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Introduction
In this paper, an eight-order linear differential
operator is generated by the differential equation and
boundary conditions of the form:
1) = y® ) + gy () = 2y (x),
[0,a] ....(D)
Ui(y(0) =

y¥(0)=0,j=0,123

{Zﬁﬂ (iwjl)k_ly(g"‘)(a,/l) =0,j =4,5,6,7 - (2)
where Ais the spectral parameter and g(x)is an
arbitrary complex-valued function such that q(x) €
C?[0,a].

And also satisfies:

q'(0) =q'(@) =0,[; qlx)dx =

0, provided g(a) # 0.

Many authors have studied the spectral properties of
eigenvalues and eigenfunctions of differential
equations such as [1- 12].

The differential equation of second order has been
studied by [2, 5, 6, 7, 9, 10] and an eigenvalue
problem generated by fourth-order differential
equation has been investigated by [1, 3, 4], and got
asymptotic ~ formulas  for  eigenvalues and
eigenfunctions.
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I n the present paper, we consider an eigenvalue problem generated by

eight- order differential equations with suitable boundary conditions,
that containing a spectral
expressions for the 8" linearly independent solutions are computed.
Then, new asymptotic formulas for the eigenvalues and eigenfunctions
of this boundary value problem are obtained.

parameter. New accurate asymptotic

While [8] have studied eigenvalue problem generated
by 6™ order differential equations and also got
asymptotic ~ formulas  for  eigenvalues  and
eigenfunctions.

In this paper, a new expression for the 8" linearly
independent solutions and asymptotic formulas of the
eigenvalues and eigenfunctions of equations (1) and
(2) is generated the auxiliary results needed are
proven in section 2.

2. Expressions of Fundamental Solutions

In this section, we find a new asymptotic expression
for the fundamental solutions of (1).

Theorem 1: If we have the differential equation (1)
.where, q(x) € C""'[0,a], then for A € T,, where

T, = {A:arg/l € [Og]} and wy, k =0:7 are eight
root of unity, then eight linearly independent
solutions and their derivatives can be expressed as

706, 2) = (iAw)settier [Aosk (x) + AHTk(X) +
Axsk(x) | Azsp(x) | Agsk(x) | Assp(x) | Agsk(x)

Az()+ ERR e Tt AR
Ansk(x 1

40 (5|

where
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Arge = A (%), Agsie = Ap(x), Azsr =

Az (%), Agsk = Au(x), Assie = Asi(X), Agsrc =
AGk(x)'

Azsie = Az (%),

Agsre = Agie(x) — (S) iwi A% (%),
Aggye = Agi () —( )kaAék(x) ( ) wi Az (%),

Atosk =

A10k(x)—( )kaAgk(x) ( ) wi Ag (x) +

(g) iwg A7y (x),

Ajiske =

Ap1p(x) — (S) iwg Ao (x) — (5) Wlngk(x) +

(3) iwi Az + () wiaS ),

AlZSk -

App(x) — (5) iwg Ay (x) — (S) 6A,1,0k(x) +
(g) iwS AL (x) + ( Y wiA% (o) - ( ) A5 (o),
A13sk -

Ayz(x) — (S) iwg Al (X) — (;) wi AL (x) +
(3) wiats 0o + (§) wialP o -

(g) iwpA® (x) — ( ) w2AS) (),

A14sk -

Apa(x) — (S) iwg Az (X) — (;) Wi AL (x) +
(3) wiarieeo + () wialh. o -

(‘g) kaA(S)(x) ( ) A(6) (x) + ( ) kaAm (%),
Ajssie =

Aysi(x) — (S) iWIZA’14k(x) - (;) WIEA’1’3;¢(X) +
(3) weats o + () wital oo -

(‘g) kaASJ)k(x) - ( ) A(6) (x) +

(3) weaZ o + (3) AR .

And for n > 15 we have
Ansk = g
Ane () = () Wl 4100 = (5) Wi A0 CO) +

(g) iWg AL 3 (x) + ( ) Agz4)4 k(%) =

(‘g) kaA(S)Sk(x) (‘g) A(6)6k(x) +

(‘;) kaA(7)7 () + ( )A(S)g ().

