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1. Introduction

Conjugated gradient methods represent an important
class of optimization algorithms that are not
constrained by strong local and global convergence
characteristics and simple memory requirements. For
50 years now, researchers continue to express their
particular interest in convergence performance and
the ease of representation of algorithms in computer
programs in a consistent manner. These methods are
efficient in solving issues of large dimensions in
unrestricted optimization [1].

Attention is given to the methods of conjugate
gradient for two reasons.

1-These methods are among the oldest and best
known techniques for solving equation systems
Linear large dimensions are called linear conjugate
vector methods

2-These methods can be adapted to solve non-linear
optimization issues

The conditions mentioned above apply to the
conjugate vector algorithms to solve the system of
linear equations and are called the method of linear
conjugate directions However, our study is limited to

ABSTRACT

In this paper we can derive a new search direction of conjugating

gradient method associated with (Dai-Liao method ) the new algorithm
becomes converged by assuming some hypothesis. We are also able to
prove the Descent property for the new method, numerical results
showed for the proposed method is effective comparing with the (FR, HS
and DY) methods.

finding the lower end of nonlinear functions, and
therefore we look at the types of conjugate direction
algorithms (CG) to find the minimum end of
functions in a brief way.

which made them popular for engineers and
mathematicians are engaged in solving large-scale
problems in the following form:

minf(x) , x€R™...(1.1)

Where f: R™ - R is smooth nonlinear function and
its gradient is available . The iterative formula of CG
.method is given by S, = xp11 — Xk | k=12,

In which «a, is step — length to be computed by line
search procedure and d, is the search direction
defend by

di=-91 , diy1=—Grs1+Besk , k=12,..(1.2)
Where g, = Vf(x, ) and B, is parameter called the
contumacy condition, The step — length «, is chosen
to satisfy certain line search condition .

For general nonlinear function ,different choices of
By lead to different conjugate gradient methods ,will-
known formulas for g, are called the Fletcher-
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Reeves(FR) [13], Hestenes-Stiefel(HS)[7], Polak-
Ribier(PR)[14], are given by :
FR _ lIgk+1ll? HS _ Gks1Vk PR _

k lgeliz ~ Pk aly, Tk

T

Ik+1Vk

T .. (1.3)

Where y, =grs1—9grx and  |l¢|| denote the

Euclidian norm .

The line search in conjugate gradient algorithms is
often based on standard wolf condition :

f(Xk + akdk) < f(Xk) + Clakgﬁdk (14)

lg(xi + 4 di) IS co|ghdyc | oo (1.5)

Where dy is a descent directionand 0 < ¢; <c, <1 .
However for some conjugate gradient algorithms.[11
and 12]

2.1 method of Liao-Dai (Dai and Liao's Method
2001)

The search direction d, for many unconstrained
optimization methods, including Quasi Newton (QN),
and method BFGS (memory less) and BFGS (Limited
Memory), can be written as[2]

di+1 = —Hig418k41 - (2.1)

wher H,, is positive definite matrix of type achieves
the QN equation:

Hk+1Yk = Sk - (22)

It s, = a,d,, represents a step. Using (2.1) and (2.2)
we get

dl'£+1Yk = —(Hy418k+1) VK = _8E+1(Hk+1}’k) =
—8ir15k - (2.3)

Since in this case gi,,s = 0 with (ELS) then the
previous relationship leads to the fulfillment of the
conjugation condition. However, applied numerical
algorithms usually adopt inexact line search (ILS)
instead of an Exact line search (ELS). For this
reason, it seems more appropriate to replace the
conjugation condition

df, 1y =0.. (2.4)

With the following condition:-

dis1Yk = ~tGis15k - (2.5)

t = 0 is a numerical quantity to ensure that the search
direction d, in (2.5) fulfills the conjugation condition

(2.5) by multiplying (2.5) by Y, and by using (2.5)
Produce
DL _ Genn a0 () oy

k+1 — d;l{‘yk
it is clear that
DL HS g£+15k
= — === ... (2.7
k+1 k+1 dEYk ( )

Both( Dai and Liao) proposed an amendment to
version( 2.7) from the point of view of global
convergence of general functions, which limits the
first term to non-negative values

DL _ Max {QIZHYk 0} _thZ+15k (2 8)

k1 ™ diyx '’ diyx N
The length of the step a; can be obtained by using
any form of the search line. The two strong Wolfe
conditions (1.4) and (1.5)

i.e.( 4) and (5), are commonly used in conjugated
gradient methods.

