=0, X, Y, Z € X (M).
.......... (8)

4) AH - manifold of class C,
identity

C(X,Y)Z -C(X,JY)JZ +C(IX, Y)JZ +C(IX,JY) Z
SJIC(X,Y)WZ -IC(XJY)Z +ICUX,Y)Z -
JCUXJY)VWZ=0, X, Y, ZeX(M)..... 9)

5) AH - manifold of class C; characterized by
identity

characterized by

C(X,Y)Z +C(XJYNWZ +CUX,Y)JZ -
CUXJY)Z -JC(X, Y)JZ +JC(X,JY) Z
+JCUX, Y)Z +ICUXJY)Z =0; X,YV,Z € X
(M)........ (10)

6) AH- manifold of class C, characterized by
identity

C (X,Y)Z +C (XJY)JZ +C (X, YWZ -C
(0XJY)Z +C (X, YWZ -JC (XJY)Z -JC
(X, Y)Z -JC (IXJY)NZ =0; X,Y,Z € X (M).

....... (11)

7) AH - manifold of class Cs characterized by
identity

CX,Y)Z CXJYJZ+CUIX,Y)JZ +CUXJY)Z
+JC(X, Y)J Z +JC(X,JY) Z -JICUX,Y)Z
+ICUXJIYIZ=0;X,Y,ZEX(M)..... (12)

8) AH- manifold of class C, characterized by
identity

C(X,Y)Z +C(X,JY)J Z —CK( X, Y)JZ
+C(IX,JY) Z +JC(X, Y)J Z ~IC(XJY) Z
+JCUX, Y)Z +JICUXJIY)Z = 0; X VY, Z €X
). ... (13)

9) AH - manifold of class C, characterized by
identity

C X,Y)Z -C (XJY)JZ -C (X, Y)JZ -C
(UXJY)Z +)C (X, Y)JZ +)C (XJY)Z +JC
(X, Y)Z -JC IXJY)Z =0; X,Y,Z €X (M).
....... (14)

Proof:-

1) Let AH- manifold of class C, , the manifold of
class C, characterized by a condition C5 . =0,
or Co.q =0

i.e. [C(ec‘gd)eb]asa.

As o - a projector on DJﬁ,
0;

e (id-vV-1){CX-V-1JX Y- V-1]Y)(Z -
V=1)z)}=0.

Removing the brackets can be received: i.e.
C(X,Y)Z -CXJY)-CUX, Y)NZ -CUXJY)Z -
JIC(X, Y)IZ -IC(XJY)Z -JCUX, Y)HCUXJIY)Z
—1{CX,V)JZ + CX,JY)Z + CJX,Y)Z —
CUX,JY)]Z}

JCX,Z—-JCXJY)Z—]CUX,Y)]Z —
JCUX,,JY)Z}=0
i.e
1) C(X,Y)Z - CXJY)JZ - CUX,Y)NZ -
CUX,JY)Z-IC(X, Y)Z-IC(XJIY) Y -ICUX, Y) Z
+ICUXIYWNZ=0...c......... (15)

that o o {C (ox,0y)0oz} =
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2CX, YWZ +C(XJY)Z +COX,Y)Z -
CUXJYWZ +ICX,Y)Z -IC(XJIYNZ -
JCUX,Y)IZ-ICOXJIY)IZ=0 ... (16)

These equalities (15) and (16) are equivalent. The
second equality turns out from the first replacement Z
onJZ.

Thus AH - manifold of class C, characterized by
identity

CX,Y)Z - CKXJYNZ -CUOXYIZ -
CUXJY)z - X, Y)WZ -ICXJY) Z -
JCUX, Y)Z+JICUXJYNZ=0, XYZeX(M).

Similarly considering AH - manifold of classes C;-
C, can be received the 2,3,4,5,6,7 and 8.

Theorem 7:

The study shows that following inclusion relations
1)C=C +

2) Cy=C5 = C5 = Cg.

Proof : "For an example the study prove equality
C 5= Cg Let (M, J, g) - AH- manifold of class Cs, i.e
Cg.q = 0. Then according to (4) we have Cf,,=0, i.e.
The AH- manifold is manifold of class C, Back, let
M — AH- manifold of class C4, Cg.,=0 then, so,
according to (4) and. C;. ;=0 Thus, classes Cs and Cg
AH- manifold coincide."

