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ABSTRACT 

The aim of this paper is to study Itõ ’s formula for some stochastic 

differential equation such as quotient stochastic differential equation, by 

using the function F (t, x (t)) which satisfies the product   Ito’s formula, 

then we find some calculus relation for the quotient stochastic 

differential equation and we generalize the method for all m supported 

by some examples to explain the method. 

 

 

Introduction  
A Stochastic differential equation is one of which 

more of its terms are stochastic process. [Arnold, 

1974][1]. According the feature of randomly 

(stochastic) the numerical analysis for solving 

stochastic differential equations are also different in 

some key array from that of ordering differential 

equation . 

The stochastic process {x (t), t ϵ [0,∞)} of the form: 
[2] 

dx(t)= α(x(t),t)dt + β(x(t),t) dw(t) …(1) 

Where α(x(t), t)  is drift term, β(x(t), t) is diffusion 

coefficient and  {w (t)} is a wiener process. 

Or equivalently,  

X (t) = X (0) + ∫ α(x(t), t)dt
t

0
 + ∫  β(x(t), t)dw(t)

t

0
 … 

(2) 

0 ≤ t ≤ T, X (0) is the initial value.[11]         

let t ϵ [t0 ,T] , α(.) , β (.) sufficiently smooth  in some 

region and F(x(t),t)  is twice differential in that region  

. Then Itõ ’s formula is:[11]  

F(x (t), t) =      F(x (t0), t) + ∫
∂F

∂t
ds

t

t0
+

∫ ((α(x(s), s)
∂F

∂X

t

t0
+ 

1

2
β 2(x(s), s)

∂2F

∂x2)ds +

∫ β(x(s), s)
∂F

∂x
dws

t

t0
 … (3) 

Or equivalently by using Taylor Series :[10] 

dF(x(t), t) =

(
∂F(x,t)

∂t
+ α(x, t)

∂F(x,t)

∂x
+

1

2
β 2(x, t)

∂2F(x,t)

∂x2 ) dt +

β  (x, t)
∂F(x,t)

∂x
dwt … (4) 

 The stochastic differential equation models have 

been used after with great success in a variety of 

application areas, including biology, epidemiology, 

mechanics, economics and finance. The concept of 

the important of these models initialized in 1905, [3]. 

Various authors have explained and study their 

contribution in this field. Kloeden and Platen [4] 

discussed the numerical solution of stochastic 

differential in detail. Platens [5] study the strong and 

weak approximation methods for the numerical 

methods to get the solution of stochastic differential 

equations. Further work on some stochastic 

differential equation as they presented two explicit 

methods for 𝐼𝑡ô SDEs with Poisson-driven jumps. 

Nayak and Chakraverty [6] worked on numerical 

solution of fuzzy stochastic differential equation. 

Christios H.skiadas, [7] Study the exact solution of 

stochastic differential equation (Gomertz, 

Generalized logistic and revised exponential. Akinbo 

B.J. et al [2] study numerical solution of stochastic 

differential equation .And so on. 
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In this paper, we investigate the form for some 

(quotient) stochastic differential equation with 

constant coefficients with first order, second order 

and then we generalize it for m-order (quotient) 

stochastic differential equations. We also give some 

examples with exact solution to explain the method.  

Related works and method 
Definition 1 :( random variable) [8]  

A random variable is a mapping or a function from 

the sample space Ω onto the real line R, (i.e. X: Ω 

→R) 

Definition 2: (stochastic process) [9] 

A stochastic process is a family of random variables 

denoted by {x(t), t ∈ T} where t is time parameter and 

T ∈ R. 

Definition 3: (Wiener process) [11] 

A wiener process (Brownian motion) over [0, T] 

denoted by {w (t)} is a continuous-time stochastic 

process satisfying: 

 1: W (0) =0  

2: For all t, s ≥ 0, W (t)-W(s) is normally distributed 

with mean zero and variance|t − s|. 
3: The increment’s W (t)-W(s) and W (v)-W (u) are 

independent. 

