
  
 

  
Tikrit Journal of Pure Science Vol. 27 (5) 2022 
 

84 

 

 

Tikrit Journal of Pure Science 
ISSN: 1813 – 1662 (Print)  --- E-ISSN: 2415 – 1726 (Online) 

 

Journal Homepage: http://tjps.tu.edu.iq/index.php/j 

 

 

Inferring the Eigenvalues and Eigenfunctions Asymptotically for the Eighth 

Order Boundary Value Problems 
Aryan Ali Mohammed 

1
, Rebaz Fadhil Mahmood 

2
 

1 
Department of Mathematical Sciences, College of Basic Education, University of Sulaimani, Kurdistan Region, Iraq 

2 
Department of Mathematics, College of Education, University of Sulaimani, Kurdistan Region, Iraq 

https://doi.org/10.25130/tjps.v27i5.21    
 

A r t i c l e  i n f o. 
Article history: 

-Received:      8 / 6 / 2022 

-Accepted:    26 / 7 / 2022 

-Available online:  /   / 2022 

Keywords: Eigenvalue problem, 

eigenvalue, eigenfunction, spectral 

parameter, asymptotic formula. 
Corresponding Author: 

Name: Aryan Ali Mohammed 

E-mail: 

aryan.mohammed@univsul.edu.iq  

rebaz.mahmood@univsul.edu.iq  

Tel: 

ABSTRACT 

In the present paper, we consider an eigenvalue problem generated by 

eight- order differential equations with suitable boundary conditions, 

that containing a spectral parameter. New accurate asymptotic 

expressions for the 8
th

 linearly independent solutions are computed. 

Then, new asymptotic formulas for the eigenvalues and eigenfunctions 

of this boundary value problem are obtained. 

 

 

Introduction 
In this paper, an eight-order linear differential 

operator is generated by the differential equation and 

boundary conditions of the form: 

𝑙(𝑦) = 𝑦(8)(𝑥) + 𝑞(𝑥)𝑦(𝑥) = 𝜆8𝑦(𝑥),      𝑥 ∈
[0, 𝑎]  … . (1)            

𝑈𝑗(𝑦(𝑥)) =

{
𝑦(𝑗)(0) = 0, 𝑗 = 0,1,2,3

∑  8
𝑘=1 (𝑖𝑤𝑗𝜆)

𝑘−1
𝑦(8−𝑘)(𝑎, 𝜆) = 0, 𝑗 = 4,5,6,7

… . (2)  

where 𝜆 is the spectral parameter and 𝑞(𝑥) is an 

arbitrary complex-valued function such that 𝑞(𝑥) ∈
𝐶2[0, 𝑎]. 
And also satisfies: 

𝑞′(0) = 𝑞′(𝑎) = 0, ∫  
𝑎

0
𝑞(𝑥)𝑑𝑥 =

0, provided 𝑞(𝑎) ≠ 0.  
Many authors have studied the spectral properties of 

eigenvalues and eigenfunctions of differential 

equations such as [1- 12]. 

The differential equation of second order has been 

studied by [2, 5, 6, 7, 9, 10] and an eigenvalue 

problem generated by fourth-order differential 

equation has been investigated by [1, 3, 4], and got 

asymptotic formulas for eigenvalues and 

eigenfunctions. 

While [8] have studied eigenvalue problem generated 

by 6
th

 order differential equations and also got 

asymptotic formulas for eigenvalues and 

eigenfunctions. 

In this paper, a new expression for the 8
th

 linearly 

independent solutions and asymptotic formulas of the 

eigenvalues and eigenfunctions of equations (1) and 

(2) is generated the auxiliary results needed are 

proven in section 2. 

2. Expressions of Fundamental Solutions  
In this section, we find a new asymptotic expression 

for the fundamental solutions of (1). 

Theorem 1: If we have the differential equation (1) 

.where, 𝑞(𝑥) ∈ 𝐶𝑛−1[0, 𝑎], then for 𝜆 ∈ 𝑇0, where 

𝑇0 = {𝜆: arg 𝜆 ∈ [0,
𝜋

8
]} and 𝑤𝑘 , 𝑘 = 0: 7 are eight 

root of unity, then eight linearly independent 

solutions and their derivatives can be expressed as 

𝑦𝑘
(𝑠)(𝑥, 𝜆) = (𝑖𝜆𝑤𝑘)𝑠𝑒𝑖𝜆𝑤𝑘𝑥 [𝐴0𝑠𝑘(𝑥) +

𝐴1𝑠𝑘(𝑥)

𝜆
+

𝐴2𝑠𝑘(𝑥)

𝜆2 +
𝐴3𝑠𝑘(𝑥)

𝜆3 +
𝐴4𝑠𝑘(𝑥)

𝜆4 +
𝐴5𝑠𝑘(𝑥)

𝜆5 +
𝐴6𝑠𝑘(𝑥)

𝜆6 + ⋯ +
𝐴𝑛𝑠𝑘(𝑥)

𝜆𝑛 + 𝑂 (
1

𝜆𝑛+1)],  

where 
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𝐴1𝑠𝑘 = 𝐴1𝑘(𝑥), 𝐴2𝑠𝑘 = 𝐴2𝑘(𝑥), 𝐴3𝑠𝑘 =
𝐴3𝑘(𝑥), 𝐴4𝑠𝑘 = 𝐴4𝑘(𝑥), 𝐴5𝑠𝑘 = 𝐴5𝑘(𝑥), 𝐴6𝑠𝑘 =
𝐴6𝑘(𝑥),  
𝐴7𝑠𝑘 = 𝐴7𝑘(𝑥),  

𝐴8𝑠𝑘 = 𝐴8𝑘(𝑥) − (
𝑆
1

) 𝑖𝑤𝑘
7𝐴7𝑘

′ (𝑥),  

𝐴9𝑠𝑘 = 𝐴9𝑘(𝑥) − (
𝑆
1

) 𝑖𝑤𝑘
7𝐴8𝑘

′ (𝑥) − (
𝑆
2

) 𝑤𝑘
6𝐴7𝑘

′′ (𝑥),  

𝐴10𝑠𝑘 =

𝐴10𝑘(𝑥) − (
𝑆
1

) 𝑖𝑤𝑘
7𝐴9𝑘

′ (𝑥) − (
𝑆
2

) 𝑤𝑘
6𝐴8𝑘

′′ (𝑥) +

(
𝑆
3

) 𝑖𝑤𝑘
5𝐴7𝑘

′′′ (𝑥),  

𝐴11𝑠𝑘 =

𝐴11𝑘(𝑥) − (
𝑆
1

) 𝑖𝑤𝑘
7𝐴10𝑘

′ (𝑥) − (
𝑆
2

) 𝑤𝑘
6𝐴9𝑘

′′ (𝑥) +

(
𝑆
3

) 𝑖𝑤𝑘
5𝐴8𝑘

′′′ (𝑥) + (
𝑆
4

) 𝑤𝑘
4𝐴7𝑘

(4)(𝑥),  

𝐴12𝑠𝑘 =

𝐴12𝑘(𝑥) − (
𝑆
1

) 𝑖𝑤𝑘
7𝐴11𝑘

′ (𝑥) − (
𝑆
2

) 𝑤𝑘
6𝐴10𝑘

′′ (𝑥) +

(
𝑆
3

) 𝑖𝑤𝑘
5𝐴9𝑘

′′′ (𝑥) + (
𝑆
4

) 𝑤𝑘
4𝐴8𝑘

(4)(𝑥) − (
𝑆
5

) 𝑖𝑤𝑘
3𝐴7𝑘

(5)(𝑥),  

𝐴13𝑠𝑘 =

𝐴13𝑘(𝑥) − (
𝑆
1

) 𝑖𝑤𝑘
7𝐴12𝑘

′ (𝑥) − (
𝑆
2

) 𝑤𝑘
6𝐴11𝑘

′′ (𝑥) +

(
𝑆
3

) 𝑖𝑤𝑘
5𝐴10𝑘

′′′ (𝑥) + (
𝑆
4

) 𝑤𝑘
4𝐴9𝑘

(4)(𝑥) −

(
𝑆
5

) 𝑖𝑤𝑘
3𝐴8𝑘

(5)(𝑥) − (
𝑆
6

) 𝑤𝑘
2𝐴7𝑘

(6)(𝑥),  

𝐴14𝑠𝑘 =

𝐴14𝑘(𝑥) − (
𝑆
1

) 𝑖𝑤𝑘
7𝐴13𝑘

′ (𝑥) − (
𝑆
2

) 𝑤𝑘
6𝐴12𝑘

′′ (𝑥) +

(
𝑆
3

) 𝑖𝑤𝑘
5𝐴11𝑘

′′′ (𝑥) + (
𝑆
4

) 𝑤𝑘
4𝐴10𝑘

(4) (𝑥) −

(
𝑆
5

) 𝑖𝑤𝑘
3𝐴9𝑘

(5)(𝑥) − (
𝑆
6

) 𝑤𝑘
2𝐴8𝑘

(6)(𝑥) + (
𝑆
7

) 𝑖𝑤𝑘
 𝐴7𝑘

(7)(𝑥),  

𝐴15𝑠𝑘 =

𝐴15𝑘(𝑥) − (
𝑆
1

) 𝑖𝑤𝑘
7𝐴14𝑘

′ (𝑥) − (
𝑆
2

) 𝑤𝑘
6𝐴13𝑘

′′ (𝑥) +

(
𝑆
3

) 𝑖𝑤𝑘
5𝐴12𝑘

′′′ (𝑥) + (
𝑆
4

) 𝑤𝑘
4𝐴11𝑘

(4) (𝑥) −

(
𝑆
5

) 𝑖𝑤𝑘
3𝐴10𝑘

(5) (𝑥) − (
𝑆
6

) 𝑤𝑘
2𝐴9𝑘

(6)(𝑥) +

(
𝑆
7

) 𝑖𝑤𝑘
 𝐴8𝑘

(7)(𝑥) + (
𝑆
8

) 𝐴7𝑘
(8)(𝑥).  

⋮ 
And for 𝑛 > 15 we have 

𝐴𝑛𝑠𝑘 =

𝐴𝑛𝑘(𝑥) − (
𝑆
1

) 𝑖𝑤𝑘
7𝐴𝑛−1,𝑘

′ (𝑥) − (
𝑆
2

) 𝑤𝑘
6𝐴𝑛−2,𝑘

′′ (𝑥) +

(
𝑆
3

) 𝑖𝑤𝑘
5𝐴𝑛−3,𝑘

′′′ (𝑥) + (
𝑆
4

) 𝑤𝑘
4𝐴𝑛−4,𝑘

(4) (𝑥) −

(
𝑆
5

) 𝑖𝑤𝑘
3𝐴𝑛−5,𝑘

(5) (𝑥) − (
𝑆
6

) 𝑤𝑘
2𝐴𝑛−6,𝑘

(6) (𝑥) +

(
𝑆
7

) 𝑖𝑤𝑘
 𝐴𝑛−7,𝑘

(7) (𝑥) + (
𝑆
8

) 𝐴𝑛−8,𝑘
(8) (𝑥).  