And
Ao (x) = 1, A1, (x) = 0, A, (x) = 0, A3 (x) =
0,A4,(x) =0,A5,(x) = 0,44, (x) =0,

Azpe(@) = =2 [ q(6) Ao (D),
ASk(x)

ka

[ (—28wg A%(6) + (A1, (1)) dt,
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— 2k [ ( 28WEAY (1) + 56IwE AL (8) +

q(t)Az,k(t)) dt,
Alok(x)

_iwg

U [ (—28WEAl () + S6iwE A () +
70wﬁA§‘,’,3(t) +q()43,(0)) dt,
And for integer n > 11 we get that
A () = =2 [ (— 28w}y () +
56iwp Al 2 (X) + 70w A;4)3k(x) —
56iwiAL,  (x) — 28wZAY,  (x) +
8iw AL g () + AL, () + () An_r () ) dt.

Proof: As we see in [1], the solution of the
differential equation can be written in a power series

of the form

Vil 2) = Mo ordt g D here g (x) =

iwy, 3/ p(x), but in our problem

p(x)=1 , can be written as y,(x,4) =
i o Aj(x)

o AWkx %2 ’A]x .

1] 4 5 6 7 8
We try to find yi, ¥, v 72 v O il oy P

and putting in the differential equation (1).
Vo (x, 1) = eiMwix [A (x) + 2 Al(x) I An(x) n
0 ()l
Vie(x, ) = idw e e [Ao(x) +%(A1(x) -
iwy Ap(x)) + 2 (A, () — iwf Ay () +
5 (4300 — iw] 4y (x)) + 4 (44 () — Wl A5 () +

+ 25 (A () — WA, (1)) + 0 ()]
VD) = (GwyPerine [40G0) +5 (4:G) -
2iw] Ap(x)) +%2(A2(x) — 2iw] Ay (x) —

Af () +5 (A (x) — 2iw] Ay (x) —wgAY (x)) +
14 (A4(x) - 21ka3(x) — WAy (x)) +
-5 (A5 () —2iw A} (x) — wEA () + -+ +
= (A () = 20W] A5,y (6) — WEAL_, () +
0 ()] ®)
Vi, 2) = (lAwk)3 W [40(6) + 5 (A3 (x) =
3iwiAp(x)) +— = (Az(x) - 31W,ZA’1(x) -
we Ay (x)) +

= (45 () - 3iw,ZA'2(x) —3wlAY(x) +
kaA”'(x)) L (A (x) - 3iw,3A' (x) —
3w Ay (x) +lka”’(x)) +5 (As(x)

iw] A

3iw] AL (x) — 3w AY (x) + lka’”(x)) + -+
5 (400 — 31wl 4,y () — 3wPAL_, () +
iwg Al 3(x)) +0 (/111+1>] ...... (6)
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WP, ) = (iAw) e [ 4o (x) + 3 (4, () -
4iw] Ay (2)) + 5 (A, (x) — 4iw] A5 (x) —
WAy (x)) +

= (A5 (%) — 4iw] Ay (x) — 6WEA (x) +
HwWEAY (1)) + = (Aa ) — 4iw] A (x) -
6wEAS (x) + 4iwfAY' () + WAL () +

-5 (A5 () — 4w A4 (x) —

6WEAY (x) + 4w Ay (x) + wirA® (x)) +

-5 (A6() — 4w A5 (x) —

6WEAY (x) + 4iwgAY (x) + WA () + -+ +
o (An () — 4iw A7, (%) —

6WEAT_,(x) + HWE A5 (x) + wiAD, (1)) +
0 ()] @

W20, 1) = ([Aw) e [Ag(x) + 3 (A; (x) -
Siwy Ay (%)) + 77 (A2 () — Siwf A} (x) —
10wRAy (x)) +

=5 (45 (x) — 5iw] Ay (x) — 10WEAY (x) +
10iw,§A;;'(x)) + 2 (A, (x) — 5iw] A5 (x) —
10wEAY (x) + 10iwf Ay’ (x) + 5wt A (x)) +
-5 (As(x) — 5iw] A4 (x) —

10wWEAY (x) + 10iwg Ay (x) + 5wiA (x) —
iw,?Ags)(x)) + ot

5 (An () = 5iw A,y () — 10wgAT_,(x) +
10iwg A5 (x) + SWEAD, () — wAD (1)) +
0 (55)] - ®)