Definition 4 :( It𝐨  – integral) [10]   

 Consider the stochastic integral 

I(F)=I(F)(w)=∫ f(s, w)dw(s, w)
b

a
 then the Itõ-integral 

is ∫ f(t)dt
b

a
=limn→∞ ∑ f(tk)∆wk

∞
k=1   where ∆wk= 

[w(tk+1) – w(tk)] and w(t) is wiener proocess or we 

can write it by ∫ f(t)dw(t)
b

a
 then the mean 

E(∫ f(t)dw(t)
b

a
) =0 E((∫ f(t)dw(t)

b

a
)2)= 

∫ E(f 2(t))
b

a
dt  .The Itõ ’s formula for yt(w)=v(t,xt) 

with dxt= f(t,w)dwt is given by  

 dyt= (
∂v

∂t
 + 

1

2
f 2 ∂v

∂x2)dt +f
∂v

∂x
dwt . 

And then a stochastic process {x (t): t ϵ (0,∞) } is 

said to satisfy Itõ – stochastic differential equation .  

dx(t)= α(x(t),t)dt + β(x(t),t)dw(t)   if for t ≥ 0 it is a 

solution of x(t)=x(0) + ∫ α(x(t), t)
t

0
dt + 

∫ β(x(t), t)dw(t)
t

0
 . … (5) 

Definition 5 :( It𝐨 ’s formula) [11] 

Let X (t) be a real-valued stochastic process then 

 x(a) = x(b) + ∫ Fdt
b

a
+ ∫ Gdw

b

a
   … (6)  

For some G ϵ L2(0, T), F ϵ L1(0, T) and 0<a<b<T. 

Then X (t) is a stochastic differential equation 

satisfies:   

dX =Fdt+Gdw; for        0 ≤ t ≤ T.  

Remark .[14]  

 L1 [0, T], L2[0, T] denotes the space of all real-

valued, adaptive processes {xt} , {yt} respectively , 

such that  

E (∫ |xt|dt
T

0
) < ∞  

E (∫ |yt|dt
T

0
) < ∞  

If  u ∶  R ×  [0, T]  →  R  is continuous and their first 

and second partial derivative for t exist and are 

continuous. If we take Y(t) = u(x(t), t) , 

Then the following equation is called (It𝐨 ’s 

formula): 

dY =
∂u

∂t
dt +

∂u

∂x
dX +

1

2
 

∂u2

∂x2 G2dt  =(
∂u

∂t
+ F

∂u

∂x
+

1

2
 

∂u2

∂x2 G2)dt +
∂u

∂x
Gdw 

The Ito product rule: [12] 
Let the change in the process xt between t and t+∆t is 

given by ∆xt=xt+∆t - xt when ∆t is very small, then 

we have  

dxt=xt+dt - xt  or   xt+dt=xt - dxt  … (7) 

Suppose   x1t and x2t are two stochastic processes, 

then:  

d (x1tx2t)= x1tdx2t+x2tdx1t+dx1tdx2t 

Proof: by using equation (7) , we get 

dx1tx2t=x1(t+dt)x2(t+dt)– x1tx2t 

dx1t=x1(t+dt)– x1t →  x1(t+dt)=dx1t+x1t … (8) 

dx2t=x2(t+dt)-x2t → x2(t+dt) =dx2t+x2t  … (9) 

Then we get:  

d(x1tx2t)= (dx1t+x1t) (dx2t+x2t) - ( x2tx2t) 

=x1tdx2t+dx1tdx2t+x1tdx2t+x1tx2t-x1tx2t   
=x2tdx1t+x1tdx2t+dx1tdx2t   … (10) 
Theorem :( 1): (It𝐨 ’s product rule) [11] 

Let  dxi = αi(t)dt + βi(t)dW(t) ; (i = 1,2) 

(0≤ t ≤T): αi(t)ϵL1(0, T) , βi(t)ϵL2(0, T),. Then 

 d(x1(t)x2(t)) =  X1(t)dX2(t)  + X2(t)dX1(t) +
β1(t)β2(t)dt.         
  Let αi(t) = αi;  βi(t) = βi  independent of t,
where i = 1,2  
Therefore d(x1(t)x2(t)) =  X1(t)dX2(t)  +
 X2(t)dX1(t) + β1β2dt  … (11) 

Theorem :( 2) [11] 

    Let u(x)=xm, m=0,1,2,… then 

d(xm)=mxm−1dx+
1

2
m(m-1) xm−2G2dt 

Clearly for m=0, 1 and m=2, follows from the Ito’s 

product. 