Other equality are similarly proved. The study prove
inclusion C, o C = C,. Let (the M, J, g) - AH-
manifold of class C,, i.e. take place equalityC’® bed =
G- According to property (4) we have:

Cooy + Clpp + Clp.r 1.8 K, Thus, the AH- manifold
of a class C ;= C, is AH- manifold of class C, i.e.
Cq.=C,cC,

Putting(Folding) equality (8) and (9) The study
receive identity describing 4H- manifold of class
C,=C,

CX,Y) ZJK(X,JY)Z + JC(X,Y)]Z —

JCUX,JY)JZ = 0, X, Y,Z € X(M) .... (18)

From equality (7), (10), (12), (13) The study receive
the identity describing 4H- manifold of classes C (=
C 3=Cs = Cq:

CX,Y) Z+IKJIK,J Y)JIZ=0, X, Y,Z € X(M).... (19)
Definition8

Let (M,], g) is K- manifold of dimension 2n , K -
tensor conharmonic curvature. that components
tensor Riemann- Christoffel on space of the adjoint,
G-structure will be Reminded [5] look like:

)R, =R =0; 2)R* =—R%: =A™ —B*"B_ ;

bed bed bdc
JR: =R:. =0, 4R} =—R: =-AY +B""B

bod bed bod b hacs 7"
B)RZ, =R%, =0; 6)R: =2B™"B,,; 7)Ryy =0;
8) R:Cd' = Rbac“d =0;9) Rba@d' =2B""B Bho 10) Rhm =
(20)
and the components of Ricci tensor S on space of the
adjoint G-structure look like:
1S, =0;2)S, =0; 3)S,, =S, = A¥ +3B*"B,,
At last scalar curvature y Kahler manifolds in the
space of the adjoint G-structure is calculated under
the formula

bcd

TJPS

X =2A0 + 6BBye. o (22)

Theorem 9:-

The components of the concircular tensor of K-
manifold in the adjoined G-structure space are given
as the following forms

1) Capea = B*Bpan — Apg —

2) Capea = B *Bppe + AVARL

And the others conjugate to the above components or
equal to zero.

Proof.

By using Theorems (3.2.5) we compute the
components of concircular tensor as the following :
1)Puti=a,j—b k=¢l=4d

a
(n 1) 5‘151"

Cabca = Rabca — n(n 10 {gadgbc gacgbd}
Cabcd =0

2)Puti=a,j—b k=c¢l=4d
Cavca = Rapea — n(n 5 —=—{9gaaIpc — JacIpa}
Capca = 0 R

3) Puti=a,j =D, k =cand [ =

Cabea = Rabea — n(n 0 {gadgbc gachd}
Capea =0

4) Puti = a,j = bk ¢ andl =
Cavea = Rapea — (n D ~—{9aa9pe = GacGpal

Capea = 0 A
5 Put i = q,j = v k=cand [=d

Cavca = Rapca — n(n ) {gadgbc gacgb&}
Capca =0
6)Puti=A'=ﬁk I =d
Cﬁﬁcd Rapea — n(n ) {gadgbc Yacd Bd}
Capca =0
7) Puti =a,j=>, k =candl =
Cabéa = Ravea — n(n D {gadgbc 9acpal

Capca = B**Bpap — Ajg — - 1)5 8y
8) Puti=a,j=5b, k—c and [ =d

Cavca = Rapca — n(n 0 {gadgbc gdcgb&}
Capca = pad Bhb + o‘l n(n 1)5a5b

K K

CAbC& _ﬂgg+4n(n+1) g g+4n(n+1) {5g6b +

26¢82}
K

Cabcd c’qbc 2n(n+1) gcd

By using the properties of concircular tensor we
obtained :
Capca=Capeq as follows
Cabcd
Aad K Jad
be an(n+1) b€

Capac=-

CAbdc
Therefore,

Cabea =—Apq " 2n(ne1) Obd

In above theorem me calculated components
concircular tensor curvature on space of the adjointe
G-structure for K-manifolds and we C;andC, have

only other components concircular curvature tensor
are equal to zero .

K Sac
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i.e for K-manifold only two concircular curvature
tensor donts equal zero
C,with  component

component {Cfq, Cj.q}:

In the theory of almost Hermitian structures, there is
a principle of classification of such structures on
differential-geometric invariants of the second order
(symmetry properties of Riemann-Christoffel tensor).
The principle put forward by A. Gray and generated
in a number of their works are put depented on the
basis ([1], [5], [6]..), according to which key to
understanding of differential -geometrical properties
Kahler manifolds identities with which satisfies them
Riemann curvature tensor are:

Ri:(R(X,Y))Z, W) = (RUX,JY)Z, W);

Ry: (RX,Y)Z, W) = (R(X,JY)Z, W) +
(RUX,Y)JZ, W) + (RUX, Y)Z,JW);

R3: (R(X,Y)Z, W) = (RUX,] Y)JZ,JW);

Definition 10

AH -structures, tensor R which satisfies to identity Ri,
are called the structures of class R;. If6 — AH - any
subclass of AH-structures designation s NR;= s
where i =1, 2, 3.

well - known that C < Ry R, —R; [12]. So it is
natural to expect that among AH-manifolds for
differential - geometrical and topological properties
closest to the kahler manifold class, manifold class,
R;manifold class R, and at last manifold of class R5.
The manifold of class R, while having no special
items were introdused into consideration by A.Gray's
in connection with studying Kahler manifold whereas
Kc R,, and were considered Gray and Vanhecke [6],
and other authors.