WO, 1) = (iAw) e [Ag () + 5 (A; (x) -
6iw] Ay (x)) + 77 (A2 (x) — 6iw] A} (x) -
15WEAG () + 75 (A5 () — 6iw] A} (x) —
15wBAY (x) + 20iw,§Ag'(x)) + 2 (A, () —
6iw] Ay (x) — 15w Ay (x) +

200w AY' (x) + 15wEASY (1)) + & (4s(x) —
6iwy Ay (x) — 15w Ay (x) +

20iwg Ay’ (x) + 15wiAP (x) — 6iw3AY (x)) +
75 (46(0) — 6iw] A5 (x) —

15weAY (x) + 20iwS A (x) + 15wEASP (x) —
6iw A (x) — w,%Aff)(x)) + ot }%(An(x) -
6iw] Al _1(x) — 15wEAl_,(x) +

20iwg AL, (x) + 15w A, (x) — 6iw AP (x) —

wzaP ) +0 (7))
) = (iAw)7 e [ 40 (x) + 3 (4 () -
Tiwl Ap(x)) + 15 (A, (x) — 7iw] A7 (x) —
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21WEAT (%)) + 25 (A5 (x) — 7iw] Ay (x) —
21WEAY (x) +35IWEAY () + 27 (A4 (x) —
7iw] A5 (x) — 21wl A% (x) +

35iwg A} (x) + 35wiALY (x)) + 2 (As(0) -
7iwl Ay(x) — 21w AY (x) +

35w Ay’ (x) +35wiAP (x) — 21iw,§A§)5)(x)) +
=5 (A () — 7iw] A5 (x) —

21w AY (x) + 35iwg Ay’ (x) + 35w ALY (x) —
21iwE AP (x) — 7w,'fAff)(x)) + 2 (4,(x) -
7iw] AL (x) — 21wl A% (x) + 35iwp Ay (x) +
35w ALY (x) — 21iwE A (x) — 7w2A® (x) +
iwAS () + -+ + o (A () = Tiw] Ay () —
21wEAY_, (%) + 35iwS AL 5 (x) +35wpA™, (x) —
21w A () — Tw2A® (x) + ika§l7_)7(x)) +

0 ()], - - (10)
W20, 2) = (iAw)Pe i [ 40 (x) + 7 (4; () -

8iw] A (%)) + 2 (4, (x) — Biw] A} (x) —
28WEAG (%)) + 75 (45 (x) — Biw] Ay (x) —
2BWEAY (x) + 56iWEAY () ) + 27 (A4 (x) —
8iw] AL (x) — 28wfAY (x) +

561w} (x) + 70wEASY () + = (4s(x) —
8iwl A (x) — 28wAY (x) +

56iwS Ay’ (x) + 70wiA® (x) — 56iW,§Af)5)(x)) +
-5 (A(x) — Biw A (x) —

28wEAY (x) + 56iwp Ay (x) + 70w ALY (x) —
56iwi A (x) — 28w,§Aff)(x)) + 2 (4,(x) -
8iw] Ap(x) — 28wLAY (x) + 56iwp Ay’ (x) +
70wiEA (x) — 561w AT (x) — 28w2A® (x) +
8iw, AT (x)) + =5 (Ag(x) — Biw] A} (x) -
28wWEAY (x) + 56iwi AL (x) + 70w A (x) —
56iw,fA§5) (x) — 28W§A§6) (x) + 8l'WkA§7) (x) +
AP0)) + -+ 2 (A (x) = BIw] Ay (x) —
28WEAL_, (x) + 56iwg AL 5 (x) + 70wEA™, (x) —

56iwi A, (x) — 28w2AC (x) + 8iw, AT, (x) +
1

AP4) + 0 (5355)] - - (A1)

Putting (3) and (11) in (1) and after simplification

we get:

28eitwix [ % (~8iw]Ap(x)) + aiz (—8iw[ Al (x) —
28wEAy (%)) +

=5 (=Biw] A (x) — 28WEAY (x) + 56iwE Ay’ (x)) +
%4 (—8iwy A3(x) — 28wy (x) +
S6IwAY () +70wEALY () + 5 (~Biw] 44(0)
28WEAY (x) + 56iwf A7 (x) + 70w AP (x) —
56iwiAS (1)) +
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t(x) — 28wPAY (x) + 56iwg Ay (x) +
70w;§A(4)(x) 56iwi A (x) — 28w,§A“’)(x))
( 8iwy Ay (x) — 28wPAL (x) + 56iwg Ay’ (x) +
70w;§Ag4)(x) 56iwiAD (x) — 28w2A® (x) +
8iw, AY (1)) +
-5 (—8iw] A} (x) — 28wEAY (x) +56iwiAY (x) +
70w A (x) — 56iwE A (x) — 28w2AP (x) +
8ika(7) ®) + AP ) + () 4,(0)) +
( 8iwy Ag(x) — 28wgAY (x) +56iwp AY' (x) +
70w,§A(5‘”(x) 56iwi ALY (x) — 28wEAY (x) +
sika(” () + AP () + (04, () +
/110( Biwy Ay(x) — 28w Ay (x) +56iwg Ay’ (x) +
70wAY (x) — 56iwE AL (x) — 28w2AL (x) +
81ikag7)(x) + AP0 + g4, () + -+
= (=Biw] A, (x) — 28weAy_,(x) +
56iwg A5 (x) + 70wEAY, (x) — 56iwiAlY, (x) —
28w2A®, (x) +81ka(7) () + AP, (x) +
q(x)An_soo) +0 ()] =0
By equating the coefficients of the same power of /11 ,

then we get the following relation:

—8iw] Al (x) = 0,

—8iw] Ay (x) — 28wfAy (x) = 0,

—8iw] Ay (x) — 28w,§A”(x) + 561W,E’A”’(x) =0,
—8iw] A (x) — 28wPAY (x) + 56iwS A} (x) +
70w;§Ag‘” (x) =0,

1 .
1_6 (—8lW,Z

—8iw] A, (x) — 28wl A% (x) + 56iwp Ay (x) +
70w AP (x) — 56iw3 AT (x) = 0,
—8iw] AL (x) — 28w Ay (x) + 56iwg Ay’ (x) +

70w AP (x) — 56zw,§A(5’(x) 28wZAP (x) = 0,
—8iw] Ay (x) — 28wEAY (x) + 56iwg A} (x) +
70W,‘§Ag4) (x) — 56lkagS) (x) — 28WkA§6) (x) +
8iw, AT (x) = 0,

—8iw] AL (x) — 28wfAY (x) + 56iwi AL (x) +

70w A (x) — 56iwS A (x) — 28w2AP (x) +
8iw A7 (x) + AP (%) + q(1) 4o (x) = 0,
—8iw] Ag(x) — 28wl A% (x) + 56iwp AL (x) +
70w ALY (x) — 56iwS A (x) — 28w2AL (x) +
8iw, AT (x) + AP (%) + q(x)A4;,(x) = 0,

—8iw] Ay(x) — 28w,fA”(x) + 56iwg Ay (x) +
70w AP (x) — 56iwg A (x) — 28wZAL (x) +

8iw, AL (x) + AP (%) + q(x)A,(x) = 0,

—8iwl Al _;(x) — 28wEAl_,(x) + 56iwi Al 5 (x) +
70W§A(4)4(x) 56kaA(5)5(x) 28W§A(6)6(x) +
8iw AT, () + A (1) + q(x) Ay (x) = 0.

by solving above equations, we get

Agr(x) =1, A1 (x) = 0, Az (x) = 0,45, (x) =

0, Ay (x) = 0, A5, (x) = 0,4, (x) =0,
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Ape () = == [ q(©) Ao (B)d,
As]c(x) =
~ S Sy (28w A7) + (O AL®) dt,
Ag(x) =

":;" ( 28wEAY . (£) + 56iwg AL (8) +
q(t)Az,k(t)) dt,
A10k(x)

iwg

- ( 28WEAY () + 56IWE AL (1) +

70w} A(‘” ) () + q(t)A3k(t)) dt,
And for integer n>11,we get that A, (x) =

— e g (_zgng;;_lk(x) + 56iwg Al (x) +
70w A514)3k(x) — 56iw A;S)“(x) -

28w2AL, () + 8iw AT, (0 +

(A7, () dt.
So, we obtain

Araie = Age () = (§) iwl A (o),

Age = A () = (3) iw A3, () = () wi A 0o,
Az = Az (0 = (3) iwld ) = ()
(3) wi Az,

Asre = A () = (3) iwl At () = () w00

+(“§) iwg ALy (x) +( ) A(4)(x)

