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ABSTRACT 

Let R be a commutative ring with identity, and ℋ be a unital left R-

module. In this paper the concept of weakly approximately primary 

submodule are introduced as a new generalization of a weakly primary 

submodule, also it is a generalization of weakly prime submodule. 

Various basic properties of weakly approximately primary submodules 

are studied. Moreover, many characterizations and examples of this 

concept are investigated.  

 

 

1. Introduction 
Throughout this research all rings are commutative 

with identity and all modules are unitary. Weakly 

primary submodule was first introduced in 2005 by 

Atani and Farzalipour, where, ‘a proper sub module E 

of an R-module ℋ is a weakly primary submodule if 

wherever 0 ≠ 𝑟ℎ ∈ 𝐸 𝑓𝑜𝑟 𝑟 ∈ 𝑅, ℎ ∈ ℋ, implies that 

ℎ ∈ 𝐸 𝑜𝑟 𝑟𝑛ℋ ⊆ 𝐸 for some positive integer n’ [1]. 

And, ‘aproper submodule 𝐸 of an R-module ℋ is 

called a weakly prime if wherever0 ≠ 𝑟ℎ ∈
𝐸 𝑓𝑜𝑟 𝑟 ∈ 𝑅, ℎ ∈ ℋ, implies that ℎ ∈ 𝐸 𝑜𝑟 𝑟ℋ ⊆
𝐸 ′ [2]. ‘It is well known that every weakly prime 

submodule is a weakly primary’ [1]. ‘Many auther 

studied weakly primary submodules see for 

examples’ [3.4]. In this note we generalized the 

concept of weakly primary sub module to the concept 

weakly approximately primary submodule, where a 

proper submodule 𝐸 of an R-module ℋ is a weakly 

approximately primary if wherever0 ≠ 𝑟ℎ ∈
𝐸 𝑓𝑜𝑟 𝑟 ∈ 𝑅, ℎ ∈ ℋ, implies that ℎ ∈ 𝐸 +
𝑆𝑜𝑐(ℋ)𝑜𝑟 𝑟𝑛ℋ ⊆ 𝐸 + 𝑆𝑜𝑐(ℋ) for some positive 

integer n. In this part of the paper we recall some 

basic definitions, to be very important in the sequal. 

‘The socal of a module ℋ denoted by 𝑆𝑜𝑐(ℋ) is the 

intersection of all essential submodules of ℋ′ [5]. 

‘Where a nonzero submodule 𝑁 of ℋ is an essential 

if 𝑁 ∩ 𝐿 ≠ 0 for all nonzero submodule 𝐿 of ℋ′ [6]. 

‘An R-module ℋ is called torsion free if 𝑇(ℋ) =

{ℎ ∈ ℋ: 𝑎ℎ = 0 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 0 ≠ 𝑎 ∈ 𝑅} = (0) and ℋ 

is called torsion if 𝑇(ℋ) =  ℋ′ [7]. ‘Let 𝐸 be a 

submodule of ℋ and 𝐽 is an ideal of 𝑅 define a 

submodule [E :
𝑅

𝐽] = {ℎ ∈ ℋ: ℎ𝐽 ⊆ 𝐸} with 𝐸 ⊆

[E :
𝑅

𝐽]and [E :
𝑤

𝑅] = 𝐸, [I :
𝑤

𝑅] = 𝐼′ [8]. ‘A zero divisor 

on an R-module ℋ is an element 𝑎 ∈ 𝑅 for which 

there exists a nonzero element ℎ ∈ ℋ such that 

𝑎ℎ = 0′ [9]. 

2. Properties of Weakly Approximaitly primary 

submodules 
This section devoted to introduce the definition of 

weakly approximately primary submodule and 

illustrate some properties, examples and 

characterizations of it. 

Definition (2.1) 

A proper sub module 𝐸 of an R-module ℋ is a 

weakly approximately primary (Brevily wapp-

primary) submodule ofℋ, if 0 ≠ 𝑎ℎ ∈ 𝐸, 𝑤ℎ𝑒𝑟𝑒 𝑎 ∈
𝑅, ℎ ∈  ℋ,  implies that ℎ ∈ 𝐸 + 𝑆𝑜𝑐(ℋ) 𝑜𝑟 𝑎 ∈

√[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ], that is 𝑎𝑛 ℋ ⊆  𝐸 + 𝑆𝑜𝑐(ℋ) 

for some positive integer n. And an ideal 𝐽 of a ring R 

is a weakly approximately primary ideal if 𝐽 is a 

weakly approximately primary R-submodule of an R-

module R. 
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Remark (2.2) 

Every weakly primary submodule of an R-module ℋ 

is a wapp-primary submodule of ℋ but the converse 

is not true in general. 