Let (M, J, g) - Kahler manifold of dimension 2n,C
concircular curvature tensor.

Definition 11:-

The manifold (M, J, g) refers to as manifold of a
class:

1.GCif <CXY)ZW >=<C(X,Y)JZJW >;
2.C,if <CX,VZW >=< C(X,JY)Z,W > +<
CUX,VJZ,W > +< CUX,Y)Z,JW > ;

3.Cif <CX,Y)ZW >=< C(UX,JY)JZ,JW >.
....... (23)

Note 12.

From equation (19) follows that K - manifold of
class Co= C; =Cs = Cg are also manifold of a
class Cs.

Sense of the specified identities of curvature it is
most transparent it is shown in terms of a spectrum
concircular curvature tensor.

Theorem13:-

Let 8 = (J,g = <Xx,X>) is Kahler structure. Then
the following statements are equivalent:

(1) - Structure of a class Cs;

(2) €y = 0; and

(3) On space of the adjoint G-structure identities
Cfoq o are fair.

proof.

{Cpea Chca Jand C; - with

TJPS

Let 6 - structure of a class C;. Obviously, it is
equivalent to identity C(X,Y)Z + JCOXJY)JZ =0
' X, Y, Z € X(M). By definition of a spectrum tensor
C(X, Y)Z

= C(O) (X, Y)Z"' C(l) (X, Y)Z"' C(Z) (X, Y)Z"'

Cia) (X, ) Z+C 4y (X, Y)ZHC 5y (X, Y)Z+C ) (X, Y) Z+
Cnh(XY)Z ;X\Y,Z€ X(M)
JoCUXJY)]Z= JoCioyUX, JY)]Z+]Cryy X, JY)]Z +
JoCoyUX,JY)]Z+
JoCiaUX,JY)JZA]oCiay UX, JY)JZA] o C 5y UX, JY)] Z
+JoCe)UX, JY)JZA]oCi7yJX, JY)JZ=C 0y (X, Y) Z—~
Ciay(X, Y)Z—C iy (X, Y)Z+C 3y (X, Y) Z—Cyy (X, Y) Z +
Csy X, V)Z+Ci6) (X, V)Z-Cy(X,Y)Z ; X Y, Z €
X(M).

Putting term by these identities, will be received:
C(X, Y) ZHCIXIY)Z={C(oy(X, Y)Z +

Cia X YVZ + Csy (X, Y)Z + Ce) (X, Y) Z}

With means, the identity C(X, Y) Z + JC(IJX,JY)JZZ
=0 isequivalent to that

Cioy(X,VZ + Ci3) (X, Y)Z + C(5y (X, Y)Z + Ci0y (X, Y)Z
"and this identity is equivalent to identities Cy) =
Ces) = Csy = C(6) = 0. According to properties (4),
the received identities on space of the adjoint G-

structure are equivalent to relations.
a —ca =c% =Q"
bcd™“ped ™™ bed o )
"By virtue of materiality tensor C and its

properties(4) received relations which are equivalent
to relations Cy., = 0 ,i.e. identity Coy(X,Y)Z = 0.
The opposite, according to (19), obviously."”

Theorem 15:-

Let 6= (J, g = <-,->) is Kahler structure, then the
following statements are equivalent:

(1) 8- Structure of a class C,;

(2) C(O) = C(7) = 0, and

(3) On space of the attached G-structure identities
Chea = Chaq = 0 are fair.

proof.

Let 6 - structure of a class C,. We shall copy identity
C, in the following form.

With everyone composed this identity will be painted
according to definition of a spectrum tensor:

1) CX, VZ = Coy(XYV)Z + Cpy(X,Y)Z +
CoyXNZ + Ca(XYVZ + CuyXYVZ +
CsyXY)Z + Cey(X,VZ + K7 (X, Y)Z

2) CUXJIY)Z = Coy(UX,JV)Z + Ci1y(JX,JY)Z
C(Z)UX,]Y)Z + C(3)(]X,]Y)Z + Cay UX, JY)Z
Cs)UXJYV)Z + Cio)UXJY)Z + C (X, JY)Z = —
CoyXZ+  CyX,Y)Z+ Cp(XY)Z -
C(3)(X, Y)Z— C(4) (X, Y)Z'l‘ C(S) (X, Y)Z'i'
Ciey(X, Y)Z~ Cy(X, Y)Z