And 

𝐴0𝑘(𝑥) = 1, 𝐴1𝑘(𝑥) = 0, 𝐴2𝑘(𝑥) = 0, 𝐴3𝑘(𝑥) =
0, 𝐴4𝑘(𝑥) = 0, 𝐴5𝑘(𝑥) = 0, 𝐴6𝑘(𝑥) = 0,  

𝐴7𝑘(𝑥) = −
𝑖𝑤𝑘

8
∫  

𝑥

0
𝑞(𝑡)𝐴0,𝑘(𝑡)𝑑𝑡,  

𝐴8𝑘(𝑥) =

−
𝑖𝑤𝑘

8
∫  

𝑥

0
(−28𝑤𝑘

6 𝐴7,𝑘
′′ (𝑡) + 𝑞(𝑡)𝐴1,𝑘(𝑡)) 𝑑𝑡,  

𝐴9𝑘(𝑥) =

−
𝑖𝑤𝑘

8
∫  

𝑥

0
(−28𝑤𝑘

6𝐴8,𝑘
′′ (𝑡) + 56𝑖𝑤𝑘

5𝐴7,𝑘
′′′ (𝑡) +

𝑞(𝑡)𝐴2,𝑘(𝑡)) 𝑑𝑡,  

𝐴10𝑘(𝑥) =

−
𝑖𝑤𝑘

6
∫  

𝑥

0
(−28𝑤𝑘

6𝐴9,𝑘
′′ (𝑡) + 56𝑖𝑤𝑘

5𝐴8,𝑘
′′′ (𝑡) +

70𝑤𝑘
4𝐴7,𝑘

(4)(𝑡) + 𝑞(𝑡)𝐴3,𝑘(𝑡)) 𝑑𝑡,  

And for integer 𝑛 ≥ 11 we get that  

𝐴𝑛𝑘(𝑥) = −
𝑖𝑤𝑘

8
∫  

𝑥

0
(−28𝑤𝑘

6𝐴𝑛−1,𝑘
′′ (𝑥) +

56𝑖𝑤𝑘
5𝐴𝑛−2,𝑘

′′′ (𝑥) + 70𝑤𝑘
4𝐴𝑛−3,𝑘

(4) (𝑥) −

56𝑖𝑤𝑘
3𝐴𝑛−4,𝑘

(5) (𝑥) − 28𝑤𝑘
2𝐴𝑛−5,𝑘

(6) (𝑥) +

8𝑖𝑤𝑘𝐴𝑛−6,𝑘
(7) (𝑥) + 𝐴𝑛−7,𝑘

(8) (𝑥) + 𝑞(𝑥)𝐴𝑛−7,𝑘
 (𝑥)) 𝑑𝑡.  

Proof: As we see in [1], the solution of the 

differential equation can be written in a power series 

of the form 

𝑦𝑘(𝑥, 𝜆) = 𝑒𝜆 ∫  
𝑥

0 𝜙𝑘𝑑𝑡 ∑  ∞
𝑗=0

𝐴𝑗(𝑥)

𝜆𝑗 , where 𝜙𝑘(𝑥) =

𝑖𝑤𝑘 √𝜌(𝑥)8 , but in our problem  

 𝜌(𝑥) = 1 , can be written as 𝑦𝑘(𝑥, 𝜆) =

𝑒𝑖𝜆𝑤𝑘𝑥 ∑  ∞
𝑗=0

𝐴𝑗(𝑥)

𝜆𝑗 . 

We try to find 𝑦𝑘
′ , 𝑦𝑘

′′, 𝑦𝑘
′′′, 𝑦𝑘

(4)
, 𝑦𝑘

(5)
, 𝑦𝑘

(6)
,𝑦𝑘

(7)
,𝑦𝑘

(8)
  

and putting in the differential equation (1).  

𝑦𝑘(𝑥, 𝜆) = 𝑒𝑖𝜆𝑤𝑘𝑥 [𝐴0(𝑥) +
𝐴1(𝑥)

𝜆
+ ⋯ +

𝐴𝑛(𝑥)

𝜆𝑛 +

𝑂 (
1

𝜆𝑛+1)] , … … (3)  

𝑦𝑘
′ (𝑥, 𝜆) = 𝑖𝜆𝑤𝑘𝑒𝑖𝜆𝑤𝑘𝑥 [𝐴0(𝑥) +

1

𝜆
(𝐴1(𝑥) −

𝑖𝑤𝑘
7𝐴0

′ (𝑥)) +
1

𝜆2
(𝐴2(𝑥) − 𝑖𝑤𝑘

7𝐴1
′ (𝑥)) +

1

𝜆3 (𝐴3(𝑥) − 𝑖𝑤𝑘
7𝐴2

′ (𝑥)) +
1

𝜆4 (𝐴4(𝑥) − 𝑖𝑤𝑘
7𝐴3

′ (𝑥)) +

⋯ +
1

𝜆𝑛 (𝐴𝑛(𝑥) − 𝑖𝑤𝑘
7𝐴𝑛−1

′ (𝑥)) + 𝑂 (
1

𝜆𝑛+1)] , … … (4)  

𝑦𝑘
′′(𝑥, 𝜆) = (𝑖𝜆𝑤𝑘)2𝑒𝑖𝜆𝑤𝑘𝑥 [𝐴0(𝑥) +

1

𝜆
(𝐴1(𝑥) −

2𝑖𝑤𝑘
7𝐴0

′ (𝑥)) +
1

𝜆2 (𝐴2(𝑥) − 2𝑖𝑤𝑘
7𝐴1

′ (𝑥) −

𝑤𝑘
6𝐴0

′′(𝑥)) +
1

𝜆3
(𝐴3(𝑥) − 2𝑖𝑤𝑘

7𝐴2
′ (𝑥) −𝑤𝑘

6𝐴1
′′(𝑥)) +

1

𝜆4 (𝐴4(𝑥) − 2𝑖𝑤𝑘
7𝐴3

′ (𝑥) − 𝑤𝑘
6𝐴2

′′(𝑥)) +
1

𝜆5
(𝐴5(𝑥) −2𝑖𝑤𝑘

7𝐴4
′ (𝑥) − 𝑤𝑘

6𝐴3
′′(𝑥)) + ⋯ +

1

𝜆𝑛 (𝐴𝑛(𝑥) − 2𝑖𝑤𝑘
7𝐴𝑛−1

′ (𝑥) − 𝑤𝑘
6𝐴𝑛−2

′′ (𝑥)) +

𝑂 (
1

𝜆𝑛+1)] , … … . (5)  

𝑦𝑘
′′′(𝑥, 𝜆) = (𝑖𝜆𝑤𝑘)3𝑒𝑖𝜆𝑤𝑘𝑥 [𝐴0(𝑥) +

1

𝜆
(𝐴1(𝑥) −

3𝑖𝑤𝑘
7𝐴0

′ (𝑥)) +
1

𝜆2 (𝐴2(𝑥) − 3𝑖𝑤𝑘
7𝐴1

′ (𝑥) −

3𝑤𝑘
6𝐴0

′′(𝑥)) +
1

𝜆3
(𝐴3(𝑥) − 3𝑖𝑤𝑘

7𝐴2
′ (𝑥) − 3𝑤𝑘

6𝐴1
′′(𝑥) +

𝑖𝑤𝑘
5𝐴0

′′′(𝑥)) +
1

𝜆4
(𝐴4(𝑥) − 3𝑖𝑤𝑘

7𝐴3
′ (𝑥) −

3𝑤𝑘
6𝐴2

′′(𝑥) +𝑖𝑤𝑘𝐴1
′′′(𝑥)) +

1

𝜆5 (𝐴5(𝑥) −

3𝑖𝑤𝑘
7𝐴4

′ (𝑥) − 3𝑤𝑘
6𝐴3

′′(𝑥) + 𝑖𝑤𝑘𝐴2
′′′(𝑥)) + ⋯ +

1

𝜆𝑛 (𝐴𝑛(𝑥) − 3𝑖𝑤𝑘
7𝐴𝑛−1

′ (𝑥) − 3𝑤𝑘
6𝐴𝑛−2

′′ (𝑥) +

𝑖𝑤𝑘
5𝐴𝑛−3

′′′ (𝑥)) + 𝑂 (
1

𝜆𝑛+1)] , … … (6)  
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𝑦𝑘
(4)(𝑥, 𝜆) = (𝑖𝜆𝑤𝑘)4𝑒𝑖𝜆𝑤𝑘𝑥 [𝐴0(𝑥) +

1

𝜆
(𝐴1(𝑥) −

4𝑖𝑤𝑘
7𝐴0

′ (𝑥)) +
1

𝜆2 (𝐴2(𝑥) − 4𝑖𝑤𝑘
7𝐴1

′ (𝑥) −

6𝑤𝑘
6𝐴0

′′(𝑥)) +
1

𝜆3
(𝐴3(𝑥) − 4𝑖𝑤𝑘

7𝐴2
′ (𝑥) − 6𝑤𝑘

6𝐴1
′′(𝑥) +

4𝑖𝑤𝑘
5𝐴0

′′′(𝑥)) +
1

𝜆4 (𝐴4(𝑥) − 4𝑖𝑤𝑘
7𝐴3

′ (𝑥) −

6𝑤𝑘
6𝐴2

′′(𝑥) + 4𝑖𝑤𝑘
5𝐴1

′′′(𝑥) + 𝑤𝑘
4𝐴0

(4)(𝑥)) +
1

𝜆5
(𝐴5(𝑥) − 4𝑖𝑤𝑘

7𝐴4
′ (𝑥) −

6𝑤𝑘
6𝐴3

′′(𝑥) + 4𝑖𝑤𝑘
5𝐴2

′′′(𝑥) + 𝑤𝑘
4𝐴1

(4)(𝑥)) +
1

𝜆6
(𝐴6(𝑥) − 4𝑖𝑤𝑘

7𝐴5
′ (𝑥) −

6𝑤𝑘
6𝐴4

′′(𝑥) + 4𝑖𝑤𝑘
5𝐴3

′′′(𝑥) + 𝑤𝑘
4𝐴2

(4)(𝑥)) + ⋯ +
1

𝜆𝑛
(𝐴𝑛(𝑥) − 4𝑖𝑤𝑘

7𝐴𝑛−1
′ (𝑥) −

6𝑤𝑘
6𝐴𝑛−2

′′ (𝑥) + 4𝑖𝑤𝑘
5𝐴𝑛−3

′′′ (𝑥) + 𝑤𝑘
4𝐴𝑛−4

(4) (𝑥)) +

𝑂 (
1

𝜆𝑛+1)] ,  … . (7)  

𝑦𝑘
(5)(𝑥, 𝜆) = (𝑖𝜆𝑤𝑘)5𝑒𝑖𝜆𝑤𝑘𝑥 [𝐴0(𝑥) +

1

𝜆
(𝐴1(𝑥) −

5𝑖𝑤𝑘
7𝐴0

′ (𝑥)) +
1

𝜆2 (𝐴2(𝑥) − 5𝑖𝑤𝑘
7𝐴1

′ (𝑥) −

10𝑤𝑘
6𝐴0

′′(𝑥)) +
1

𝜆3
(𝐴3(𝑥) − 5𝑖𝑤𝑘

7𝐴2
′ (𝑥) − 10𝑤𝑘

6𝐴1
′′(𝑥) +

10𝑖𝑤𝑘
5𝐴0

′′′(𝑥)) +
1

𝜆4
(𝐴4(𝑥) − 5𝑖𝑤𝑘

7𝐴3
′ (𝑥) −

10𝑤𝑘
6𝐴2

′′(𝑥) + 10𝑖𝑤𝑘
5𝐴1

′′′(𝑥) + 5𝑤𝑘
4𝐴0

(4)(𝑥)) +
1

𝜆5
(𝐴5(𝑥) − 5𝑖𝑤𝑘

7𝐴4
′ (𝑥) −

10𝑤𝑘
6𝐴3

′′(𝑥) + 10𝑖𝑤𝑘
5𝐴2

′′′(𝑥) + 5𝑤𝑘
4𝐴1

(4)(𝑥) −

𝑖𝑤𝑘
3𝐴0

(5)(𝑥)) + ⋯ +
1

𝜆𝑛
(𝐴𝑛(𝑥) − 5𝑖𝑤𝑘

7𝐴𝑛−1
′ (𝑥) − 10𝑤𝑘

6𝐴𝑛−2
′′ (𝑥) +

10𝑖𝑤𝑘
5𝐴𝑛−3

′′′ (𝑥) + 5𝑤𝑘
4𝐴𝑛−4

(4) (𝑥) − 𝑖𝑤𝑘
3𝐴𝑛−5

(5) (𝑥)) +

𝑂 (
1

𝜆𝑛+1)] , … … (8)  