Now let the formula from -1 then.  

d (xm−1) =(m-1) xm−2dx+ 
1

2
(m-1)(m-2) xm−3G2dt 

= (m-1) xm−2d(fdt+gdw)+ 
1

2
(m-1)(m-2) xm−3G2dt 

d (xm) =d(xxm−1) =x d (xm−1)+ xm−1dx+(m-

1) xm−2G2dt 

=x ((m-1) xm−2dx+ 
1

2
(m-1)(m-2) xm−3G2dt) +(m-

1) xm−2 G2dt  +xm−1dx 

=mxm−1dx+ 
1

2
m (m-1) xm−2G2dt  … (12) 

With these tools in hand, we can find the Itõ ’s   

quotients rule for stochastic differential equation. 

The quotient rule: 

Proposition (1): If xt1 and xt2are two stochastic 

processes satisfies  

dx(t)i =  αi(x(t), t)dt +  βi(x(t), t)dw(t) ∶ i = 1,2  
Or equivalently satisfies the solution  

X(t)  =

 X(0)  +  ∫ α(x(t), t)dt
t

0
 +  ∫  β(x(t), t)dw(t)

t

0
:      

Then d ( 
x1(𝑡)

x2(𝑡)
 ) = 

x2(t)dx1(t)−x1(t)dx2(t)−dx1(t)dx2(𝑡)

(𝑥2(𝑡))2  + 

x1(𝑡)

(𝑥2(𝑡))3(dx2(𝑡))2   
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Proof:  

Let x1(t) = x1;  x2(t) = x2 and suppose that h=x1 

and g=x2 where h and g are time-independent  

 d ( 
x1

x2
 ) = d ( 

h

g
 ) = d (hg−1) , let f(h,g) = 

h

g
  then 

fh=
1

g
 , fg =

−h

g2  , fhh =0 , fgg = 
2h

g3 , fhg = fgh = 
−1

g2    , 

applying Itõ multi dimentional formula yields[7] . 

d(
h

g
) =d(f(h,g)) = fh dh + fgdg + 

1

2
fhh(dh)2 + 

1

2
fgg(dg)2 -  fhgdhdg  

=
1

g
dh - 

h

g2dg + 
1

2
(0)(dh)2+

1

2
(

2h

g3)(dg)2 - 
1

g2dhdg 

       = 
1

g
dh - 

h

g2dg + (
h

g3)(dg)2 - 
1

g2dhdg 

      =
hdg−gdh−dhdg

g2  + 
h

g3(dg)2 , where h = x1 and g = 

x2 then we have 

       d ( 
x1

x2
 ) = 

x2dx1−x1dx2−dx1dx2

x2
2  + 

x1

x2
3(dx2)2  … (13) 

  So the proof is complete. 

Proposition (2): let  x1(t) and x2(t)are two 

stochastic processes, then 

d ( 
x1(t)

x2(t)
 )2  

=
(x2(t))2(2x1(t)dx1(t)+G1

2dt)−(x1(t))2(2x2(t)dx2(t)+G2
2dt)

(x2(t))4  

 −
(2x1(t)dx1(t)+G1

2dt)(2x2(t)dx2(t)+G2
2dt)

(x2(t))4   

 + 
(x1(t))2

(x2(t))6(2x2(t)dx2(t) + G2
2dt)2 

Proof:  

Let (x1(t))2 = x1
2; (x2(t))2 = x2

2 and suppose that 

h=x1
2 and g=x2

2where h and g are time-independent: 

d( 
x1

x2
 )2=d(

x1
2

x2
2) =d(

h

g
) =d(hg−1) , let f(h,g)= 

h

g
 then fh=

1

g
 

, fhh=0 , fg=
−h

g2   , fgg=
2h

g3  , fhg=fgh=
−1

g2  ,  applying Itõ 

multi- dimensional formula yields . d(
h

g
)=d(f(h,g)) 

