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ABSTRACT 

In this paper, we applied some properties on chain 

fuzzy graphs, which comprise vertex identification. 

These properties are independent sets and 

independent dominant sets. 
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 المجموعات المهيمنة المستقلة على سلسة البيانات المضببة
 1نبيل عز الدين عارف ، 1رسل حسن مجيد

 ، كلية علوم الحاسوب والرياضيات، جامعة تكريت، العراق الرياضيات  قسم 1
 الملخص 

تم تعريف سلللةلللب البت ا م الة للببب الوي تو تط بق تل يا البت ا م الة للببب يتاسلللب الربيقه تم تلبتان   لل يت ا م ال ا    ام   البحث، في هذا  

يولبتا يعض الختاص  لتن ه  يقةن الخةس  بيقه هذه البت ا م ت تط بوش كلبه 

1. Introduction 

The fuzzy graph is a mathematical 

application tool that allows users to easily 

express the connection between any two 

notions. The fuzzy graph idea and many 

fuzzy forms from graph theory topics were 

proposed by Rosenfeld, including paths, 

cycles, and connectedness, in 1975[1]. 

Mahmood and Ahmed first presented 

Schultz and Modified Schultz Polynomials 

for Vertex Identification Chain and Ring for 

Hexagon Graphs in 2021[2]. 

Somasundaram introduced the idea of 

dominance in fuzzy graphs in 1998[3]. In 

fuzzy graphs, Nagoorgani and 

Chandrasekaran studied fuzzy independent 

sets and fuzzy bipartite graphs in 2007. In 

2013 Thakkar and Bosamiya addressed the 

essential idea of independence dominating 

[4]. we introduced in this work the notion of 

chain fuzzy graphs and we studied the 

relationship between independent and 

dominant. This paper contains fourth 

section, in section two, we introduced some 

basic concepts. Section three studied main 

results in this paper. In section four, we will 

present the results obtained from this 

research. 

2.Basic Concepts: 

         A fuzzy graph denoted by  𝒢 =
(𝒱, 𝜚, 𝜑) on the clear graph 𝐺 = (𝑉, 𝐸) is a 

nonempty set 𝒱  and two function 𝜚: 𝒱 →
[0, 1]  and 𝜑: 𝒱 × 𝒱 → [0, 1]  such that 

∀ 𝓊, 𝓋 ∈ 𝒱 ,  where 𝜑(𝓊, 𝓋) ≤ 𝜚(𝓊) ∧
𝜚(𝓋)[5]. 

A path 𝑃 in a fuzzy graph 𝒢 is a collection 

of distinct vertices.𝒰0, … , 𝒰𝑛 , where 𝒰0 ≠
𝒰𝑛 , and 𝑛 ≥ 2  such that 𝜑(𝒰𝑖−1, 𝒰𝑖) >
0, 𝑖 = 0, … , 𝑛 . We refer to the following 

pairs as the path's edges. The number of 

edges equals path length. A path 𝑃 where 

𝒰0 = 𝒰𝑛 𝑎𝑛𝑑 𝑛 ≥ 3  is a cycle [6]. The 

weight of the weakest edge (the edge with 

least membership in path) is used to 

measure a path's strength. The strength of 

the connection between the vertices, 𝓊 and 

𝓋 , is the maximum strength of all paths 

linking them, and it is denoted by 

𝐶𝐶𝑂𝑁𝒢(𝓊, 𝓋) . If a path connects two 

vertices, they are said to be linked. A fuzzy 

graph 𝒢 = (𝒱, 𝜚, 𝜑)  is connected if 

𝐶𝐶𝑂𝑁𝒢(𝓊, 𝓋) > 0, ∀ 𝓊, 𝓋 ∈ 𝒱 . An edge 

(𝓊, 𝓋) is strong in 𝒢 if 𝜑(𝓊, 𝓋)  > 0, and 

𝜑(𝓊, 𝓋)  ≥ 𝐶𝐶𝑂𝑁𝒢−(𝓊,𝓋)(𝓊, 𝓋)[1]. 