𝑦𝑘
(6)(𝑥, 𝜆) = (𝑖𝜆𝑤𝑘)6𝑒𝑖𝜆𝑤𝑘𝑥 [𝐴0(𝑥) +

1

𝜆
(𝐴1(𝑥) −

6𝑖𝑤𝑘
7𝐴0

′ (𝑥)) +
1

𝜆2
(𝐴2(𝑥) − 6𝑖𝑤𝑘

7𝐴1
′ (𝑥) −

15𝑤𝑘
6𝐴0

′′(𝑥)) +
1

𝜆3
(𝐴3(𝑥) − 6𝑖𝑤𝑘

7𝐴2
′ (𝑥) −

15𝑤𝑘
6𝐴1

′′(𝑥) + 20𝑖𝑤𝑘
5𝐴0

′′′(𝑥)) +
1

𝜆4
(𝐴4(𝑥) −

6𝑖𝑤𝑘
7𝐴3

′ (𝑥) − 15𝑤𝑘
6𝐴2

′′(𝑥) +

20𝑖𝑤𝑘
5𝐴1

′′′(𝑥) + 15𝑤𝑘
4𝐴0

(4)(𝑥)) +
1

𝜆5
(𝐴5(𝑥) −

6𝑖𝑤𝑘
7𝐴4

′ (𝑥) − 15𝑤𝑘
6𝐴3

′′(𝑥) +

20𝑖𝑤𝑘
5𝐴2

′′′(𝑥) + 15𝑤𝑘
4𝐴1

(4)(𝑥) − 6𝑖𝑤𝑘
3𝐴0

(5)(𝑥)) +
1

𝜆6
(𝐴6(𝑥) − 6𝑖𝑤𝑘

7𝐴5
′ (𝑥) −

15𝑤𝑘
6𝐴4

′′(𝑥) + 20𝑖𝑤𝑘
5𝐴3

′′′(𝑥) + 15𝑤𝑘
4𝐴2

(4)(𝑥) −

6𝑖𝑤𝑘
3𝐴1

(5)(𝑥) − 𝑤𝑘
2𝐴0

(6)(𝑥)) + ⋯ +
1

𝜆𝑛
(𝐴𝑛(𝑥) −

6𝑖𝑤𝑘
7𝐴𝑛−1

′ (𝑥) − 15𝑤𝑘
6𝐴𝑛−2

′′ (𝑥) +

20𝑖𝑤𝑘
5𝐴𝑛−3

′′′ (𝑥) + 15𝑤𝑘
4𝐴𝑛−4

(4) (𝑥) − 6𝑖𝑤𝑘
3𝐴𝑛−5

(5) (𝑥) −

𝑤𝑘
2𝐴𝑛−6

(6) (𝑥)) + 𝑂 (
1

𝜆𝑛+1)] , … (9)  

𝑦𝑘
(7)(𝑥, 𝜆) = (𝑖𝜆𝑤𝑘)7𝑒𝑖𝜆𝑤𝑘𝑥 [𝐴0(𝑥) +

1

𝜆
(𝐴1(𝑥) −

7𝑖𝑤𝑘
7𝐴0

′ (𝑥)) +
1

𝜆2
(𝐴2(𝑥) − 7𝑖𝑤𝑘

7𝐴1
′ (𝑥) −

21𝑤𝑘
6𝐴0

′′(𝑥)) +
1

𝜆3
(𝐴3(𝑥) − 7𝑖𝑤𝑘

7𝐴2
′ (𝑥) −

21𝑤𝑘
6𝐴1

′′(𝑥) + 35𝑖𝑤𝑘
5𝐴0

′′′(𝑥)) +
1

𝜆4
(𝐴4(𝑥) −

7𝑖𝑤𝑘
7𝐴3

′ (𝑥) − 21𝑤𝑘
6𝐴2

′′(𝑥) +

35𝑖𝑤𝑘
5𝐴1

′′′(𝑥) + 35𝑤𝑘
4𝐴0

(4)(𝑥)) +
1

𝜆5
(𝐴5(𝑥) −

7𝑖𝑤𝑘
7𝐴4

′ (𝑥) − 21𝑤𝑘
6𝐴3

′′(𝑥) +

35𝑖𝑤𝑘
5𝐴2

′′′(𝑥) + 35𝑤𝑘
4𝐴1

(4)(𝑥) − 21𝑖𝑤𝑘
3𝐴0

(5)(𝑥)) +
1

𝜆6
(𝐴6(𝑥) − 7𝑖𝑤𝑘

7𝐴5
′ (𝑥) −

21𝑤𝑘
6𝐴4

′′(𝑥) + 35𝑖𝑤𝑘
5𝐴3

′′′(𝑥) + 35𝑤𝑘
4𝐴2

(4)(𝑥) −

21𝑖𝑤𝑘
3𝐴1

(5)(𝑥) − 7𝑤𝑘
2𝐴0

(6)(𝑥)) +
1

𝜆7
(𝐴7(𝑥) −

7𝑖𝑤𝑘
7𝐴6

′ (𝑥) − 21𝑤𝑘
6𝐴5

′′(𝑥) + 35𝑖𝑤𝑘
5𝐴4

′′′(𝑥) +

35𝑤𝑘
4𝐴3

(4)(𝑥) − 21𝑖𝑤𝑘
3𝐴2

(5)(𝑥) − 7𝑤𝑘
2𝐴1

(6)(𝑥) +

𝑖𝑤𝑘
 𝐴0

(7)(𝑥)) + ⋯ +
1

𝜆𝑛
(𝐴𝑛(𝑥) − 7𝑖𝑤𝑘

7𝐴𝑛−1
′ (𝑥) −

21𝑤𝑘
6𝐴𝑛−2

′′ (𝑥) + 35𝑖𝑤𝑘
5𝐴𝑛−3

′′′ (𝑥) + 35𝑤𝑘
4𝐴𝑛−4

(4) (𝑥) −

21𝑖𝑤𝑘
3𝐴𝑛−5

(5) (𝑥) − 7𝑤𝑘
2𝐴𝑛−6

(6) (𝑥) + 𝑖𝑤𝑘
 𝐴𝑛−7

(7) (𝑥)) +

𝑂 (
1

𝜆𝑛+1)] , … … (10)  

𝑦𝑘
(8)(𝑥, 𝜆) = (𝑖𝜆𝑤𝑘)8𝑒𝑖𝜆𝑤𝑘𝑥 [𝐴0(𝑥) +

1

𝜆
(𝐴1(𝑥) −

8𝑖𝑤𝑘
7𝐴0

′ (𝑥)) +
1

𝜆2
(𝐴2(𝑥) − 8𝑖𝑤𝑘

7𝐴1
′ (𝑥) −

28𝑤𝑘
6𝐴0

′′(𝑥)) +
1

𝜆3
(𝐴3(𝑥) − 8𝑖𝑤𝑘

7𝐴2
′ (𝑥) −

28𝑤𝑘
6𝐴1

′′(𝑥) + 56𝑖𝑤𝑘
5𝐴0

′′′(𝑥)) +
1

𝜆4
(𝐴4(𝑥) −

8𝑖𝑤𝑘
7𝐴3

′ (𝑥) − 28𝑤𝑘
6𝐴2

′′(𝑥) +

56𝑖𝑤𝑘
5𝐴1

′′′(𝑥) + 70𝑤𝑘
4𝐴0

(4)(𝑥)) +
1

𝜆5
(𝐴5(𝑥) −

8𝑖𝑤𝑘
7𝐴4

′ (𝑥) − 28𝑤𝑘
6𝐴3

′′(𝑥) +

56𝑖𝑤𝑘
5𝐴2

′′′(𝑥) + 70𝑤𝑘
4𝐴1

(4)(𝑥) − 56𝑖𝑤𝑘
3𝐴0

(5)(𝑥)) +
1

𝜆6
(𝐴6(𝑥) − 8𝑖𝑤𝑘

7𝐴5
′ (𝑥) −

28𝑤𝑘
6𝐴4

′′(𝑥) + 56𝑖𝑤𝑘
5𝐴3

′′′(𝑥) + 70𝑤𝑘
4𝐴2

(4)(𝑥) −

56𝑖𝑤𝑘
3𝐴1

(5)(𝑥) − 28𝑤𝑘
2𝐴0

(6)(𝑥)) +
1

𝜆7
(𝐴7(𝑥) −

8𝑖𝑤𝑘
7𝐴6

′ (𝑥) − 28𝑤𝑘
6𝐴5

′′(𝑥) + 56𝑖𝑤𝑘
5𝐴4

′′′(𝑥) +

70𝑤𝑘
4𝐴3

(4)(𝑥) − 56𝑖𝑤𝑘
3𝐴2

(5)(𝑥) − 28𝑤𝑘
2𝐴1

(6)(𝑥) +

8𝑖𝑤𝑘
 𝐴0

(7)(𝑥)) +
1

𝜆8
(𝐴8(𝑥) − 8𝑖𝑤𝑘

7𝐴7
′ (𝑥) −

28𝑤𝑘
6𝐴6

′′(𝑥) + 56𝑖𝑤𝑘
5𝐴5

′′′(𝑥) + 70𝑤𝑘
4𝐴4

(4)(𝑥) −

56𝑖𝑤𝑘
3𝐴3

(5)(𝑥) − 28𝑤𝑘
2𝐴2

(6)(𝑥) + 8𝑖𝑤𝑘
 𝐴1

(7)(𝑥) +

𝐴0
(8)(𝑥)) + ⋯ +

1

𝜆𝑛
(𝐴𝑛(𝑥) − 8𝑖𝑤𝑘

7𝐴𝑛−1
′ (𝑥) −

28𝑤𝑘
6𝐴𝑛−2

′′ (𝑥) + 56𝑖𝑤𝑘
5𝐴𝑛−3

′′′ (𝑥) + 70𝑤𝑘
4𝐴𝑛−4

(4) (𝑥) −

56𝑖𝑤𝑘
3𝐴𝑛−5

(5) (𝑥) − 28𝑤𝑘
2𝐴𝑛−6

(6) (𝑥) + 8𝑖𝑤𝑘
 𝐴𝑛−7

(7) (𝑥) +

𝐴𝑛−8
(8) (𝑥)) + 𝑂 (

1

𝜆𝑛+1)] . … . . (11)  

Putting (3) and (11) in (1) and after simplification 

we get: 