TJPS

Both( Dai and Liao) have demonstrated the overall
convergence of this method, and for further
explanation see the source [2].

2.2 Method of Yabe-Takano (Yabe and Takano's
Method 2003) [3]

The Quasi- Newton method is defined as another way
to solve the problem of unconstrained optimization.
This method generates a series of vectors {x;} and
the matrix {B,,} Using iteration (2.9)

Xps1 = X + apdy ....(2.9)

and an update formula for the matrix B, , when d;
representing the direction of the search and obtained
by solving the linear system of equations

B,d, =—0, . By represents an approximation of

the invers Hessian matrix V2f(x;), the matrix B, ,

usually requires Secant Condition[3]

Br+15k = Yx - (2.10)

That is obtained from Tyler's expansion of the
gradient vector, as s =x x and

k
Y = 0ka — 0
Zhang, Deng and Chen (1999) and Zhang and Xu
(2001) expanded the secant requirement (2.10) and
proposed the following modified secant condition :-

Br+1Sk = f’ke - (2.11)
Yk =¥k + ﬁuk . (2.12)
kUK
Bk = 6(f (xx) — f(x+1)) + 3(gk + Gre+1) sk - (2.13)
u, e R" represents any vector that achieves s uy #

k k1

0. Taking H, , an inverse Hessian approximation,

the modified cut-off condition as follows
Hy19x = Sk (2.14)
¥ =Y+ U ... (2.15)

k Uk
Yabe and Takano deriving a new concomitant
condition according to Dai and Liao (Dai and Liao,
2001). For this purpose, the modified secant
condition (2.14) is used instead of the normal secant
condition (2.13)

Let Z, be known as follows:-
9

Ik =YV +p (sTE uk> .. (2.16)
k Uk

B = 6(fic — fier) + 3(gk + Grw1) sk
where 0 represents a constant non-negative quantity

and u, R" represents any vector that achieves

sfuy # 0.

and z, modified secant condition became as follows
Hk+1Zk = Sk« (217)

In the case p=0andp =1, this condition
corresponds to the normal secant condition (2.11)
and the modified secant condition (2.13),
respectively. Of (2.10) and (2.17) followed

dg+1zk = —(Hgs18k41) T2k = _g'lz+1(Hk+1Zk) =

—gF 15K - (2.18)

By taking this relationship into the hypothesis,
substitute the conjugation condition (2.17) with the
new condition
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dis1Zk = —tGs1Sk - (2.19)

ift>0 represents a numerical quantity. To ensure
that the direction of the search d, fulfills this
requirement by compensating (2.5) in (2.19) as
follows
~8ks12k + Brr1dkZ = —t8ip 1Sk -
To get By, new as follows

T

Kil — gk+1d(£1;]:t_5k) (2.2 1)
According to Dai and Liao, Yabe and Takano
modified the formula (2.21) as follows M
Max {9’5;12“ o} g—ﬁﬁik . (2.22)
The length of the step a; can be obtained by using
any form of the search line. Both Yabe and Takano
proved that the gradient method associated with
formula (2.22) has an overall convergence, see the
source [3]
2.3 Derive the new conjugated gradient formula
The main idea is to get the evolution of the method
by deriving a new formula for conjugated gradient
methods using the conjugated gradient method of Dai
and Liao. The search directions given for Dai and
Liao are as follows

dis1 = —8re1 + Bisk - (2.22)
Multiply the equation above by ¥,

(2.20)

dE+13_’k = _gE+1}_’k + Bisk¥k = 0 ... (2.23)