= fhdh +fgdg+ 
1

2
fhh(dh)2+ 

1

2
fgg(dg)2+fhgdhdg 

=
1

g
dh- 

h

g2dg+
1

2
(0)( dh)2+ 

1

2
(

2h

g3)( dg)2-
1

g2dhdg  

=
1

g
dh- 

h

g2dg+
h

g3(dg)2-
1

g2dhdg =
gdh−hdg−dhdg

g2 +
h

g3(dg)2 

Where h=x1
2  and g=x2

2 , then: 

d ( 
x1

x2
 )2 = 

x2
2dx1

2−x1
2dx2

2−dx1
2dx2

2

x2
4  + 

x1
2

x2
6(dx2

2)2  , 

From equation (12) we have dxm=mxm−1dx+ 
1

2
m (m-

1) xm−2G2dt   

dx2=2xdx+
1

2
2(2-1) x0G2dt =  2xdx+G2dt , so that  

d ( 
x1

x2
 )2 =

x2
2(2x1dx1+G1

2dt)−x1
2(2x2dx2+G2

2dt)

x2
4   

 −
(2x1dx1+G1

2dt)(2x2dx2+G2
2dt)

x2
4  + 

x1
2

x2
6(2x2dx2 + G2

2dt)2  

… (14) 

Then the proof is complete. 

 Now, if we have ( 
x1

x2
 )m  with x1(t) and x2(t) are 

given as  before then : 
d (

x1

x2
)m =

x2
m(mx1

m−1dx1+
1

2
m(m−1)x1

m−2G1
2dt)

(x2
2)m    

 

 −   
x1

m(mx2
m−1dx2+

1

2
m(m−1)x2

m−2G2
2dt)

(x2
2)m   −

   
(mx1

m−1dx1+
1

2
m(m−1)x1

m−2G1
2dt)(mx2

m−1dx2+
1

2
m(m−1)x2

m−2G2
2dt)

(x2
2)m

 + 
x1

m

(x2
3)m (mx2

m−1dx2 +
1

2
m(m − 1)x2

m−2G2
2dt)  

…(15) 

Proof: 

 Let h=x1
m and g=x2

m where h and g are time 

independent then 

d( 
x1

x2
 )m=d(

x1
m

x2
m) =d(

h

g
) =d(hg−1) , let f(h,g)= 

h

g
 then 

fh=
1

g
 , fhh=0 , fg=

−h

g2   , fgg=
2h

g3   , fhg=fgh=
−1

g2  ,  a plying 

Itõ multi -dimensional formula yields . 

 d(
h

g
)=d(f(h,g))= fhdh +fgdg+ 

1

2
fhh(dh)2+ 

1

2
fgg(dg)2+fhgdhdg 

            =
1

g
dh- 

h

g2dg+
1

2
(0)( dh)2+ 

1

2
(

2h

g3)( dg)2-
1

g2dhdg  

            =
1

g
dh- 

h

g2dg+
h

g3( dg)2-
1

g2dhdg =
gdh−hdg−dhdg

g2  + 

h

g3(dg)2 

Where h=x1
m  and g=x2

m then: 

       d ( 
x1

x2
 )m = 

x2
mdx1

m−x1
mdx2

m−dx1
mdx2

m

(x2
2)m  + 

x1
m

(x2
3)m(dx2

m)2  

, 

From equation (11) dxm=mxm−1dx+ 
1

2
m (m-

1) xm−2G2dt[11] 
d ( 

x1

x2
 )m =

x2
m(mx1

m−1dx1+
1

2
m(m−1)x1

m−2G1
2dt)

(x2
2)m    

 −   
x1

m(mx2
m−1dx2+

1

2
m(m−1)x2

m−2G2
2dt)

(x2
2)m   −

 
(mx1

m−1dx1+
1

2
m(m−1)x1

m−2G1
2dt)(mx2

m−1dx2+
1

2
m(m−1)x2

m−2G2
2dt)

(x2
2)m  

+   
x1

m

(x2
3)m (mx2

m−1dx2 +
1

2
m(m − 1)x2

m−2G2
2dt) 

The proof in the similar way likewise for m=1, 2. 