𝜆8𝑒𝑖𝜆𝑤𝑘𝑥 [ 
1

𝜆
(−8𝑖𝑤𝑘

7𝐴0
′ (𝑥)) +

1

𝜆2
(− 8𝑖𝑤𝑘

7𝐴1
′ (𝑥) −

28𝑤𝑘
6𝐴0

′′(𝑥)) +
1

𝜆3
(−8𝑖𝑤𝑘

7𝐴2
′ (𝑥) − 28𝑤𝑘

6𝐴1
′′(𝑥) + 56𝑖𝑤𝑘

5𝐴0
′′′(𝑥)) +

1

𝜆4
(−8𝑖𝑤𝑘

7𝐴3
′ (𝑥) − 28𝑤𝑘

6𝐴2
′′(𝑥) +

56𝑖𝑤𝑘
5𝐴1

′′′(𝑥) + 70𝑤𝑘
4𝐴0

(4)(𝑥)) +
1

𝜆5
(−8𝑖𝑤𝑘

7𝐴4
′ (𝑥) −

28𝑤𝑘
6𝐴3

′′(𝑥) + 56𝑖𝑤𝑘
5𝐴2

′′′(𝑥) + 70𝑤𝑘
4𝐴1

(4)(𝑥) −

56𝑖𝑤𝑘
3𝐴0

(5)(𝑥)) +
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1

𝜆6
(−8𝑖𝑤𝑘

7𝐴5
′ (𝑥) − 28𝑤𝑘

6𝐴4
′′(𝑥) + 56𝑖𝑤𝑘

5𝐴3
′′′(𝑥) +

70𝑤𝑘
4𝐴2

(4)(𝑥) − 56𝑖𝑤𝑘
3𝐴1

(5)(𝑥) − 28𝑤𝑘
2𝐴0

(6)(𝑥)) +
1

𝜆7
(−8𝑖𝑤𝑘

7𝐴6
′ (𝑥) − 28𝑤𝑘

6𝐴5
′′(𝑥) + 56𝑖𝑤𝑘

5𝐴4
′′′(𝑥) +

70𝑤𝑘
4𝐴3

(4)(𝑥) − 56𝑖𝑤𝑘
3𝐴2

(5)(𝑥) − 28𝑤𝑘
2𝐴1

(6)(𝑥) +

8𝑖𝑤𝑘
 𝐴0

(7)(𝑥)) +
1

𝜆8
(−8𝑖𝑤𝑘

7𝐴7
′ (𝑥) − 28𝑤𝑘

6𝐴6
′′(𝑥) +56𝑖𝑤𝑘

5𝐴5
′′′(𝑥) +

70𝑤𝑘
4𝐴4

(4)(𝑥) − 56𝑖𝑤𝑘
3𝐴3

(5)(𝑥) − 28𝑤𝑘
2𝐴2

(6)(𝑥) +

8𝑖𝑤𝑘
 𝐴1

(7)(𝑥) + 𝐴0
(8)

(𝑥) + 𝑞(𝑥)𝐴0
 (𝑥)) +

1

𝜆9
(−8𝑖𝑤𝑘

7𝐴8
′ (𝑥) − 28𝑤𝑘

6𝐴7
′′(𝑥) +56𝑖𝑤𝑘

5𝐴6
′′′(𝑥) +

70𝑤𝑘
4𝐴5

(4)(𝑥) − 56𝑖𝑤𝑘
3𝐴4

(5)(𝑥) − 28𝑤𝑘
2𝐴3

(6)(𝑥) +

8𝑖𝑤𝑘
 𝐴2

(7)(𝑥) + 𝐴1
(8)

(𝑥) + 𝑞(𝑥)𝐴1
 (𝑥)) +

1

𝜆10
(−8𝑖𝑤𝑘

7𝐴9
′ (𝑥) − 28𝑤𝑘

6𝐴8
′′(𝑥) +56𝑖𝑤𝑘

5𝐴7
′′′(𝑥) +

70𝑤𝑘
4𝐴6

(4)(𝑥) − 56𝑖𝑤𝑘
3𝐴5

(5)(𝑥) − 28𝑤𝑘
2𝐴4

(6)(𝑥) +

8𝑖𝑤𝑘
 𝐴3

(7)(𝑥) + 𝐴2
(8)

(𝑥) + 𝑞(𝑥)𝐴2
 (𝑥)) + ⋯ +

1

𝜆𝑛
(−8𝑖𝑤𝑘

7𝐴𝑛−1
′ (𝑥) − 28𝑤𝑘

6𝐴𝑛−2
′′ (𝑥) +

56𝑖𝑤𝑘
5𝐴𝑛−3

′′′ (𝑥) + 70𝑤𝑘
4𝐴𝑛−4

(4) (𝑥) − 56𝑖𝑤𝑘
3𝐴𝑛−5

(5) (𝑥) −

28𝑤𝑘
2𝐴𝑛−6

(6) (𝑥) + 8𝑖𝑤𝑘
 𝐴𝑛−7

(7) (𝑥) + 𝐴𝑛−8
(8) (𝑥) +

𝑞(𝑥)𝐴𝑛−8
 (𝑥)) + 𝑂 (

1

𝜆𝑛+1)] = 0.  

By equating the coefficients of the same power of  
1

𝜆  , 

then we get the following relation: 

−8𝑖𝑤𝑘
7𝐴0

′ (𝑥) = 0,  
−8𝑖𝑤𝑘

7𝐴1
′ (𝑥) − 28𝑤𝑘

6𝐴0
′′(𝑥) = 0,  

−8𝑖𝑤𝑘
7𝐴2

′ (𝑥) − 28𝑤𝑘
6𝐴1

′′(𝑥) + 56𝑖𝑤𝑘
5𝐴0

′′′(𝑥) = 0,  
−8𝑖𝑤𝑘

7𝐴3
′ (𝑥) − 28𝑤𝑘

6𝐴2
′′(𝑥) + 56𝑖𝑤𝑘

5𝐴1
′′′(𝑥) +

70𝑤𝑘
4𝐴0

(4)(𝑥) = 0,  

−8𝑖𝑤𝑘
7𝐴4

′ (𝑥) − 28𝑤𝑘
6𝐴3

′′(𝑥) + 56𝑖𝑤𝑘
5𝐴2

′′′(𝑥) +

70𝑤𝑘
4𝐴1

(4)(𝑥) − 56𝑖𝑤𝑘
3𝐴0

(5)(𝑥) = 0,  

−8𝑖𝑤𝑘
7𝐴5

′ (𝑥) − 28𝑤𝑘
6𝐴4

′′(𝑥) + 56𝑖𝑤𝑘
5𝐴3

′′′(𝑥) +

70𝑤𝑘
4𝐴2

(4)(𝑥) − 56𝑖𝑤𝑘
3𝐴1

(5)(𝑥) − 28𝑤𝑘
2𝐴0

(6)(𝑥) = 0,  

−8𝑖𝑤𝑘
7𝐴6

′ (𝑥) − 28𝑤𝑘
6𝐴5

′′(𝑥) + 56𝑖𝑤𝑘
5𝐴4

′′′(𝑥) +

70𝑤𝑘
4𝐴3

(4)(𝑥) − 56𝑖𝑤𝑘
3𝐴2

(5)(𝑥) − 28𝑤𝑘
2𝐴1

(6)(𝑥) +

8𝑖𝑤𝑘𝐴0
(7)(𝑥) = 0,  

−8𝑖𝑤𝑘
7𝐴7

′ (𝑥) − 28𝑤𝑘
6𝐴6

′′(𝑥) + 56𝑖𝑤𝑘
5𝐴5

′′′(𝑥) +

70𝑤𝑘
4𝐴4

(4)(𝑥) − 56𝑖𝑤𝑘
3𝐴3

(5)(𝑥) − 28𝑤𝑘
2𝐴2

(6)(𝑥) +

8𝑖𝑤𝑘𝐴1
(7)(𝑥) + 𝐴0

(8)(𝑥) + 𝑞(𝑥)𝐴0(𝑥) = 0,  

−8𝑖𝑤𝑘
7𝐴8

′ (𝑥) − 28𝑤𝑘
6𝐴7

′′(𝑥) + 56𝑖𝑤𝑘
5𝐴6

′′′(𝑥) +

70𝑤𝑘
4𝐴5

(4)(𝑥) − 56𝑖𝑤𝑘
3𝐴4

(5)(𝑥) − 28𝑤𝑘
2𝐴3

(6)(𝑥) +

8𝑖𝑤𝑘𝐴2
(7)(𝑥) + 𝐴1

(8)(𝑥) + 𝑞(𝑥)𝐴1(𝑥) = 0,  

−8𝑖𝑤𝑘
7𝐴9

′ (𝑥) − 28𝑤𝑘
6𝐴8

′′(𝑥) + 56𝑖𝑤𝑘
5𝐴7

′′′(𝑥) +

70𝑤𝑘
4𝐴6

(4)(𝑥) − 56𝑖𝑤𝑘
3𝐴5

(5)(𝑥) − 28𝑤𝑘
2𝐴4

(6)(𝑥) +

8𝑖𝑤𝑘𝐴3
(7)(𝑥) + 𝐴2

(8)(𝑥) + 𝑞(𝑥)𝐴2(𝑥) = 0,  
⋮ 
−8𝑖𝑤𝑘

7𝐴𝑛−1
′ (𝑥) − 28𝑤𝑘

6𝐴𝑛−2
′′ (𝑥) + 56𝑖𝑤𝑘

5𝐴𝑛−3
′′′ (𝑥) +

70𝑤𝑘
4𝐴𝑛−4

(4) (𝑥) − 56𝑖𝑤𝑘
3𝐴𝑛−5

(5) (𝑥) − 28𝑤𝑘
2𝐴𝑛−6

(6) (𝑥) +

8𝑖𝑤𝑘𝐴𝑛−7
(7) (𝑥) + 𝐴𝑛−8

(8) (𝑥) + 𝑞(𝑥)𝐴𝑛−8
 (𝑥) = 0.  

by solving above equations, we get 

𝐴0𝑘(𝑥) = 1, 𝐴1𝑘(𝑥) = 0, 𝐴2𝑘(𝑥) = 0, 𝐴3𝑘(𝑥) =
0, 𝐴4𝑘(𝑥) = 0, 𝐴5𝑘(𝑥) = 0, 𝐴6𝑘(𝑥) = 0,  

𝐴7𝑘(𝑥) = −
𝑖𝑤𝑘

8
∫  

𝑥

0
𝑞(𝑡)𝐴0,𝑘(𝑡)𝑑𝑡,  

𝐴8𝑘(𝑥) =

−
𝑖𝑤𝑘

8
∫  

𝑥

0
(−28𝑤𝑘

6 𝐴7,𝑘
′′ (𝑡) + 𝑞(𝑡)𝐴1,𝑘(𝑡)) 𝑑𝑡,  

𝐴9𝑘(𝑥) =

−
𝑖𝑤𝑘

8
∫  

𝑥

0
(−28𝑤𝑘

6𝐴8,𝑘
′′ (𝑡) + 56𝑖𝑤𝑘

5𝐴7,𝑘
′′′ (𝑡) +

𝑞(𝑡)𝐴2,𝑘(𝑡)) 𝑑𝑡,  

𝐴10𝑘(𝑥) =

−
𝑖𝑤𝑘

6
∫  

𝑥

0
(−28𝑤𝑘

6𝐴9,𝑘
′′ (𝑡) + 56𝑖𝑤𝑘

5𝐴8,𝑘
′′′ (𝑡) +

70𝑤𝑘
4𝐴7,𝑘

(4)(𝑡) + 𝑞(𝑡)𝐴3,𝑘(𝑡)) 𝑑𝑡,  

And for integer 𝑛 ≥ 11, we get that 𝐴𝑛𝑘(𝑥) =

−
𝑖𝑤𝑘

8
∫  

𝑥

0
(−28𝑤𝑘

6𝐴𝑛−1,𝑘
′′ (𝑥) + 56𝑖𝑤𝑘

5𝐴𝑛−2,𝑘
′′′ (𝑥) +

70𝑤𝑘
4𝐴𝑛−3,𝑘

(4) (𝑥) − 56𝑖𝑤𝑘
3𝐴𝑛−4,𝑘

(5) (𝑥) −

28𝑤𝑘
2𝐴𝑛−5,𝑘

(6) (𝑥) + 8𝑖𝑤𝑘𝐴𝑛−6,𝑘
(7) (𝑥) + 𝐴𝑛−7,𝑘

(8) (𝑥) +

𝑞(𝑥)𝐴𝑛−7,𝑘
 (𝑥)) 𝑑𝑡. 