8
0 +AY,

wi Ay (x) +

Asge = Asp(x) — ( )kaA4k(x) ( )WI?AIBIk(x) +
() wiazio + () wia e - (3) wial 0o,

(s
Agsk = Agr(x) — (1) iwg Agp (x) — (2) wi A (x) +
(g) iwS AL (x) + (i) 4D () —
(‘;) kaA(S)(x) (‘2) A(6)(x)
Azsie = Azp(x) — (1) kA (x) — ( ) wiAg (x) +
(3) iwgazco + (5) wia oo -
(‘;) kaA(S)(x) — (‘2) A(6) (x) + ( ) lkagk) (%),
Agsy = Agr(x) — ( ) (%) — (2) wiAge (x) +
(3) iwago + () wial o) -
(g) kaA(S)(x) (g) A(ﬁ) (x) +
(‘;) kaAm )+ (‘;) A(B) ),
and so on. For n > 8 we have
Apsk =
A (x) — (i) W Ap_ 1, (x) — ( ) n—2k (%) +

(g) iwp Al 3 (x) + ( ) A(4)4k(x) -
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(5) kaA(S)Sk(x) ( ) A(6)6k(x) + (‘;) iwgAp 5 (x) + ( )W4A(4_)4k(x) -
(g) kaA(7)7 () + ( )A(S)s i (). (g) kaA(S)s () = ( ) A(6)6 k(%) +
But since iWkA517—)7_k(x) + ( )A;S)Sk(x)_

Aok (%), A1 (), A (), Az (x), Agre (), Asi(x) and A6k()§_¥ . . .
are constants, their derivatives vanish. Then we can ence, we can write the eight linearly independent

write: solutipn and their derivatives of the differential
Ay = A (), Ay = Ani (), Anere = equation of the form
Ay () Alk( > A () AZk( ) Ao (), Aesy = O, 2) = (1Awye) e 2 [Agy () + 2k 4 225k 4

3k\X), Agsk = Agg(X), Ass = Agp(X), Agsie = Vi "X, A) = AWy ok (%) 12
jﬁk(x—)’A A = A a T T e TR 0 (Anﬂ)]

7sic = A7ic(X), Agsic = Agic(x) — ( )‘Wk 7 (%), 3. Asymptotic behawor of elgenvalues
Aogre = Ao (%) _( )kaAgk(x) ( ) wEAY (), In this section, we try to find eigenvalue of the

_ problem (1)-(2).
Asosk = s s Theorem 2: Consider the boundary value problem
Aqor (%) —( )iw,ZA;k(x) - (Z)W,ngk(x) + (1)- (2), where q(x) is smooth function, such that

S " satisfies the conditions q'(a) =0 , q'(0) =
(3) wiazico), 0,[* q(x)dx = 0,and q(a) # 0, then for A€ T,
Aqisk = T ;

here T, = {A:argd € |0,—|the asymptotic
_ S 7 Al _ S 6 Al W 0 { g [ 8]}
A111c(x) ( )lkalOk(x) (2) wic Aoy (x) + formulas for eigenvalues of the problem for

S . nr ici i
(3) WAL (x) + ( ) :A(;;)(x)’ sufficiently large |m|, has the following forms .

, S " _ 2mnm i L
Agsie = Agr(x) — (1) iwg A (x) — (2) wedg () +  Aom = ((-1-(\/7“)1-)(1 + Towana T 0 (m8)> ’
S III S (4) 1 =
iwg Agy (x) + WAy, (x) — orm
(E.) « (é) N,N +1,N + 2, ... where N is a large integer.
(3) wia§ieo - (3) weaReo + Proof:

S ) S\ (@ If the first eight terms in (3) are chosen so we obtain
(7) w Ay () + (8) Aoy (), (S)(x ) = (iAw})%e iAwgx [Ao (x) + Ak Alsk(x) +
Avzsic = Agske () | Assil) | Agsi() | Asei(®) | AgeieC)