The exact solution for the proposed formulas: 

In this paragraph we give some examples for some 

order of quotient stochastic differential equation with 

two functions f(x (t), t) and g(x (t), t) which satisfies 

ito formula to, explain the method.  

Lemma: (see [13]) 

Suppose  {wt} is a Brownian motion then, by using 

Ito's Formula, we get:  

dwt
2= 2wtdwt + dt, (dwt)2=dt, dtdwt = 0 and 

 dwt
3 = 3wt

2dwt +3wtdt  … (16) 

Example (1): 

Let f(x) = sin(x) and g(y)  =  y − 1: y ≠ 1, where f 

(.) and g (.) are two processes satisfies equation (2), 

then find ∫ d(
f

g
)

b

a
 where a=0, b=

π

2
 ,β1 = β2 = 1 , α1 =

α2 = 0  

Solution: by the Ito product rule equation (11) then 

we have 

 d (
f

g
) = d (

sin(x)

y−1
) =

1

y−1
d(sin(x)) + sin(x) d

1

y−1
+

β1β2dt  
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∫ d (
f

g
) = ∫ d (

sin(x)

y−1
) = ∫ (

1

y−1
d(sin(x)) +

b

a

b

a

b

a

sin(x) d
1

y−1
+ β1β2dt)  

=∫
1

y−1
d(sin(x)) + ∫ sin(x) d

1

y−1
+ ∫ β1β2dt

b

a

b

a

b

a
 

∫
1

y−1
d(sin(x)) =

b

a

sin (b)

y(b)−1
−

sin(a)

y(a)−1
− ∫ sin(x) d

1

y−1
− ∫ β1β2dt 

b

a

b

a
… (17)  

∫ sin(x) d
1

y−1
=

b

a

sin (b)

y(b)−1
−

sin(a)

y(a)−1
   … (18)  

From (17) and (18) we get  

∫
1

y−1
d(sin(x))

b

a
= [

sin(b)

y(b)−1
−

sin(a)

y(a)−1
] − [

sin(b)

y(b)−1
−

sin(a)

y(a)−1
] − ∫ β1β2dt

b

a
 = − ∫ β1β2dt

b

a
  … (19) 

 From (18) and (19) we get  

∫ d (
sin(x)

y−1
)

b

a
= [− ∫ β1β2dt

b

a
] + [

sin(b)

y(b)−1
−

sin(a)

y(a)−1
] +

[∫ β1β2dt
b

a
]  

=
sin(b)

y(b)−1
−

sin(a)

y(a)−1
 , since a=0, b=

π

2
 then  

∫ d (
sin(x)

y−1
)

b

a
= ∫ d (

sin(x)

y−1
)

π

2
 

0
=

sin(
π

2
 )

π

2
−1

−
sin(0)

0−1
=

1
π

2
−1

−

0 =
1

π−2

2

=
2

π−2
  

Example (2):  

Let f(x) = sin(x) and g(y) =  y − 1; (y ≠ 1) , then 

find ∫ d(
f

g
)2b

a
 where a=0, b=

π

2
,β1 = β2 = 1 , α1 =

α2 = 0  

Solution: by the Ito product rule equation (11) then 

we have 

∫ d(
f

g
)2b

a
= ∫ d(

sin(x)

y−1
)2 = ∫ d (

sin2(x)

(y−1)2) =
b

a

b

a

∫ [
1

(y−1)2 dsin2(x) + sin2(x)d (
1

(y−1)2) + β1β2dt
b

a
] =

∫
1

(y−1)2 dsin2(x) + ∫ sin2(x)d (
1

(y−1)2)
b

a

b

a
+

∫ β1β2dt
b

a
  

∫
1

(y−1)2 dsin2(x) =
b

a

sin2(x(b))

(y(b)−1)2 −
sin2(x(a))

(y(a)−1)2 − ∫ sin2(x)d (
1

(y(a)−1)2)
b

a
−

 ∫ β1β2dt
b

a
   … (20) 

∫ sin2(x)d (
1

y2)
b

a
=

sin2(x(b))