So, we obtain 

𝐴1𝑠𝑘 = 𝐴1𝑘(𝑥) − (
𝑆
1

) 𝑖𝑤𝑘
7𝐴0𝑘

′ (𝑥),  

𝐴2𝑠𝑘 = 𝐴2𝑘(𝑥) − (
𝑆
1

) 𝑖𝑤𝑘
7𝐴1𝑘

′ (𝑥) − (
𝑆
2

) 𝑤𝑘
7𝐴0𝑘

′′ (𝑥),  

𝐴3𝑠𝑘 = 𝐴3𝑘(𝑥) − (
𝑆
1

) 𝑖𝑤𝑘
7𝐴2𝑘

′ (𝑥) − (
𝑆
2

) 𝑤𝑘
6𝐴1𝑘

′′ (𝑥) +

(
𝑆
3

) 𝑖𝑤𝑘
5𝐴0𝑘

′′′ (𝑥),  

𝐴4𝑠𝑘 = 𝐴4𝑘(𝑥) − (
𝑆
1

) 𝑖𝑤𝑘
7𝐴3𝑘

′ (𝑥) − (
𝑆
2

) 𝑤𝑘
6𝐴2𝑘

′′ (𝑥)

+ (
𝑆
3

) 𝑖𝑤𝑘
5𝐴1𝑘

′′′ (𝑥) + (
𝑆
4

) 𝑤𝑘
4𝐴0𝑘

(4)
(𝑥),

  

𝐴5𝑠𝑘 = 𝐴5𝑘(𝑥) − (
𝑆
1

) 𝑖𝑤𝑘
7𝐴4𝑘

′ (𝑥) − (
𝑆
2

) 𝑤𝑘
6𝐴3𝑘

′′ (𝑥) +

(
𝑆
3

) 𝑤𝑘
5𝐴2𝑘

′′′ (𝑥) + (
𝑆
4

) 𝑤𝑘
4𝐴1𝑘

(4)(𝑥) − (
𝑆
5

) 𝑖𝑤𝑘
3𝐴0𝑘

(5)(𝑥),  

𝐴6𝑠𝑘 = 𝐴6𝑘(𝑥) − (
𝑆
1

) 𝑖𝑤𝑘
7𝐴5𝑘

′ (𝑥) − (
𝑆
2

) 𝑤𝑘
6𝐴4𝑘

′′ (𝑥) +

(
𝑆
3

) 𝑖𝑤𝑘
5𝐴3𝑘

′′′ (𝑥) + (
𝑆
4

) 𝑤𝑘
4𝐴2𝑘

(4)(𝑥) −

(
𝑆
5

) 𝑖𝑤𝑘
3𝐴1𝑘

(5)(𝑥) − (
𝑆
6

) 𝑤𝑘
2𝐴0𝑘

(6)(𝑥),  

𝐴7𝑠𝑘 = 𝐴7𝑘(𝑥) − (
𝑆
1

) 𝑖𝑤𝑘
7𝐴6𝑘

′ (𝑥) − (
𝑆
2

) 𝑤𝑘
6𝐴5𝑘

′′ (𝑥) +

(
𝑆
3

) 𝑖𝑤𝑘
5𝐴4𝑘

′′′ (𝑥) + (
𝑆
4

) 𝑤𝑘
4𝐴3𝑘

(4)(𝑥) −

(
𝑆
5

) 𝑖𝑤𝑘
3𝐴2𝑘

(5)(𝑥) − (
𝑆
6

) 𝑤𝑘
2𝐴1𝑘

(6)(𝑥) + (
𝑆
7

) 𝑖𝑤𝑘
 𝐴0𝑘

(7)(𝑥),  

𝐴8𝑠𝑘 = 𝐴8𝑘(𝑥) − (
𝑆
1

) 𝑖𝑤𝑘
7𝐴7𝑘

′ (𝑥) − (
𝑆
2

) 𝑤𝑘
6𝐴6𝑘

′′ (𝑥) +

(
𝑆
3

) 𝑖𝑤𝑘
5𝐴5𝑘

′′′ (𝑥) + (
𝑆
4

) 𝑤𝑘
4𝐴4𝑘

(4)(𝑥) −

(
𝑆
5

) 𝑖𝑤𝑘
3𝐴3𝑘

(5)(𝑥) − (
𝑆
6

) 𝑤𝑘
2𝐴1𝑘

(6)(𝑥) +

(
𝑆
7

) 𝑖𝑤𝑘
 𝐴1𝑘

(7)(𝑥) + (
𝑆
8

) 𝐴0𝑘
(8)(𝑥),  

and so on. For 𝑛 > 8 we have 

𝐴𝑛𝑠𝑘 =

𝐴𝑛𝑘(𝑥) − (
𝑆
1

) 𝑖𝑤𝑘
7𝐴𝑛−1𝑘

′ (𝑥) − (
𝑆
2

) 𝑤𝑘
6𝐴𝑛−2,𝑘

′′ (𝑥) +

(
𝑆
3

) 𝑖𝑤𝑘
5𝐴𝑛−3,𝑘

′′′ (𝑥) + (
𝑆
4

) 𝑤𝑘
4𝐴𝑛−4,𝑘

(4) (𝑥) −
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(
𝑆
5

) 𝑖𝑤𝑘
3𝐴𝑛−5,𝑘

(5) (𝑥) − (
𝑆
6

) 𝑤𝑘
2𝐴𝑛−6,𝑘

(6) (𝑥) +

(
𝑆
7

) 𝑖𝑤𝑘
 𝐴𝑛−7,𝑘

(7) (𝑥) + (
𝑆
8

) 𝐴𝑛−8,𝑘
(8) (𝑥).  

But since 

𝐴0𝑘(𝑥), 𝐴1𝑘(𝑥), 𝐴2𝑘(𝑥), 𝐴3𝑘(𝑥), 𝐴4𝑘(𝑥), 𝐴5𝑘(𝑥)  and 𝐴6𝑘(𝑥)
are constants, their derivatives vanish. Then we can 

write: 

𝐴1𝑠𝑘 = 𝐴1𝑘(𝑥), 𝐴2𝑠𝑘 = 𝐴2𝑘(𝑥), 𝐴3𝑠𝑘 =
𝐴3𝑘(𝑥), 𝐴4𝑠𝑘 = 𝐴4𝑘(𝑥), 𝐴5𝑠𝑘 = 𝐴5𝑘(𝑥), 𝐴6𝑠𝑘 =
𝐴6𝑘(𝑥),  