S ] , S . S + 3sk + 4sk + 5sk + 65k +
Apo(x) — ( )lWIZAllk(x) - ( )WI?Alok(x) + A2 2 At s ¢
g 2 A7sk(x) +0( )]
. " 4) (5) ’
(3) iwiasico + () wial @) = (3) iwf AR (o), for. 5 = 0,12.3,45,67, k =
Agzsr = 0,1,2,3,4,5,6,7. We have:
S . 12 S 12 =
Az (x) — ( )lWIZAlzk(x) - (2) WALy (x) + ﬁos" _ jOR(x)’A — 4 Au =

S » @ 1sk = A1 (%), Aggre = Agi(x), Aggie =
(3) iw Ao, (x) + ( ) K Aok (X) — Az (), Agsie = Agie(%), Assic = Asi(X), Agsic =

S (5) (6) Agp (),

(5) kaA () — ( ) A (x) Az = Az (X).
Ajgsk = And
S\ Ao () =1,A4,,(x) =0,4,.(x) = 0,45, (x) =
A x) — iw x) — x) + 0,k y A1k y 412k y A3k
;4k(> () iwlAraC )()() A () O L s S 2
" 4
(3) iAo + () wiafi e - Ay () = =2 [% g0 40, (D)t
(g) iwi A (x) — ( ) 249 (x) + ( )kaA(ﬂ(x) And to _flnd the  boundary  conditions
A _ Uj(yx), for k,j = 0,1,2,3,4,5, we have

sk , ‘o Up(y) = y(0) = 0,U; () = ¥'(0) = 0,U,(») =
Agsi(x) — ( )kaA14k(x) ( ) wi Al () + y"(0) =0,U;(y) = ys’i’k(O) =0,

(g) iwg A (x) + (i) Aﬁ)k(x) - Ui(y) = Zi=r (iwj2) y* (@D =0,j=
4,5,6,7

SY iw3a® (© i

A — A 2k,
(g) 10k (%) () RO+ where, w, = YT = e 8@ = 5", k=01234567
(7) iWkA(7)(x) +( )A(g)(x) Now, wo=1w, = %, y =i, W3 = f’
—1-i 1-i
—1l,wg =—7—,wg = —1, w; = —,
and for n > 15, we have V2 . V2 .
A = " and w; are the w; which numbering so that satisfy the
nsk — - .
S\ iwZA! S\ wéa” inequality:
Ange(x) = (1) W A 1o (X) = (2) WigAn—2, () + Re(ilwg) < Re(idw;) < Re(idw}) < Re(idwj) <

Re(idw,) < Re(iiwe) < Re(idwg) < Re(idwy).

88
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We can easily find out the form of each boundary
condition up to order eight

Vo) =[1+0(5)], -

V() = idwge [140 ()], .- (13)
U, ) = 2w [140 (5] . . (14)
Us(yp) = —i3w) [1 +0 (%3)] ..(15)

Vi) = —ix7e™re [14 0 (55)] [wi)” +
w; (wi)® + (Wj)Z(W;'c)S + (Wj)s(w{()‘*
() )7 + () (w2 +

(Wj)G(W;'c) + (Wj)7] Jfork =0:7,j =
45,6,7. ...(16)

1+i W

TJPS

Us () = 224,03 (v) = —22 (%) 4, U,(3) =
2 (‘ji) A,U,(y,) = 124,

Us i) = —il*w [1+0 ()]