(y(b)−1)2 −
sin2(x(a))

(y(a)−1)2  … (21) 

From (20) and (21) we get 

∫
1

y2 dsin2(x) =
sin2(x(b))

(y(b)−1)2 −
sin2(x(a))

(y(a)−1)2 − [
sin2(x(b))

(y(b)−1)2 −
b

a

sin2(x(a))

(y(a)−1)2] − ∫ β1β2dt
b

a
= − ∫ β1β2dt

b

a
   … (22) 

From (21) and (22) then we have  

 ∫ d(
sin(x)

y
)2 = [− ∫ β1β2dt

b

a
] + [

sin2(x(b))

(y(b)−1)2 −
b

a

sin2(x(a))

(y(a)−1)2] + [∫ β1β2dt
b

a
]  

 =
sin2(x(b))

(y(b)−1)2 −
sin2(x(a))

(y(a)−1)2  , since a=0 , b=
π

2
 then 

∫ d(
sin(x)

y−1
)2 = ∫ d(

sin(x)

y
)2

π

2
0

b

a
=

sin2(
π

2
)

(
π

2
−1)2 −

sin2(0)

(0−1)2   

=
1

2
(1−cos(π))

π

4

2
−π+1

−
1

2
(1−cos(0))

1
=

1

2
(2)

π

4

2
−π+1

− 0 =
4

π2−4π+4
    

 

Example 3: 

If wt1 and w2tare two stochastic processes, then 

d ( 
w1t

w2t
 ) = 

w2tdw1t−w1tdw2t−dw1tdw2t

w2t
2  + 

w1t

w2t
3 dt 

d (
w1t

w2t
) =d (w1t

1

w2t
) = d(w1tw2t

−1)  

           = w1td
1

w2t
 + 

1

w2t
dw1t + dw1td

1

w2t
  

Let x1t = w1t and x2t = w2t then by using 

 d ( 
x1

x2
 ) = 

x2dx1−x1dx2−dx1dx2

x2
2  + 

x1

x2
3(dx2)2  then we have  

d ( 
w1t

w2t
 ) = 

w2tdw1t−w1tdw2t−dw1tdw2t

w2t
2  + 

w1t

w2t
3 (dw2t)2 . 

But since (dw2t)
2= dt and dwdt = 0, then we get  

d ( 
w1t

w2t
 ) = 

w2tdw1t−w1tdw2t−dw1tdw2t

w2t
2  + 

w1t

w2t
3 dt 

Example 4:  

If wt1 and w2tare two stochastic processes, then 

d (
w1t

w2t
)2 = d (

w1t
2

w2t
2 ) =

1

w2t
2 dw1t

2  + w1t
2 d

1

w2t
2  +dw1t

2 d
1

w2t
2   

Let x1t
2  = w1t

2  and x2t
2  =w2t

2  then by using   

  d ( 
x1

x2
 )2 = 

x2
2dx1

2−x1
2dx2

2−dx1
2dx2

2

x2
4  + 

x1
2

x2
6(dx2

2)2  then we 

have  

d ( 
w1t

w2t
 )2 = 

w2t
2 dw1t

2 −w1t
2 dw2t

2 −dw1t
2 dw2t

2

w2t
4  + 

w1t
2

w2t
6 (dw2t

2 )2  

Since dwt
2 =2w1tdwt +dt, (dwt)2 =dt and dtdwt= 0 

then          

 d ( 
w1t

w2t
 )2 = 

w2t
2 (2w1tdw1t+dt)− w1t

2 (2w2tdw2t+dt) 

w2t
4  

-   
(2w1tdw1t+dt)(2w2tdw2t+dt)

w2t
4  + 

w2t
2

w2t
6 (2w2tdw2t + dt)2 

d( 
w1t

w2t
 )2 = 

w2t
2 (2w1tdw1t+dt)− w1t

2 (2w2tdw2t+dt) 

w2t
4  

- 
[4w1tw2tdw1tdw2t+(dt)2]

w2t
4  + 

w2t
2

w2t
6 (4w2t

2 dt + dt2) 
Example 5:  

Let f (x1t, x2t) = 
x1t

x2t
 and x1t=w1t , x2t = w2t  , α = 0 

and β = 1.  