𝐴7𝑠𝑘 = 𝐴7𝑘(𝑥), 𝐴8𝑠𝑘 = 𝐴8𝑘(𝑥) − (
𝑆
1

) 𝑖𝑤𝑘
7𝐴7𝑘

′ (𝑥), 

𝐴9𝑠𝑘 = 𝐴9𝑘(𝑥) − (
𝑆
1

) 𝑖𝑤𝑘
7𝐴8𝑘

′ (𝑥) − (
𝑆
2

) 𝑤𝑘
6𝐴7𝑘

′′ (𝑥),  

𝐴10𝑠𝑘 =

𝐴10𝑘(𝑥) − (
𝑆
1

) 𝑖𝑤𝑘
7𝐴9𝑘

′ (𝑥) − (
𝑆
2

) 𝑤𝑘
6𝐴8𝑘

′′ (𝑥) +

(
𝑆
3

) 𝑖𝑤𝑘
5𝐴7𝑘

′′′ (𝑥),  

𝐴11𝑠𝑘 =

𝐴11𝑘(𝑥) − (
𝑆
1

) 𝑖𝑤𝑘
7𝐴10𝑘

′ (𝑥) − (
𝑆
2

) 𝑤𝑘
6𝐴9𝑘

′′ (𝑥) +

(
𝑆
3

) 𝑖𝑤𝑘
5𝐴8𝑘

′′′ (𝑥) + (
𝑆
4

) 𝑤𝑘
4𝐴7𝑘

(4)(𝑥),  

𝐴8𝑠𝑘 = 𝐴8𝑘(𝑥) − (
𝑆
1

) 𝑖𝑤𝑘
7𝐴7𝑘

′ (𝑥) − (
𝑆
2

) 𝑤𝑘
6𝐴6𝑘

′′ (𝑥) +

(
𝑆
3

) 𝑖𝑤𝑘
5𝐴5𝑘

′′′ (𝑥) + (
𝑆
4

) 𝑤𝑘
4𝐴4𝑘

(4)(𝑥) −

(
𝑆
5

) 𝑖𝑤𝑘
3𝐴3𝑘

(5)(𝑥) − (
𝑆
6

) 𝑤𝑘
2𝐴1𝑘

(6)(𝑥) +

(
𝑆
7

) 𝑖𝑤𝑘
 𝐴1𝑘

(7)(𝑥) + (
𝑆
8

) 𝐴0𝑘
(8)(𝑥),  

𝐴12𝑠𝑘 =

𝐴12𝑘(𝑥) − (
𝑆
1

) 𝑖𝑤𝑘
7𝐴11𝑘

′ (𝑥) − (
𝑆
2

) 𝑤𝑘
6𝐴10𝑘

′′ (𝑥) +

(
𝑆
3

) 𝑖𝑤𝑘
5𝐴9𝑘

′′′ (𝑥) + (
𝑆
4

) 𝑤𝑘
4𝐴8𝑘

(4)(𝑥) − (
𝑆
5

) 𝑖𝑤𝑘
3𝐴7𝑘

(5)(𝑥),  

𝐴13𝑠𝑘 =

𝐴13𝑘(𝑥) − (
𝑆
1

) 𝑖𝑤𝑘
7𝐴12𝑘

′ (𝑥) − (
𝑆
2

) 𝑤𝑘
6𝐴11𝑘

′′ (𝑥) +

(
𝑆
3

) 𝑖𝑤𝑘
5𝐴10𝑘

′′′ (𝑥) + (
𝑆
4

) 𝑤𝑘
4𝐴9𝑘

(4)(𝑥) −

(
𝑆
5

) 𝑖𝑤𝑘
3𝐴8𝑘

(5)(𝑥) − (
𝑆
6

) 𝑤𝑘
2𝐴7𝑘

(6)(𝑥),  

𝐴14𝑠𝑘 =

𝐴14𝑘(𝑥) − (
𝑆
1

) 𝑖𝑤𝑘
7𝐴13𝑘

′ (𝑥) − (
𝑆
2

) 𝑤𝑘
6𝐴12𝑘

′′ (𝑥) +

(
𝑆
3

) 𝑖𝑤𝑘
5𝐴11𝑘

′′′ (𝑥) + (
𝑆
4

) 𝑤𝑘
4𝐴10𝑘

(4) (𝑥) −

(
𝑆
5

) 𝑖𝑤𝑘
3𝐴9𝑘

(5)(𝑥) − (
𝑆
6

) 𝑤𝑘
2𝐴8𝑘

(6)(𝑥) + (
𝑆
7

) 𝑖𝑤𝑘
 𝐴7𝑘

(7)(𝑥),  

𝐴15𝑠𝑘 =

𝐴15𝑘(𝑥) − (
𝑆
1

) 𝑖𝑤𝑘
7𝐴14𝑘

′ (𝑥) − (
𝑆
2

) 𝑤𝑘
6𝐴13𝑘

′′ (𝑥) +

(
𝑆
3

) 𝑖𝑤𝑘
5𝐴12𝑘

′′′ (𝑥) + (
𝑆
4

) 𝑤𝑘
4𝐴11𝑘

(4) (𝑥) −

(
𝑆
5

) 𝑖𝑤𝑘
3𝐴10𝑘

(5) (𝑥) − (
𝑆
6

) 𝑤𝑘
2𝐴9𝑘

(6)(𝑥) +

(
𝑆
7

) 𝑖𝑤𝑘
 𝐴8𝑘

(7)(𝑥) + (
𝑆
8

) 𝐴7𝑘
(8)(𝑥),  

⋮ 
and for 𝑛 > 15, we have 

𝐴𝑛𝑠𝑘 =

𝐴𝑛𝑘(𝑥) − (
𝑆
1

) 𝑖𝑤𝑘
7𝐴𝑛−1,𝑘

′ (𝑥) − (
𝑆
2

) 𝑤𝑘
6𝐴𝑛−2,𝑘

′′ (𝑥) +

(
𝑆
3

) 𝑖𝑤𝑘
5𝐴𝑛−3,𝑘

′′′ (𝑥) + (
𝑆
4

) 𝑤𝑘
4𝐴𝑛−4,𝑘

(4) (𝑥) −

(
𝑆
5

) 𝑖𝑤𝑘
3𝐴𝑛−5,𝑘

(5) (𝑥) − (
𝑆
6

) 𝑤𝑘
2𝐴𝑛−6,𝑘

(6) (𝑥) +

(
𝑆
7

) 𝑖𝑤𝑘
 𝐴𝑛−7,𝑘

(7) (𝑥) + (
𝑆
8

) 𝐴𝑛−8,𝑘
(8) (𝑥).  

Hence, we can write the eight linearly independent 

solution and their derivatives of the differential 

equation of the form 

𝑦𝑘
(𝑠)(𝑥, 𝜆) = (𝑖𝜆𝑤𝑘)𝑠𝑒𝑖𝜆𝑤𝑘𝑥 [𝐴0𝑘(𝑥) +

𝐴1𝑠𝑘

𝜆
+

𝐴2𝑠𝑘

𝜆2 +
𝐴3𝑠𝑘

𝜆3 +
𝐴4𝑠𝑘

𝜆4 +
𝐴5𝑠𝑘

𝜆5 +
𝐴6𝑠𝑘

𝜆6 + ⋯ +
𝐴𝑛𝑠𝑘

𝜆𝑛 + 𝑂 (
1

𝜆𝑛+1)].  

3. Asymptotic behavior of eigenvalues 
In this section, we try to find eigenvalue of the 

problem (1)-(2). 

Theorem 2: Consider the boundary value problem 

(1)- (2), where 𝑞(𝑥) is smooth function, such that 

satisfies the conditions 𝑞′(𝑎) = 0 , 𝑞′(0) =

0, ∫  
𝑎

0
𝑞(𝑥)𝑑𝑥 = 0, and 𝑞(𝑎) ≠ 0, then for 𝜆 ∈ 𝑇0, 

where 𝑇0 = {𝜆: arg 𝜆 ∈ [0,
𝜋

8
]}the asymptotic 

formulas for eigenvalues of the problem for 

sufficiently large |𝑚|, has the following forms 

𝜆0,𝑚 = (
2𝑚𝜋

(−1−(√2+1)𝑖)𝑎
+

𝑖

(−1−(√2+1)𝑖)𝑎
+ 𝑂 (

1

𝑚8))

8

,  

for 𝑚 =
𝑁, 𝑁 + 1, 𝑁 + 2, …  where 𝑁 is a large integer.  

Proof: 

If the first eight terms in (3) are chosen so we obtain 

𝑦𝑘
(𝑠)(𝑥, 𝜆) = (𝑖𝜆𝑤𝑘

′ )𝑠𝑒𝑖𝜆𝑤𝑘𝑥 [𝐴0𝑠𝑘(𝑥) +
𝐴1𝑠𝑘(𝑥)

𝜆
+

𝐴2𝑠𝑘(𝑥)

𝜆2 +
𝐴3𝑠𝑘(𝑥)

𝜆3 +
𝐴4𝑠𝑘(𝑥)

𝜆4 +
𝐴5𝑠𝑘(𝑥)

𝜆5 +
𝐴6𝑠𝑘(𝑥)

𝜆6 +
𝐴7𝑠𝑘(𝑥)

𝜆7 +𝑂 (
1

𝜆8)],  

for, 𝑠 = 0,1,2,3,4,5,6,7, 𝑘 =
0,1,2,3,4,5,6,7. We have:  

𝐴0𝑠𝑘 = 𝐴0𝑘(𝑥),  
𝐴1𝑠𝑘 = 𝐴1𝑘(𝑥), 𝐴2𝑠𝑘 = 𝐴2𝑘(𝑥), 𝐴3𝑠𝑘 =
𝐴3𝑘(𝑥), 𝐴4𝑠𝑘 = 𝐴4𝑘(𝑥), 𝐴5𝑠𝑘 = 𝐴5𝑘(𝑥), 𝐴6𝑠𝑘 =
𝐴6𝑘(𝑥),  
𝐴7𝑠𝑘 = 𝐴7𝑘(𝑥).  
And 

𝐴0,𝑘(𝑥) = 1, 𝐴1,𝑘(𝑥) = 0, 𝐴2,𝑘(𝑥) = 0, 𝐴3,𝑘(𝑥) =

0, 𝐴4,𝑘(𝑥) = 0, 𝐴5,𝑘(𝑥) = 0, 𝐴6,𝑘(𝑥) = 0,  

𝐴7,𝑘(𝑥) = −
𝑖𝑤𝑘

8
∫  

𝑥

0
𝑞(𝑡)𝐴0,𝑘(𝑡)𝑑𝑡.  

And to find the boundary conditions 

𝑈𝑗(𝑦𝑘), for 𝑘, 𝑗 = 0,1,2,3,4,5, we have  

𝑈0(𝑦) = 𝑦(0) = 0, 𝑈1(𝑦) = 𝑦′(0) = 0, 𝑈2(𝑦) =
𝑦′′(0) = 0, 𝑈3(𝑦) = 𝑦′′′(0) = 0,  

𝑈𝑗(𝑦) = ∑  8
𝑘=1 (𝑖𝑤𝑗𝜆)

8−𝑘
𝑦(𝑘−1)(𝑎, 𝜆) = 0, 𝑗 =

4,5,6,7  

where, 𝑤𝑘 = √1
8

= 𝑒
2𝜋𝑘

8
𝑖 = 𝑒

𝜋𝑘

4
𝑖 , 𝑘 = 0,1,2,3,4,5,6,7.  

Now,  𝑤0 = 1, 𝑤1 =
1+𝑖

√2
, 𝑤2 = 𝑖, 𝑤3 =

𝑖−1

√2
, 𝑤4 =

−1, 𝑤5 =
−1−𝑖

√2
, 𝑤6 = −𝑖, 𝑤7 =

1−𝑖

√2
, 

and 𝑤𝑗
′ are the 𝑤𝑗  which numbering so that satisfy the 

inequality: 

Re(𝑖𝜆𝑤0
′ ) ≤ Re(𝑖𝜆𝑤1

′) ≤ Re(𝑖𝜆𝑤2
′ ) ≤ Re(𝑖𝜆𝑤3

′ ) ≤
Re(𝑖𝜆𝑤4

′) ≤ Re(𝑖𝜆𝑤5
′ ) ≤ Re(𝑖𝜆𝑤6

′ ) ≤ Re(𝑖𝜆𝑤7
′ ).  
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We can easily find out the form of each boundary 

condition up to order eight 

𝑈0(𝑦𝑘) = [1 + 𝑂 (
1

𝜆8)] , … . (12)  

𝑈1(𝑦𝑘) = 𝑖𝜆𝑤𝑘
′ [1 + 𝑂 (

1

𝜆8)] , … … (13)  

𝑈2(𝑦𝑘) = −𝜆2𝑤𝑘
′2 [1 + 𝑂 (

1

𝜆8)] , … … (14)  

𝑈3(𝑦𝑘) = −𝑖𝜆3𝑤𝑘
′3 [1 + 𝑂 (

1

𝜆8)],   … . (15)  

𝑈𝑗(𝑦𝑘) = −𝑖𝜆7𝑒𝑖𝜆𝑤𝑘𝑎 [1 + 𝑂 (
1

𝜆8)] [(𝑤𝑘
′ )7 +

𝑤𝑗(𝑤𝑘
′ )6 + (𝑤𝑗)

2
(𝑤𝑘

′ )5 + (𝑤𝑗)
3

(𝑤𝑘
′ )4  

+(𝑤𝑗)
4

(𝑤𝑘
′ )3 + (𝑤𝑗)

5
(𝑤𝑘

′ )2 +

(𝑤𝑗)
6

(𝑤𝑘
′ ) + (𝑤𝑗)

7
] , for 𝑘 = 0: 7, 𝑗 =

4,5,6,7. … (16)   

If 𝜆 ∈ 𝑇0, then 𝑤0
′ = 𝑖, 𝑤1

′ =
1+𝑖

√2
, 𝑤2

′ =
𝑖−1

√2
, 𝑤3

′ = 1,  

𝑤4
′ = −1, 𝑤5

′ =
1−𝑖

√2
, 𝑤6

′ =
−1−𝑖

√2
 𝑎𝑛𝑑 𝑤7

′ = −𝑖.  