3) COXX, Y)Z = Coy(UX, Y)]Z + Ci1y(JX,Y)/Z
C(Z)UX,Y)]Z + C(3)(]X,Y)]Z + Cay UX,Y)JZ
CsUXYV)JZ + CeyUXY)JZ + C (X Y)]Z = —
CoXVZ - CH(XY)Z + Cup(X,Y)Z
Co(XVZ+ Cuy XY)Z + Cs(X,Y)Z
Coy(X,Y)Z — Cy(X, Y)Z

+ +

+ +

+
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4) JCIX,V)Z = JCoUXY)Z + JC1)UX Y)Z
+) Coy(UX,V)Z + JCi5\(UX,Y)Z + JCqy UX, Y)Z +]
CsyUXY)Z + JCoyUXY)Z + JC (X, Y)Z = —
CoXYVZ - CH(XYVZ + CpXY)Z +
CoHXY)Z- CuyXYVZ - C(C5XY)Z +
Cioy(X,Y)Z + C (X, Y)Z

Substituting these decomposition in the previous
equality, we shall receive:

CX,Y)Z -CUXJY)Z -CUX,YNZ HICUX, Y)Z
+HICUX, Y)Z=

2{ Coy XYV)Z + Csy (X, Y)Z + C (X, Y)Z +
CH(X,YZ }

This identity is equivalent to that

and these identities on space of the adjoint G-
structure are equivalent to identitiesC.; = .y =
Chea = Chea = Chea -

By virtue of materiality tensor C and his properties
(4), the received relations are equivalent to relations:
Cieq = Cisg, 1. to  identitiesCy)(X,Y)Z =
Coy(X, V)Z.

Back, let for K- manifold identities Cioy(X,Y)Z =
Cn(X,Y)Z = 0 are executed. Then from (10) and
(17) have:

CX,Y)Z-CXJY)NZ-COX, Y)VZ-C(IXJY)Z
=0

i.e.
C(X,Y)Z=C(UX,Y)JZ=C(UXJY)Z=C(XJY)Z
In the received identity instead of C(X.J Y) Z we shall
put the value received from (17) replacement Y —
JY and Z »JZ, ieC(XJY)Z=-ICUX,Y)Z.
Then
C(X,Y)Z=CUXJY)+C(X,Y)JZ-ICUX,JY)Z
ie.

<CX,Y)Z,W) >=< C(UX,JVZ,W > +<

CUX,Y)JZ,W > — < CUX,JVZ,JW > XY, Z,W €
X(M)

Thus, the manifold satisfies to identity C,.

The following theorem is similarly proved.

Theorem 16:-

Let 8= (J, g = <x, x>) is Kahler structure. Then the
following statements are equivalent:
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(1) 6 - structure of a class C;
(2) Co) = Cay = Cz) = 05

(3) On space of the attached G-structure
identitiesCy.q = Cf., = Cgpq are fair.

proof :

Let S - structure of a class C,. Obviously, it is

equivalent to identity

<C(X, Y)Z, W> =< C(X, Y)J Z, IW >

andwe getC(X, Y)Z+JC(X,Y)JZ=0; X Y,Z€
X (M)

By definition of a spectrum tensor

1) CX, V)Z = Cy(X,V)Z + C1)(X, Y)Z + Cy
X, V)Z + C5y (X, Y)Z + Cyy X, V)Z+ (5 (X,
Y)Z + Cy (X, V)Z + Cy X, V)Z; X, Y, ZE
X (M)

2) J o CX, YZ =1 o Coy(X,Y)JZ + J o
CyX,Y)JZ +J o Cpy(X,Y)JZ +

J o C(3)(X,Y)]Z + J °C(4)(X,Y)]Z + J o
CyX,Y)JZ +Jo Ciy(X,Y)JZ +

Jo Cn(X,Y)JZ = —Ciy(X,V)Z —Cryy (X,Y)Z~
Cizy X, V)Z-Cizy (X, Y)Z +Cqy (X, Y)Z~
Csy X, NZ-C6y(X, V)Z+ C(7y (X, Y)Z;
€ X(M)

Putting (1) and (2) in

C(X, Y)Z + JC(X,Y)JZ  means, this identity is
equivalent to that Cy(X,Y)Z + C)(X,Y)Z +
C(n(X,Y)Z =0

And this identity is equivalent to identities C(q) = C(4)
= C(7) =0

According to properties (4), The received identities
in space of the adjoint G- structure are equivalent to
relation Cj., = Cf., = C5: =0 .

Corollary 17:-

Let 8= (J, g = <x, x>) is Kahler structure. Then the

following inclusions of classes C; ¢ C, c Csare fair.
Conclusion

-The notion of tensor concircular curvature tensor of
Kahler manifolds has been studied and analyzing

The study of non- zero compounds of the concircular
curvature tensor of Kahler manifolds in the adjoint
G-structure space .
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