And using the conjugation condition  df,,y, =0
After simplification we get

Bksk}_’k = a1V - (2.24)

B — gk+1Yk (2 25)

Substltutlng the value of y, = 70,y, , in equation

(2.26) we get
That's where the value ¥, came to impose
B — gk+1(79k3’k) 6, = SESk — S']l(-i

K sT oy O T sty 7 T2 T ik
Substituting the 8;and 6, in the coefficient above,
we get the new formula for the coefficient as follows

T
SYG1 _ Jk+1(t01y1) _
B = oy ¢ 7= 00001... (226)
T
SYG2 _ Jk+1(102yK) _
B = e ¢ = 0:000001...(2.27)

Thus, we get the final version of the search direction
as follows

—8ks1 B U SK
BSYGZ

...(2.28)
..(2.29)

dis1 =
dis1 = —8ke1 +
2.4- A New Algorithm

Step 1: Initialization Select x; € R™, € > 0, set
91=Vfi,dy=—-grandk =1

Step 2: If

gilleo
< e then stop xy, is the optimal point , otherwise go to step3

Step 3: Calculate the length of step «a; > 0 satisfy
the wolf condition (1.4) and (1.5)

Step 4: Calculate
Xk41 = Xk + o dy and calculate fi,; and gy,q,
Step 5: Calculate the search direction dy,; =

—gk+1 + B sk, n=1.2

TJPS

and computep; ¢!, BSYGZ by use eq (2.26)and (2.27) and

T
0, = X% gnd @ SkYk
17 sTyk 27 ylvk
Step 6: If the rate of convergence |gi4+18xl >

0.2]lgk4111? satisfied then set

drs1 = —8k+1

_ - _ Nl
Step 7: Calculate an initial value oy, = ak( )

ldieall

Step 8: set k=k+1 and go to Step2
2.5 Some theoretical properties of the new
algorithm
This section contains proof of some important
properties of the proposed algorithm such as the
regression property of this algorithm as well as the
conjugation property
2.5.1 The Descent property of the new formula
We will mention the proof of the sufficient Descent
Property of the proposed new formula for the
conjugated gradient algorithm and that the sufficient
gradient of the conjugated gradient algorithm is
expressed as follows:

gE+1dk+1 < —cllgk+1l? . (2.30)

On the other hand, the (Lipschize) condition
yk < Ls; achieves the following divergence
sty < Llisell? ...(2.31)
Theory (2.1) (New)

Let d, the search direction for each (k 20) is

generated by the formula (2.28) and (2.29). Suppose
that the step size a; meets the Wolfe standard
condition (SDWC) (1.4) and (1.5) then d, achieves
sufficient descent property (2.31)

proof:-

Proof of mathematical induction

1- When k=1thend; = —g; —< 0 gld, <0
2- Suppose the relation (2.28) is true for all k.

3- We demonstrate the validity of the relationship

(2.28) when k=k+1 By multiplying the  ends of the
relationship (2.28) by gf,, we get
T
diy18ke1 = —llgrsall? + (—gls(izt(:}l'i;()) SEguat - (%)

T
Substituting for 6, = z’;ik in the equation above we
kYk

get
dE+1gk+1 =

T S’IESk

, gk“‘[(s{yk)yk T

N gresll? + | —7— | sk8ke -~ (2.32)

51€T< ’Tc k>J/k

skyk
Using ylyx < Lyrs, we get the following
dE+1gk+1 <
gT r< S’IESk )y
k+1 Lyxy_k k (233)

T
=l g+ ll* + T Te | SkBkt -
Lo

LyLyy

T
for substitution ¥, = r< )yk In the equation

Ly,c
above we get the following formula.