𝑈0(𝑦𝑘) = 𝐴  𝑤ℎ𝑒𝑟𝑒 𝐴 = [1 + 𝑂 (
1

𝜆8)],  

𝑈1(𝑦𝑘) = 𝑖𝜆𝑤𝑘
′ [1 + 𝑂 (

1

𝜆8)],  

𝑈1(𝑦0) = −𝜆𝐴, 𝑈1(𝑦1) =
𝑖−1

√2
𝜆𝐴, 𝑈1(𝑦2) =

−𝑖−1

√2
𝜆𝐴, 𝑈1(𝑦3) = 𝑖𝜆𝐴, 𝑈1(𝑦4) = −𝑖𝜆𝐴,  

𝑈1(𝑦5) =
𝑖+1

√2
𝜆𝐴, 𝑈1(𝑦6) =

1−𝑖

√2
𝜆𝐴, 𝑈1(𝑦7) = 𝜆𝐴,  

𝑈2(𝑦𝑘) = −𝜆2𝑤𝑘
′2 [1 + 𝑂 (

1

𝜆8)],  

𝑈2(𝑦0) = 𝜆2𝐴, 𝑈2(𝑦1) = −𝜆2 (
1+1

√2
)

2

𝐴, 𝑈2(𝑦2) =

−𝜆2 (
𝑖−1

√2
)

2

𝐴, 𝑈2(𝑦3) = −𝜆2𝐴,  

𝑈2(𝑦4) = −𝜆2𝐴, 𝑈2(𝑦5) = −𝜆2 (
1−𝑖

√2
)

2

𝐴, 𝑈2(𝑦6) =

−𝜆2 (
−1−𝑖

√2
)

2

𝐴, 𝑈2(𝑦7) = 𝜆2𝐴,  

𝑈3(𝑦𝑘) = −𝑖𝜆3𝑤𝑘
′3 [1 + 𝑂 (

1

𝜆8)],  

𝑈3(𝑦0) = −𝜆3𝐴, 𝑈3(𝑦1) = −𝑖𝜆3 (
1+𝑖

√2
)

3

𝐴, 𝑈3(𝑦2) =

−𝑖𝜆3 (
𝑖−1

√2
)

3

𝐴, 𝑈3(𝑦3) = −𝑖𝜆3𝐴,  

𝑈3(𝑦4) = 𝑖𝜆3𝐴, 𝑈3(𝑦5) = −𝑖𝜆3 (
1−𝑖

√2
)

3

𝐴, 𝑈3(𝑦6) =

−𝑖𝜆3 (
−1−𝑖

√2
)

3

𝐴, 𝑈3(𝑦7) = 𝜆3𝐴,  

𝑈4(𝑦0) = 0, 𝑈4(𝑦1) = 0, 𝑈4(𝑦2) = 0, 𝑈4(𝑦3) =

0, 𝑈4(𝑦4) = −𝑖𝜆7𝑒𝑖𝜔4
′ 𝑎 [−8 + 𝑂 (

1

𝜆8)],  

𝑈4(𝑦5) = 0, 𝑈4(𝑦6) = 0, 𝑈4(𝑦7) = 0, 𝑈5(𝑦0) =
0, 𝑈5(𝑦1) = 0, 𝑈5(𝑦2) = 0, 𝑈5(𝑦3) = 0,   
𝑈5(𝑦4) = 0,  
𝑈5(𝑦5) =

−𝑖𝜆7𝑒𝑖𝜔5
′ 𝑎 [

√2

16
(64 + 64𝑖) + 𝑂 (

1

𝜆8)] , 𝑈5(𝑦6) =

0, 𝑈5(𝑦7) = 0,  
𝑈6(𝑦0) = 0, 𝑈6(𝑦1) = 0, 𝑈6(𝑦2) = 0, 𝑈6(𝑦3) =
0, 𝑈6(𝑦4) = 0, 𝑈6(𝑦5) = 0,  
𝑈6(𝑦6) =

−𝑖𝜆7𝑒𝑖𝜔6
′ 𝑎 [−√2(4 − 4𝑖) + 𝑂 (

1

𝜆8)] , 𝑈6(𝑦7) = 0,  

𝑈7(𝑦0) = 0, 𝑈7(𝑦1) = 0, 𝑈7(𝑦2) = 0, 𝑈7(𝑦3) =
0, 𝑈7(𝑦4) = 0, 𝑈7(𝑦5) = 0,  

𝑈7(𝑦6) = 0 , 𝑈7(𝑦7) = −𝑖𝜆7𝑒𝑖𝜔7
′ 𝑎 [8𝑖 + 𝑂 (

1

𝜆8)].  

We want to find Δ(𝜆) in 𝑇0. 

 

Δ(𝜆) =

|

|

|

𝑈0(𝑦0) 𝑈0(𝑦1) 𝑈0(𝑦2) 𝑈0(𝑦3) 𝑈0(𝑦4) 𝑈0(𝑦5) 𝑈0(𝑦6) 𝑈0(𝑦7)

𝑈1(𝑦0) 𝑈1(𝑦1) 𝑈1(𝑦2) 𝑈1(𝑦3) 𝑈1(𝑦4) 𝑈1(𝑦5) 𝑈1(𝑦6) 𝑈1(𝑦7)

𝑈2(𝑦0) 𝑈2(𝑦1) 𝑈2(𝑦2) 𝑈2(𝑦3) 𝑈2(𝑦4) 𝑈2(𝑦5) 𝑈2(𝑦6) 𝑈2(𝑦7)

𝑈3(𝑦0) 𝑈3(𝑦1) 𝑈3(𝑦2) 𝑈3(𝑦3) 𝑈3(𝑦4) 𝑈3(𝑦5) 𝑈3(𝑦6) 𝑈3(𝑦7)

𝑈4(𝑦0) 𝑈4(𝑦1) 𝑈4(𝑦2) 𝑈4(𝑦3) 𝑈4(𝑦4) 𝑈4(𝑦5) 𝑈4(𝑦6) 𝑈4(𝑦7)

𝑈5(𝑦0) 𝑈5(𝑦1) 𝑈5(𝑦2) 𝑈5(𝑦3) 𝑈5(𝑦4) 𝑈5(𝑦5) 𝑈5(𝑦6) 𝑈5(𝑦7)

𝑈6(𝑦0) 𝑈6(𝑦1) 𝑈6(𝑦2) 𝑈6(𝑦3) 𝑈6(𝑦4) 𝑈6(𝑦5) 𝑈6(𝑦6) 𝑈6(𝑦7)

𝑈7(𝑦0) 𝑈7(𝑦1) 𝑈7(𝑦2) 𝑈7(𝑦3) 𝑈7(𝑦4) 𝑈7(𝑦5) 𝑈7(𝑦6) 𝑈7(𝑦7)

|

|

|

  

 

Clearly we known from [13], the eigenvalues of the 

given problem are the zeros of Δ(𝜆). If Δ(𝜆) = 0  for 

sufficiently large|𝜆|, then 

𝑒𝑖𝜆(𝜔4
′ +𝜔5

′ +𝜔6
′ +𝜔7

′ )𝑎 − 1 = −1 + 𝑂 (
1

𝜆8) , … . . (17)  

or 

𝑒𝑖𝜆(−1−(√2+1)𝑖)𝑎 − 1 = −1 + 𝑂 (
1

𝜆8) . … … . (18)  

Then according to [2] by using Rouche’s theorem we 

can solve it and we get: 

𝑖𝜆(−1 − (√2 + 1)𝑖)𝑎 =

2𝑚𝜋𝑖 − 1 + 𝑂 (
1

𝑚8) , … … (19)  

𝜆 =
2𝑚𝜋

(−1−(√2+1)𝑖)𝑎
+

𝑖

(−1−(√2+1)𝑖)𝑎
+ 𝑂 (

1

𝑚8) ,  for 𝑚 =

𝑁, 𝑁 + 1, 𝑁 + 2, …  

where 𝑁 is a large integer. 
And we know that the eigenvalues of the problem are 

𝜆0,𝑚 = 𝜆8 ,  
that is 

𝜆0,𝑚 = (
2𝑚𝜋

(−1−(√2+1)𝑖)𝑎
+

𝑖

(−1−(√2+1)𝑖)𝑎
+ 𝑂 (

1

𝑚8))

8

,  

for 𝑚 = 𝑁, 𝑁 + 1, 𝑁 + 2, …  

where 𝑁 is a large integer.  

4. Asymptotic formula for the eigenfunctions 
In this section, we try to find Eigenfunctions of the 

boundary value problem in the sector  

𝑇0 = {𝜆: arg 𝜆 ∈ [0,
𝜋

8
]}.  

Theorem 3: Asymptotic formulas of the 

eigenfunction of the boundary value problem (1) - (2) 

corresponding to 𝜆0,𝑚 has the following forms: 

𝑦0,𝑚(𝑥, 𝜆) = 2𝑒
√2

2
𝜆𝑥(−1−𝑖) + 2𝑒

√2

2
𝜆𝑥(−1+𝑖) + 2𝑖𝑒−𝜆𝑥 +

2𝑖𝑒𝑖𝜆𝑥 − 2√2𝑖𝑒𝜆𝑥𝑖 − 2√2𝑒
√2

2
𝜆𝑥(−1−𝑖)

+ 0 (
1

𝜆7),  

𝜆 ∈ 𝑇0,  for 𝑚 =
𝑁, 𝑁 + 1, 𝑁 + 2, …  , 𝑎𝑛𝑑 𝑁 is a large integer.   

Proof: If the first eight terms in (3) are chosen then: 
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𝑦𝑘
(𝑠)(𝑥, 𝜆) = (𝑖𝜆𝑤𝑘

′ )𝑠𝑒𝑖𝜆𝑤𝑘𝑥 [𝐴0𝑠𝑘(𝑥) +
𝐴1𝑠𝑘(𝑥)

𝜆
+

𝐴2𝑠𝑘(𝑥)

𝜆2 +
𝐴3𝑠𝑘(𝑥)

𝜆3 +
𝐴4𝑠𝑘(𝑥)

𝜆4 +
𝐴5𝑠𝑘(𝑥)

𝜆5 +
𝐴6𝑠𝑘(𝑥)

𝜆6 +𝑂 (
1

𝜆7)],  

for, 𝑠 = 0,1,2,3,4,5,6,7, 𝑘
= 0,1,2,3,4,5,6,7. We have: 

𝐴1𝑠𝑘 = 1, 𝐴1𝑠𝑘 = 0, 𝐴2𝑠𝑘 = 0, 𝐴3𝑠𝑘 = 0, 𝐴4𝑠𝑘 =
0, 𝐴5𝑠𝑘 = 0, 𝐴6𝑠𝑘 = 0.  
And to finding the boundary conditions 𝑈𝑗(𝑦𝑘) for 

𝑘 = 0,1,2,3,4,5,6,7𝑗 = 1,2,3,4,5,6,7 up to order 

𝑂 (
1

𝜆7) and If 𝜆 ∈ 𝑇0, then 

 𝑤0
′ = 𝑖, 𝑤1

′ =
1+𝑖

√2
, 𝑤2

′ =
𝑖−1

√2
, 𝑤3

′ = 1,  

𝑤4
′ = −1, 𝑤5

′ =
1−𝑖

√2
, 𝑤6

′ =
−1−𝑖

√2
 𝑎𝑛𝑑 𝑤7

′ = −𝑖.  