3. Main results: 

3.1 The Vertex- Identification Chain 

Fuzzy Graphs: 

        The following is a formal definition of 

a chain of fuzzy graphs. Definition3.1.1: 

Assuming that {𝒢1, 𝒢2, … , 𝒢𝑛}, be a set of 

pairwise disjoint fuzzy graphs with vertices 

𝓊i, 𝓋i ∈ 𝒱(𝒢i)   then the vertex-

identification chain fuzzy graph  

, Cvf(𝒢1, 𝒢2, … , 𝒢𝑛 ≡
 Cvf (𝒢1, 𝒢2, … , 𝒢𝑛: 𝓋1 ⋅ 𝓊2; … ; 𝓋n−1 ⋅ 𝓊n) 

of {𝒢i}i=1
n−1   with respect to the 

vertices {𝓋i, 𝓊i+1}i=1
n−1 is the graph obtained 

from the fuzzy graphs 𝒢1, 𝒢2, … , 𝒢n  by 

identifying the 𝓋i vertex  with the 

vertex 𝓊i+1 

 for all i = 1,2 … n . such that the vertex 

identification's weight value is 𝜚(𝓌𝑖) =
max{𝜚(𝓋𝑖), 𝜚(𝓊𝑖+1)}(denoted by 𝐶𝑣𝑓(𝐶𝑛))    

(see Fig. 3.1): 

 
 

Fig. 3-1. Chain graphs 
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3.2. Dominating set of Chain Fuzzy 

Graphs: 

Definition3.2.1[3]: A vertex 𝓊  dominant 

other vertices in fuzzy graph 𝒢 =
(𝑉, 𝜚, 𝜑). If 𝜑(𝓊, 𝓋) = 𝜚(𝓊) ∧ 𝜚(𝓋) , for 

𝓊, 𝓋 ∈ 𝒱. 

A set 𝔒 ⊆ 𝒱 is said to be dominant set in 𝒢 

if for any 𝓋 ∈ 𝒱 − 𝔒, there exist 𝓊 ∈ 𝔒, 

such that, 𝓊 dominates  𝓋. The dominance 

number of 𝒢 is the minimum cardinality of 

a set denoted by 𝛾(𝒢). 

Example3.2.1: In this example, all the 

edges are strong, which means there is no 

isolated vertices since isolated vertex does 

not dominate another vertex. 

 
Fig.3-2 

In this example, there are many dominating 

sets. One of these dominating sets is 𝔒 =
{𝑢1, 𝑢2, 𝑢3, 𝑢4}    the vertices in 𝔒  that 

dominate the other vertices. 𝔒 is the set of 

vertex identification, and it is the minimum 

dominant set. 

So, the dominance number is 

𝛾 (𝐶𝑣𝑓(𝐶𝑛)) = 2.6. 

Theorem3.2.1: In 𝐶𝑣𝑓(𝐶𝑛), if  𝑛 ≤ 6. Then 

𝛾 (𝐶𝑣𝑓(𝐶𝑛)) = ∑ 𝜚(𝓋𝑖)𝑖=1  . 

Proof: Let 𝐶𝑣𝑓(𝐶𝑛)  be a chain of fuzzy 

graphs with vertex identification 𝓋𝑖 ∈ 𝔒 . 

Let 𝑛 ≤ 6. Since 𝑛 ≤ 6, so, any vertex in 

𝒱 − 𝔒  adjacent to the vertex 

identifications, which means the vertex 

identifications 𝓋𝑖 ∈ 𝔒  dominate the 

vertices in 𝒱 − 𝔒 . From the definition of 

domination number, we get the vertex 

identifications as the minimal dominating 

set of 𝐶𝑣𝑓(𝐶𝑛) . Then  𝛾 (𝐶𝑣𝑓(𝐶𝑛)) =

∑ 𝜚(𝓋𝑖)𝑖=1 .                                                                                                               

In last example 𝛾 (𝐶𝑣𝑓(𝐶𝑛)) = 2.6, which 

is the summation of the weight values of all 

the vertex identifications. 

3.3 Independent set of Chain Fuzzy 

Graphs: 

 

Definition3.3.1[7]: Suppose 𝒢 = (𝒱, 𝜚, 𝜑) 

is a fuzzy graph. Any two varices in fuzzy 

graph are said to be fuzzy independent if 

there is no strong edge between them. If 

every vertex of a subset 𝔅  of 𝒱  is fuzzy 

independent, then 𝔅 is said to be a fuzzy 

independent set for 𝒢 . Assumption 𝒢 =
(𝒱, 𝜚, 𝜑)  is a fuzzy graph. When 𝔅 of 𝒢 is 

the only fuzzy independent set with a 

cardinality higher than 𝔅, it is referred to as 

the maximal fuzzy independence set. 𝒢  's 

fuzzy independence number has the highest 

number of nodes of all maximal fuzzy 

independent sets. (Denoted by 𝛽(𝒢)).  

Theorem3.3.1[7]: In a chain of fuzzy 

graphs, maximum independent set is a 

minimum dominant set. 