Ahigis < ~lgennll + (B2) sl . (2:34)

Where gp, .7 < 0
get the following

and sIy, > 0,57 g >0 we
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dr,18ke1 <0 ...(2.35)

Thus, the Descent property of the first proposed
formula is demonstrated now we demonstrate the
Descent property of 8, on the following equation

T —
di+18ks1 =

T
_ 2 Bk+1(M02yK) ) T
||gk+1” + ( SE(Tezyk) )Skgk+1 (236)
T
Substituting for 6, = f,kT_}ylk in the equation above we
kYk
get
dEHng = ;
9£+1T<;%ii)Yk T
_“gk+1”2 + T TN Sk 8k+1 - (237)
STT< kyk.)y
k
YRYk

According to ylyx < Msly, we substitute in the
equation above we get the following formulas

T
dis18ke1 <
T
T Mykyk)
g T Yk
k+1 ( yzyk
Myy

T A k
sk‘l:( T >yk
YiYk

~grs1ll> + ST giaq - (2.38)

Compensation for ¥, = ‘r( yy"y"
kY

)yk In the equation
above we get the following formula
Ik+1Yk

dEHng < —llgk+all* + ( T )Skgk+1 .(2.39)

Since g« <0 ,and sfy. >0,slgrrs >0 we
get the ending formula as follows

IFi1Pk <0....(2.40)

2.5.2 Analysis of the convergence property of the
proposed algorithm

In this section we will demonstrate that the( CG)

method with the direction of the research d,

converges absolutely to analyze the overall
convergence in many iterative methods we need the
following hypothesis
2.5.2Assumption (A1) [5]
We will impose the following hypotheses on the
target function
1- Level Set S={x € R": f(x) < f(x,)} Closed
and bonded at the primary point. That is,
thereisaconstant B > O sothat ||x|| < B , VX €S
2- f is continuous and derivative in some of the
vicinity of the level S and its gradients is Lipchitz
continues , there exist L >0 such that ||g(x) —
gl <Lllx—yl VxyeN
3- f is uniformly convex function , then there exist a
constant I' > 0 such that
Vf) =VfON"(x —y) 2 Tllx = yll*, for any x,y €S
Or equivalently
Vs 2 Tlisell? and Tllsll* < yisic < Lllsll?
On the other hand , under assumption (A1) , it is clear
that there exist positive constant B such that.
x| <BVx€ES ..(2.41)
IVF()| < & VX€ES...
Lemma (2.3) [5,6 and 7]
Suppose that assumption (2.3) and equation (2.41)
hold true, and the sequence {x;} is generated from
Xe41 = Xp +aid,. And d, is Descent search

(2.42)
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direction and «;, the length of the step is obtained by
Wolfe Line search .
If

1
L1 g, T
Then we get
limy_, o, (inf]|gy|]) = 0 ... (2.44)
More details can be found in[2 , 8 and 15]
Convex function uniformly, so by taking (2.5) we can
prove the following theories
Theorem (2.5)
Suppose that assumption (2.3) and the sequence
{x;}and the descent condition hold . conceder a
conjugate gradient method in the form
i1 = —8ke1 + BR sk, n= 1,2
Where «a, is computed from line search condition
(1.4) and (1.5) , if the objective function is uniformly
on aset S. then
Jim (infllg,[) = 0
Proof
Firstly , we need substituting our p,
direction dj,., there for we obtain :
i1 = —8rer + B ISk oo (2:45)

After simplify above equation we get
2

ldisell? = || 8k+1 T ( L ) Sk|| - (2.46)

kYk 2 2

< 24 gk 1 217l skl
ldis1ll? < llgksall® + —IlskIIZZIIVkIIZZ
2 2 Iy ll*lIskll
ldiesall? < Ngieal? (1 + —”;kuzllzmz) . (2.48)
— Iyl lIskll

Suppose that N= (1 + 7”51(”2"?](”2)
ldsll? < 1\1/<T>2 - (2.49)
ldsll? < ,—(N)Z .. (2.50)
ldjesll? < i .. (2.51)
Zkz1m = N"T) Y1=0...(2.52)
And by using assumption (2.3) then

limye, o (infl|gx|[) = 0
Now We will demonstrate the convergence property
2
T—

T
for g, = KK
.. (2.
YkYk )Sk ( 53)

yEvk
2 _
ldps1ll® = ||_8k+1 + (
g 1 112 15l 2 sl
yElIFKli2

ldis1ll? < llgraall® +
4 1P lsidl®

(i 2 < 2 ( 1
12 < lgrea 12 (1 -+ 005

- W)
Suppose that F—<1+ VTl

ldesrll? < 1(TJZF....(2.56)
ldissll? < 5 F ... (2557)
ldgs1ll> < = F ....(2.58)
1 1
- > =2 —
Yotz 2@ L1 = .. (259