𝑈1(𝑦𝑘) = 𝑖𝜆𝑤𝑘
′ [1 + 𝑂 (

1

𝜆7)],  

𝑈1(𝑦0) = −𝜆 [1 + 𝑂 (
1

𝜆7)] , 𝑈1(𝑦1) =
𝑖−1

√2
𝜆 [1 +

𝑂 (
1

𝜆7)] , 𝑈1(𝑦2) =
−𝑖−1

√2
𝜆 [1 + 𝑂 (

1

𝜆7)],  

𝑈1(𝑦3) = 𝑖𝜆 [1 + 𝑂 (
1

𝜆7)] , 𝑈1(𝑦4) = −𝑖𝜆 [1 +

𝑂 (
1

𝜆7)] , 𝑈1(𝑦5) =
𝑖+1

√2
𝜆 [1 + 𝑂 (

1

𝜆7)],  

𝑈1(𝑦6) =
1−𝑖

√2
𝜆 [1 + 𝑂 (

1

𝜆7)] , 𝑈1(𝑦7) = 𝜆 [1 +

𝑂 (
1

𝜆7)],  

𝑈2(𝑦𝑘) = −𝜆2𝑤𝑘
′2 [1 + 𝑂 (

1

𝜆7)],  

𝑈2(𝑦0) = 𝜆2 [1 + 𝑂 (
1

𝜆7)] , 𝑈2(𝑦1) =

−𝜆2 (
1+1

√2
)

2

[1 + 𝑂 (
1

𝜆7)] , 𝑈2(𝑦2) = −𝜆2 (
𝑖−1

√2
)

2

[1 +

𝑂 (
1

𝜆7)]  

𝑈2(𝑦3) = −𝜆2 [1 + 𝑂 (
1

𝜆7)],𝑈2(𝑦4) = −𝜆2 [1 +

𝑂 (
1

𝜆7)], 

𝑈2(𝑦5) = −𝜆2 (
1−𝑖

√2
)

2

[1 + 𝑂 (
1

𝜆7)] , 𝑈2(𝑦6) =

−𝜆2 (
−1−𝑖

√2
)

2

[1 + 𝑂 (
1

𝜆7)],  

𝑈2(𝑦7) = 𝜆2 [1 + 𝑂 (
1

𝜆7)],  

𝑈3(𝑦𝑘) = −𝑖𝜆3𝑤𝑘
′3 [1 + 𝑂 (

1

𝜆7)],  

𝑈3(𝑦0) = −𝜆3 [1 + 𝑂 (
1

𝜆7)] , 𝑈3(𝑦1) =

−𝑖𝜆3 (
1+𝑖

√2
)

3

[1 + 𝑂 (
1

𝜆7)] , 𝑈3(𝑦2) =

−𝑖𝜆3 (
𝑖−1

√2
)

3

[1 + 𝑂 (
1

𝜆7)],  

𝑈3(𝑦3) = −𝑖𝜆3 [1 + 𝑂 (
1

𝜆7)] , 𝑈3(𝑦4) =

𝑖𝜆3 [1 + 𝑂 (
1

𝜆7)] , 𝑈3(𝑦5) = −𝑖𝜆3 (
1−𝑖

√2
)

3

[1 + 𝑂 (
1

𝜆7)],  

𝑈3(𝑦6) = −𝑖𝜆3 (
−1−𝑖

√2
)

3

[1 + 𝑂 (
1

𝜆7)] , 𝑈3(𝑦7) =

𝜆3 [1 + 𝑂 (
1

𝜆7)],  

𝑈4(𝑦0) = 0, 𝑈4(𝑦1) = 0, 𝑈4(𝑦2) = 0, 𝑈4(𝑦3) =

0, 𝑈4(𝑦4) = −𝑖𝜆7𝑒𝑖𝜔4
′ 𝑎 [−8 + 𝑂 (

1

𝜆7)],  

𝑈4(𝑦5) = 0, 𝑈4(𝑦6) = 0, 𝑈4(𝑦7) = 0,  
𝑈5(𝑦0) = 0, 𝑈5(𝑦1) = 0, 𝑈5(𝑦2) = 0, 𝑈5(𝑦3) =
0, 𝑈5(𝑦4) = 0,  
𝑈5(𝑦5) =

−𝑖𝜆7𝑒𝑖𝜔5
′ 𝑎 [

√2

16
(64 + 64𝑖) + 𝑂 (

1

𝜆7)] , 𝑈5(𝑦6) =

0, 𝑈5(𝑦7) = 0,  
𝑈6(𝑦0) = 0, 𝑈6(𝑦1) = 0, 𝑈6(𝑦2) = 0, 𝑈6(𝑦3) =
0, 𝑈6(𝑦4) = 0, 𝑈6(𝑦5) = 0,  
𝑈6(𝑦6) =

−𝑖𝜆7𝑒𝑖𝜔6
′ 𝑎 [−√2(4 − 4𝑖) + 𝑂 (

1

𝜆7)] , 𝑈6(𝑦7) = 0  

𝑈7(𝑦0) = 0, 𝑈7(𝑦1) = 0, 𝑈7(𝑦2) = 0, 𝑈7(𝑦3) =
0, 𝑈7(𝑦4) = 0, 𝑈7(𝑦5) = 0,  

𝑈7(𝑦6) = 0 , 𝑈7(𝑦7) = −𝑖𝜆7𝑒𝑖𝜔7
′ 𝑎 [8𝑖 + 𝑂 (

1

𝜆7)],  

 𝑦0(𝑥, 𝜆) = 𝑒−𝜆𝑥 [1 + 𝑂 (
1

𝜆7)] , 𝑦1(𝑥, 𝜆) =

𝑒
𝑖𝜆(

1+𝑖

√2
)𝑥

[1 + 𝑂 (
1

𝜆7)] , 𝑦2(𝑥, 𝜆) = 𝑒
𝑖𝜆(

𝑖−1

√2
)𝑥

[1 +

𝑂 (
1

𝜆7)], 

𝑦3(𝑥, 𝜆) = 𝑒𝑖𝜆𝑥 [1 + 𝑂 (
1

𝜆7)] , 𝑦4(𝑥, 𝜆) =

𝑒−𝑖𝜆𝑥 [1 + 𝑂 (
1

𝜆7)] , 𝑦5(𝑥, 𝜆) = 𝑒
𝑖𝜆(

1−𝑖

√2
)𝑥

[1 + 𝑂 (
1

𝜆7)],  

𝑦6(𝑥, 𝜆) = 𝑒
𝑖𝜆(

−1−𝑖

√2
)𝑥

[1 + 𝑂 (
1

𝜆7)] , 𝑦7(𝑥, 𝜆) =

𝑒𝜆𝑥 [1 + 𝑂 (
1

𝜆7)].  

As we see in [14], we can write the eigenfunctions as 

follows 

𝑦0,𝑚(𝑥, 𝜆) =
−1

64𝜆34𝑖3(
√2

16
(64+64𝑖))(4√2−4√2𝑖)

𝑒(𝑖−1)𝜆𝑎 ⋅

𝑒
𝑖𝜆(

𝑖−1

√2
)𝑎

. 𝑒
𝑖𝜆(

𝑖+1

√2
)𝑎

  

 

.

|

|

|

𝑦0(𝑥, 𝜆) 𝑦1(𝑥, 𝜆) 𝑦2(𝑥, 𝜆) 𝑦3(𝑥, 𝜆) 𝑦4(𝑥, 𝜆) 𝑦5(𝑥, 𝜆) 𝑦6(𝑥, 𝜆) 𝑦7(𝑥, 𝜆)

𝑈1(𝑦0) 𝑈1(𝑦1) 𝑈1(𝑦2) 𝑈1(𝑦3) 𝑈1(𝑦4) 𝑈1(𝑦5) 𝑈1(𝑦6) 𝑈1(𝑦7)

𝑈2(𝑦0) 𝑈2(𝑦1) 𝑈2(𝑦2) 𝑈2(𝑦3) 𝑈2(𝑦4) 𝑈2(𝑦5) 𝑈2(𝑦6) 𝑈2(𝑦7)

𝑈3(𝑦0) 𝑈3(𝑦1) 𝑈3(𝑦2) 𝑈3(𝑦3) 𝑈3(𝑦4) 𝑈3(𝑦5) 𝑈3(𝑦6) 𝑈3(𝑦7)

𝑈4(𝑦0) 𝑈4(𝑦1) 𝑈4(𝑦2) 𝑈4(𝑦3) 𝑈4(𝑦4) 𝑈4(𝑦5) 𝑈4(𝑦6) 𝑈4(𝑦7)

𝑈5(𝑦0) 𝑈5(𝑦1) 𝑈5(𝑦2) 𝑈5(𝑦3) 𝑈5(𝑦4) 𝑈5(𝑦5) 𝑈5(𝑦6) 𝑈5(𝑦7)

𝑈6(𝑦0) 𝑈6(𝑦1) 𝑈6(𝑦2) 𝑈6(𝑦3) 𝑈6(𝑦4) 𝑈6(𝑦5) 𝑈6(𝑦6) 𝑈6(𝑦7)

𝑈7(𝑦0) 𝑈7(𝑦1) 𝑈7(𝑦2) 𝑈7(𝑦3) 𝑈7(𝑦4) 𝑈7(𝑦5) 𝑈7(𝑦6) 𝑈7(𝑦7)

|

|

|

… … (20)  
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=

|

|

|

𝑒−𝜆𝑥 𝑒 
𝑖𝜆 (

1+𝑖

√2
) 𝑥 𝑒 

𝑖𝜆 (
−1+𝑖

√2
) 𝑥 𝑒𝑖𝜆𝑥 𝑒−𝑖𝜆𝑥 𝑒 

𝑖𝜆 (
1−𝑖

√2
) 𝑥 𝑒 

𝑖𝜆 (
−1+𝑖

√2
) 𝑥 𝑒𝜆𝑥

−1 i (
1+𝑖

√2
) 𝑖 (

−1+𝑖

√2
) i −i 𝑖 (

1−𝑖

√2
) i (

−1−𝑖

√2
) 1

1 − (
1+𝑖

√2
)

2

− (
−1+𝑖

√2
)

2

−1 −1 − (
1−𝑖

√2
)

2

− (
−1−𝑖

√2
)

2

1

−1 −𝑖 (
1+𝑖

√2
)

3

−𝑖 (
−1+𝑖

√2
)

3

−i i −𝑖 (
1−𝑖

√2
)

3

−𝑖 (
−1−𝑖

√2
)

3

1

0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

|

|

|

+ 𝑂 (
1

𝜆7) . … … … . (21)  

 

Thus, we obtain 

𝑦0,𝑚(𝑥, 𝜆) = 2𝑒
√2

2
𝜆𝑥(−1−𝑖) + 2𝑒

√2

2
𝜆𝑥(−1+𝑖) + 2𝑖𝑒−𝜆𝑥 +

2𝑖𝑒𝑖𝜆𝑥 − 2√2𝑖𝑒𝜆𝑥𝑖 − 2√2𝑒
√2

2
𝜆𝑥(−1−𝑖)

+

0 (
1

𝜆7).  … … (22)  

 

5. Conclusion 
In our research, we obtained asymptotic expressions 

for the eight-order differential equations. Also, we 

demonstrated new asymptotic formulas for the 

eigenvalues and eigenfunctions to the boundary value 

problem (1) and (2). 
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 ة الثامنةتبل القيمة الحدودية من الر ئ لمساوال الذاتية بشكل مقارب دستنتاج القيم الذاتية والإ

 2، ريباز فاضل محمود 1ريان علي محمدا

 ، قلیم کردستان، العراقسلیمانیة الالتربیة الأساسیة ، جامعة  كلیة،  قسم علوم الریاضیات 1
 قلیم کردستان ، العراق،  كلیة التربیة ، جامعة السلیمانیة،  قسم الریاضیات 2
 

 الملخص
یة مناسببة ، والتبي تحتبول علبل معلمبة ودبشروط حد  الثامنةالرتبة تفاضلیة من المعادلات عن الالقیمة الذاتیة الناتجة  مسألة درس، نمقدمال البحثفي 

 ا و دة المسبتقلة ططیابا. بعبد ذلبت ، تبم الحلبو  علبل لبی  مقارببة جديبدة للقبیم الذاتیبة والبیبانمجديدة للحلبو  الثطیفیة. تم حساب تعبيرات مقاربة دقیقة 
 القیمة الحدودیة مسألةل الذاتیة 