Then find ∫ f(w1t, w2t)d(f(w1t, w2t))
b

a
 . 

Solution: since x1t =w1t and x2t = w2t then 

f(x1t, x2t)=f(w1t, w2t)= 
w1t

w2t
  

∫ f(w1t, w2t)df(w1t, w2t)
b

a
=∫

w1t

w2t
 d(

w1t

w2t
 )

b

a
=

1

2
[

w1t

w2t
 ]2|a

b 

= 
1

2
[

w1t
2 (b)

w2t
2 (b)

−
w1t

2 (a)

w2t
2 (a)

]  .  

Example 6: 

Let x1t=w1t  ;  x2t = w2t , α = 0 and β = 1.  

Then if: 

f (x1t, x2t) = 
x1t

x2t
 , find ∫ df(w1t, w2t)

b

a
  

solution : since x1t =w1t and x2t = w2t then 

f(x1t, x2t)=f(w1t, w2t)= 
w1t

w2t
  ∫ df(w1t, w2t)

b

a
 = 

∫ d(
w1t

w2t
  )

b

a
 = ∫ [

1

w2t
dw1t + w1td

1

w2t
+ β1β2dt]  

b

a
 

= ∫
1

w2t
dw1t + ∫ w1td

1

w2t
+ ∫ β1β2dt

b

a

b

a

b

a
 

∫
1

w2t
dw1t

b

a
 = 

w1t(b)

w2t(b)
 - 

w1t(a)

w2t(a)
 - ∫ w1td

1

w2t
−

b

a

 ∫ β1β2dt
b

a
 … (23) 

∫ w1td
1

w2t

b

a
 =

w1t(b)

w2t(b)
 - 

w1t(a)

w2t(a)
    … (24) 

From (23) and (24) we get  
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 ∫
1

w2t
dw1t

b

a
 = 

w1t(b)

w2t(b)
 - 

w1t(a)

w2t(a)
 – [

w1t(b)

w2t(b)
 - 

w1t(a)

w2t(a)
] - 

∫ β1β2dt
b

a
  

= -∫ β1β2dt
b

a
   … (25) 

 From (24) and (25) then we have.  

∫ d(
w1t

w2t
  )

b

a
 =[ - ∫ β1β2dt

b

a
 ]+ [

w1t(b)

w2t(b)
 - 

w1t(a)

w2t(a)
] + 

∫ β1β2dt
b

a
  = 

w1t(b)

w2t(b)
 - 

w1t(a)

w2t(a)
 

 
 

Conclusion 
This paper has discussed two techniques for some 

stochastic differential equation, product rule and 

quotient rule, taking into consideration the Brownian 

motion as a wiener process which served as a basis 

for the second term in a stochastic process. We find 

the form of the first order, second order then we 

generalized to m-order. By solving some examples 

and find the exact solution for many order in quotient 

stochastic differential equation to explain the rule.  
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  :التكاملية لبعض المعادلات التفاضلية التصادفيةدراسة صيغة ايتو 
 ) المعادلات التفاضلية التصادفية الكسرية(

 علي فواز علي،  عبد الغفور جاسم سالم
 ، الموصل ، العراق جامعة الموصل ، كلية علوم الحاسوب والرياضيات ،قسم الرياضيات 

 

 الملخص
صليةة  f(x(t),t)داللة  وباسلتددام .(كسلريةيشلكل داللة يتضمن هذا البحث  دراسة بعض المعادلات التفاضلية التصادفية )المعادلات التفاضللية كداللة 

ملن ثللم و الثانيلة مللن الدرجلة الاولل  و  ابتلدا صلليةة ايتلو للبعض اللدواس الكسلرية حاصلل الضلرب  تلم ايجلاد الضللرب  تحقل  داصلية  التكامليلة التل ايتلو 
   الامثلة لتوضيح الطريقة.ببعض ، وتم تعزيز هذه الصيغ لدالة الكسرية(ل) ايجاد الصيةة العامة لحاصل القسمة

 

 