And by using assumption (2.3) then
llim (inf]lgkl) = 0 ... (2.60)

3.6 Numerical Results

= o0 ..(2.43)

SYG1

sl in the

k+1Yk

.. (2.47)

T -
8k+1Yk

. (2.54)
) .. (2.55)
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In this section we will discuss the numerical results of
the proposed new algorithm obtained from the use of
the new formula for the B3 5%and BErS* conjugation
coefficients as well as the Wolfe (1.4) and (1.5)
conditional set of test functions in the unconstrained
optimization taken.(Andrei, 2008) [9] Always in the
calculation of unconstrained optimization algorithms,
we need the practical side because it is
complementary to the theoretical side. To understand
the power of the algorithm, we need to do it in
practical terms and test wvarious non-linear
unconstrained problems, To evaluate the performance
of these two proposed algorithms, 20 test functions
have been selected which are included in this letter
and are described in the Appendix..The functions are
selected for dimensions n=100,...,1000, and by
comparing the performance of these two new
proposed algorithms with the DY, HS, FR algorithms,
the measure used to stop the iterations of the
algorithms is || g, ||? < 107° The program is written
in( FORTRAN 77) and translated using Visual
(Fortran 6.6) in double-precision using a (standard-
capacity Pentium-4 calculator), the algorithms in this
thesis use the (in Exact line search) strategy (ILS).
The test functions usually start with the standard
starting point and the numerical results summary are
recorded in Figures (2.1),(2.2) and 2.3) and by
(Matlab R2009b) the program, The algorithm
evaluation scale is compared based on the method of
(Dolan and more) [3] to compare the efficiency of
the proposed algorithms with the DY, HS, FR
algorithms defined as thep = 750 set n, of test
functions and S = 5 the number of algorithms used.
Let [, ; the number of times the value of the objective
function be found by the algorithm Sto solve a
problem p.

Tps = ‘f; . (3.61)

Where 1, = min{l,,:s € S} Obviously 7, =1 for
all values p,s. If the algorithm fails to solve
problems, the ratio 7, ¢ is equal to the large number M
.Efficiency of the algorithm S defines the counseling
distribution of the efficiency rate r;, s .

P.(x) = ). (3.62)

Obviously pg(1) represents the percentage of
successful algorithm S preference Efficiency can also
be used to analyze iterations, number of gradient
values and processor time, In addition to get clear
observations in the following chart horizontal
coordinates and exponential scale [8].

Nots:-

1- Use conditional wollfe (1.4) &(1.5) to choose «a;,

size{peP:rp s<T

TJPS

2- Choose 7 =0.0001 for B! and t =
0.000001 for BSY6?

a6l (B
0ot £

085
om—§

07Hg

I
E

i
0851 — Y61
06§

ossf """"" FR
DY
055 e
10° 10
Figure (3-1) Comparison of algorithms in the number of
iterations

09f
08F ¢
§
orf ¢
¥

06

10° 1&
Figure (3-2) Comparison of algorithms in the number of
times the function is calculated

0951
oo ff

085}

083

i
075 ff — 56
{ — SR
07 | HS
wrnsenns FR

DY

065|_ 3
10° 10

Figure (3-3) Comparison of algorithms in time

Conclusions

In this paper we propose two new Conjugate Gradient
Methods based on( Dai — Liao) method. We study the
characteristics of these two formulas from the
scientific point of view and proved the properties of
the descent and convergence by using some
hypotheses. We also study the characteristics of the
matrices and compared their performance with the
methods of (HS, DY and FR) and gave us good
results.
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