Example3.3.1: In Fig 3-2, the set 
{𝑢1, 𝑢2, 𝑢3, 𝑢4}, is a maximum independent 

set and a minimum dominant set. 

Theorem3.3.2: In 𝐶𝑣𝑓(𝐶5),  the vertex 

identification is an independence number. 

Proof: Let𝐶𝑣𝑓(𝐶5),   be a chain of fuzzy 

graphs with vertex identification 𝓋𝑖. Let 𝔅, 

be a maximal independent set. Since there 

is no strong edge between any vertex 

identification, the vertex identification is an 

fuzzy independent set.  

 Since  𝔅 , is maximal fuzzy independent 

set, that’s mean no other fuzzy independent 

set has a cardinality greater than 𝑆. 𝑆 is the 

set of the vertex identification. 

 the vertex identification is an independence 

number.                                            

3.4 Independent dominating set of Chain 

Fuzzy Graphs:  

Definition3.4.1[4]: If the vertices of the 

dominant set 𝔒 of a fuzzy graph 𝒢 are not 

connected to one another, then the set is an 

independent dominating set. 

https://doi.org/10.25130/tjps.v28i5.1589
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If a fuzzy graph 𝒢 has no suitable subset of 

its independent dominant set, then it is said 

to be a minimum independent dominating 

set. 

A fuzzy graph's minimum independent 

dominating set cardinality is known as an 

independent domination number, (Provided 

by 𝜄(𝒢)). 
Theorem3.4.1 [8]: In a chain of fuzzy 

graphs, if 𝔒  is an independent dominant 

set, then 𝔒 is minimum dominant set and 

maximum independent set.  

Remark 3.4.1: The converse the last 

theorem is true. 

Example3.4.1: In Fig 3-2, 𝔒 =
{𝑢1, 𝑢2, 𝑢3, 𝑢4}, is an independent dominant 

set,  𝔒  is a minimum dominant set and 

maximum independent set. 

Theorem3.4.2: If 4 ≤ 𝑛 ≤ 6 , then the 

vertex identification is an independent 

fuzzy dominating set. 

Proof: let 4 ≤ 𝑛 ≤ 6. Let 𝔒, be the set of 

vertex identifications. Since every fuzzy 

graph in the chain is a cycle and 4 ≤ 𝑛 ≤ 6. 
Then the vertex identification is not 

adjacent. Every vertex identification in 𝔒 

dominates a vertex in 𝒱 − 𝔒 . 𝔒  is an 

independent fuzzy dominating set.                                                                            

Theorem3.4.3: In a chain of fuzzy graphs, 

If 𝑛 ≤ 6.  

Then  𝛾 (𝐶𝑣𝑓(𝐶𝑛)) = 𝛽 (𝐶𝑣𝑓(𝐶𝑛)). 

Proof: Let 𝐶𝑣𝑓(𝐶𝑛)  be a chain of fuzzy 

graphs, with vertex identification 𝓋𝑖 . Let 

𝛽 (𝐶𝑣𝑓(𝐶𝑛)) be the maximal independent 

set, and 𝛾 (𝐶𝑣𝑓(𝐶𝑛))  be the minimum 

dominating set. If 𝑛 ≤ 6, every fuzzy graph 

in the chain has at least two vertices, but 

there are no strong edges between them. 

Since maximum independent set is a 

minimum dominant set. 

From the description of domination 

number, and the definition of independence 

number, then  𝛾 (𝐶𝑣𝑓(𝐶𝑛)) =

 𝛽 (𝐶𝑣𝑓(𝐶𝑛)).                                                         

Remark3.4.1: If 4 ≤ 𝑛 ≤ 6 , then 

𝜄 (𝐶𝑣𝑓(𝐶𝑛))=∑ 𝜚(𝑛
𝑖=1 𝓋𝑖). 

Theorem3.4.4: In a chain of fuzzy graphs, 

if 𝑛 ≤ 6  Then  𝛾 (𝐶𝑣𝑓(𝐶𝑛)) =

 𝛽 (𝐶𝑣𝑓(𝐶𝑛)) = 𝜄 (𝐶𝑣𝑓(𝐶𝑛)) 

Proof: by theorem3.4.3, by theorem3.4.2 

and last remark the theorem is true. 

4. Conclusions 

In this paper, we discussed the relationship 

between an independent set also a dominant 

set on a chain of fuzzy graphs. The vertex 

identification satisfies the condition of 

being independent and dominant, so it’s an 

independent fuzzy dominant set.   
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