Us(yo) = —224,Us () = —i2* (22)" 4, U4 =
—iA3 (l 21) A Us(y3) = —iA34,

Us(a) = i24, U (ys) = —1&3( 20 4,3 () =

i () 4,u,0) =

Us(¥o) = 0,U,(y1) =0, U4(3’2) =0,U,(y3) =
0,U4(ys) = —iAe@se [-8+ 0 (%)),

Us(ys) = 0,Us(y6) = 0,Us(y7) = 0,Us(yo) =

A€ To. thenwi = iwi = Zwi = 2w =1 o'ty 01 (y,) = 0,is(y) = O,
wy = —1,wi =%,wé =" and w) = —i. Us(ya) =0,
Uy(y,) = A where A = [1 +0 (L)] Us(rs) =
0k | )Y —in7et5e [Z (64 + 641) + 0 ()], Us(ve) =
Un(n) = idwi [1+ 0 (55)] 0, Us(y,) = 0, ’
Ui(yo) = =24, U () = %AA, U (y2) = Us(¥o) = 0,Us(y1) = 0,Us(y2) = 0,Us(y3) =
(vs) = 24, Uy (3) = —id4, DR b =0
Uy (ys) = L“AA Ui () = 7524, Us (v7) = A4, —i77 ets |[—V2(4 — 4i) + 0 (55)], Us(y) = 0,
U,(y) = —A*wy, [1 +0 (—)] U;(v0) = 0,U;(31) = 0,U;(y,) = 0,U;(y3) =
) 5 (141 0,U;(ys) = 0,U;(ys) =0,
Uy (3o) = 224, U5 (y,) = —4 ( 2) AUy (y,) = U,(ye) = 0,U,(y,) = —ileiwra [8i +0 (%8)]
-2 (= 21) AUy (y3) = —A24, We want to find A(2) in T,.
Us(yo) Uo(r1) Up(y2) Up(ys) Uo(ya) Up(¥s) Uo(¥e) Uo(y7)
Ui(yo) Ui(y1) Ui(y2) Ui(ys) Ui(va) Ui(ys) Ui(ye) Ui(y7)
U,(v0) Ux(r1) Up(y2) Up(y3) Upy(va) Ux(ys) Ux(6) Uz(yy)
AQY) = Us(yo) Us(y1) Us(yz) Us(ys) Us(ya) Us(ys) Us(ye) Us(yy)
Us(vo) Us(r1) Us(y2) Us(ys) Us(ya) Us(ys) Us(ye) Us(yy)
Us(yo) Us(y1) Us(y2) Us(ys) Us(ya) Us(ys) Us(ye) Us(y7)
Us(vo) Us(r1) Us(y2) Ug(ys) Us(ya) Us(ys) Us(¥s) Us(y7)
U,(v0) U;() Uy (v2) Uz (vs) Up;(va) U;(s) U;(v6) Uz (37)

Clearly we known from [13], the eigenvalues of the
given problem are the zeros of A(4). If A(A) =0 for
sufficiently large|A|, then

elMwitwgtogtor)a _ 1 = _1 4 (%8) e (17)
or
eid(-1-(V2+1)da _ 1 = _1 4 ¢ (%s) e (18)

Then according to [2] by using Rouche’s theorem we
can solve it and we get:

iA(-1-(V2+1)i)a=
2mmi—1 + 0(#),

_ 2mn 14 1 _
A= Tom e T Tiozrne T O () form =
N,N+1,N+2,..

where N is a large integer.

And we know that the eigenvalues of the problem are
Ao =28,

that is
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2mm i
Aom = ((_1-(ﬁ+1)i)a + Tz ne T 0 Gee
form=N,N+1,N+2,..
where N is a large integer.
4. Asymptotic formula for the eigenfunctions
In this section, we try to find Eigenfunctions of the
boundary value problem in the sector

Ty = {/1: argl € [0,%]}.
Theorem 3: Asymptotic formulas of the

eigenfunction of the boundary value problem (1) - (2)
corresponding to A, ,,, has the following forms:

V2 . V2 .
Yo (%, ) = 202 XD 4 2o AIHD | 9jo-Ax 4
2ieh* — 2\[2ieMi — 23222 (17D 4 (%7),
AET,, form=

N,N+1,N+2,.. ,and N is a large integer.
Proof: If the first eight terms in (3) are chosen then:
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Assi(x)
A5

150 = e 1) + 52
Azsk(x) )
+ 3; 2+

Azsk(x) Agsk(x) Agsk(X) +0 (7)]’
for, s = 0,1,2,3,4,5,6,7, k

22 24 26
=0,1,2,3,4,5,6,7. We have:
Alsk = 1'Alsk 0 AZsk 0 A3$k - 0 A4sk -
0,455, = 0,465 = 0.
And to finding the boundary conditions U;(y,) for
k =0,1,2,3,45,6,7j = 1,2,3,4,5,6,7 up to order

1
0 (1—7) and If/11 e‘ To, then
+i r_

E’WZ - \/—’
! ! 1-i !

wi=—lwi =" wg ="
U () = iawg. [1+ 0 ()]
Uy (yo) = —A [1 +0 (i)] U, (y,) = %
0 ()], ) ==Fa[1+0(3)]
Us) = A [1+0(5)], ta0w) = =i [1+
0(%)) ) =L af1+0(3)]

+ +

wy =i,w = s =1,

and wy; = —i.

/1[1+

Uive) = =21+ 0 (3)] L) = A[1+
o (7))
U, (yi) = —APwy? [1 +0 (/1—17)],

Uy (o) = 2 [1+ 0 (35)] V(o) =

2 (S2) (140 (&)] o) = 2 (22 [1+

1

o)
Up () = =22 [1+ 0 (55)] Vo 00) = =221+
o(3))
U, (v5) = —AZ( 1
-2 (=2 ‘) [1+0
Uy () = 221+ 0
Us () = —ilPwy
Us(vo) = =21+ 0 (% ],U3(y1) =

iz (%)3 [1+0(3)] Us2) =

- (F) 1o )l

(1)] U,0) =
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Us(y3) = —id? [1 +0 (%)] Us(ys) =

[0 ()]0 = (2 [+ o(2)

Us(ye) = —id? ( ) [1 + 0( )] JUs(yr) =
#lr+o(3)]

Us(¥0) = 0,Us(y1) = 0,Us(y2) = 0,Us(y3) =
0,U,(3s) = —iAe@5e [-8 + 0 ()],

Us(¥s) = 0,Us(y6) = 0,Us(y;) =0,

Us(yo) = 0,Us(y1) = 0,Us(y,) = 0,Us(y3) =

0,Us(ys) =0,

Us(ys) =

97 piwka [V2 ; 1 -
i17 giwsa [16 (64 + 64i) + 0 (/17)] Us(ye) =

0,Us(y;) =0,

Us(¥o) = 0,Us(y1) = 0,Us(y2) = 0,Us(y3) =

0,Us(ys) = 0,Us(ys) =0,

Us(¥s) =

—i}7eiwsa [—\/2(4 —4)+0 (%7)] Ug(y,) =0

U; (o) = 0,U;(y1) = 0,U;(y,) =0,U;(y3) =

0,U;(y4) =0,U;(ys) =0,

U,(v6) = 0,U;(y7) = —iAelwre [Si +0 (%)],

yo(x 1) =e M [1 +0 (%)],yl(x,/l? =
GF 1+ 0(2)] vt = 2

OGJ}

y3(x, 1) = ei* [1 +0 (%)] ,y4(x,A? =

e [140(%)]y500 0 = "G [140(2)]
Ve(x,4) = em(%)x [1 +0 (Ai,)] ,y7(x, ) =

1
e 1+0(3)]
As we see in [14], we can write the eigenfunctions as
follows

yO,m(x: /‘l) =

[1+

-1
641343 (g(64+64i))(4\/7—4\/7i)

ei/l(%)a. em(%)a

eli-ia .

Yo, ) () ¥y y3(x, D) yu(x, D) ys(,A) v, D) ¥y, (x, 1)

Ui(ro) Ui(r) Ui(vz) Ui(ys)  Ui)  Ui(ys)  Ui(ve)  Ui(yy)

U,(vo)  Ux(y1)  Up(32)  Ux(r3)  Up,(va)  Up(vs)  Up(s)  Ux(y7)

Us(vo)  Us(y1)  Us(y2) Us(ys) Us(a)  Us(ys) Us(ye)  Us(yy) (20)
NUOo)  Us(y1)  Us(yz)  Us(yz) Us(ra)  Us(ys)  Us(ye) Usy) |7
Us(o) Us(y1) Us(y2) Us(ys) Us(a) Us(ys) Us(ye) Us(yy)

Us(vo) Us(y1) Us(y2) Us(y3) Us() Us(ys) Us(ys) Us(yy)

U;vo)  U; (1) U;(2)  U;(3) U, (va) Uz (vs) U () Us(y7)
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,_;
+

TJPS

—Ax  ia (1t A (-1 iAx  p-idx ia (1=t iA (-1t Ax
) e_(fi)x : (Yi)x o e.(l_i-)x (W) ’
-1 i) i) o 1 il i)
N2 N 2 N2 _1_1n\2
B R N - N OV
= 1 L(%f l( \};)3 —i ; —i(%i 3 —i(_\gi)s L 77) e
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
Thus, we obtain 5. Conclusion

Yom(x, ) = ZeT’lx( 17D 4 2e% a1t + 2ie ™ +
2ie?™ — 2\2ie? — 24/2e TR0 +

1
0(%). - (22)

ilx
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