Proof 

Let 𝐸 be a weakly primary submodule of ℋ, and 

0 ≠ 𝑎ℎ ∈ 𝐸, 𝑤ℎ𝑒𝑟𝑒 𝑎 ∈ 𝑅, ℎ ∈  ℋ. Since 𝐸 is a 

weakly primary submodule of ℋ, then we have 

ℎ ∈ 𝐸 ⊆  𝐸 + 𝑆𝑜𝑐(ℋ) or 𝑎𝑛 ℋ ⊆  𝐸 ⊆  𝐸 +
𝑆𝑜𝑐(ℋ). Thus 𝐸 is a wapp-primary submodule of 

ℋ.∎ 

Consider the following example for the converse 

Example (2.3) 

Let ℋ be the Z-module Z60, and 𝐸 =< 6̅ >=

{0̅ , 6̅ , 12̅̅̅̅  , 18̅̅̅̅  , 24̅̅̅̅  , 30̅̅̅̅  , 36̅̅̅̅  , 42̅̅̅̅  , 48̅̅̅̅  , 54̅̅̅̅ } be the 

submodule of ℋ. 𝑆𝑜𝑐(Z60)=< 2̅ >∩< 1̅ >=< 2̅ > 

(since the only essential submodule of Z60 are the 

submodule < 2̅ > and Z60=< 1̅ >). 𝐸 is not weakly 

primary submodule of Z60, since 0 ≠ 3 ∙ 2̅ ∈< 6̅ >
 , 3 ∈ 𝑍 , 2̅ ∈ Z60 , but 2̅ ∉ 𝐸 = < 6̅ >   and 3 ∉

√[< 6̅ > :𝑧 𝑍60] = √6𝑍 = 6𝑍     

Furthermore  𝐸 is wapp-primary submodule of Z60, 

since 0 ≠ 3 ∙ 2̅ ∈ 𝐸 =< 6̅ >, for , 3 ∈ 𝑍 , 2̅ ∈ Z60, 

implies that 2̅ ∈ 𝐸 + 𝑆𝑜𝑐( 𝑍60 )= < 6̅ >  +< 2̅ >=<
2̅ >= 

{0̅, 2̅ , 4̅, 6̅, 8̅, 10̅̅̅̅ , 12̅̅̅̅ , 14̅̅̅̅ , 16̅̅̅̅ , 18̅̅̅̅ , 20̅̅̅̅ , 22̅̅̅̅ , 24̅̅̅̅ , 26̅̅̅̅ , 28̅̅̅̅ , 30̅̅̅̅ , 32̅̅̅̅ , 34̅̅̅̅ , 36̅̅̅̅ , 38̅̅̅̅ , 40̅̅̅̅ , 42̅̅̅̅ , 44̅̅̅̅ , 46̅̅̅̅ , 50̅̅̅̅ , 52̅̅̅̅ , 54̅̅̅̅ , 56,̅̅ ̅̅ 58̅̅̅̅ }                

That is wherever0 ≠ 𝑎ℎ ∈ 𝐸 =< 6̅ >, where 

𝑎 ∈ 𝑍, ℎ̅ ∈ 𝑍60, implies that ℎ̅ ∈< 6̅ > + 𝑆𝑜𝑐(𝑍60) =
< 6̅ > +< 2̅ >=< 2̅ > 𝑜𝑟 𝑎 ∈

√[< 6̅ > +𝑆𝑜𝑐(𝑍60) :𝑧 𝑍60] = √[< 2̅ > :𝑧 𝑍60] =

√2𝑍 = 2𝑍. 
Remark (2.4) 

Every weakly prime submodule of an R-module ℋ is 

a wapp-primary submodule of ℋ but not conversely. 

Proof 

Let 𝐸 be a weakly prime submodule of ℋ, then by 

[1] 𝐸 is weakly primary. Thus by remark (2.2) 𝐸 is a 

wapp-primary. ∎ 

Consider the following example for the converse 

Example (2.5) 

Let ℋ be the Z-module Z60 and 𝐸 =< 4̅ > be the 

submodule of Z60. 𝐸 is not weakly prime submodule 

of Z60, since 0 ≠ 2 ∙ 2̅ ∈ 𝐸 =< 4̅ > 𝑓𝑜𝑟 2 ∈ 𝑍, 2̅ ∈
𝑍60, but 2̅ ∉ 𝐸 =< 4̅ > 𝑎𝑛𝑑 2 ∉ [< 4̅ > :𝑧 𝑍60] =
4𝑍. On the other hand 𝐸 =< 4̅ > is a wapp-primary 

submodule of Z60 because whenever0 ≠ 𝑎 ∙ ℎ̅ ∈ 𝐸 =
< 4̅ > 𝑓𝑜𝑟 𝑎 ∈ 𝑍, ℎ̅ ∈ 𝑍60, implies that ℎ̅ ∈ 𝐸 +
𝑆𝑜𝑐(𝑍60) =< 4̅ > +< 2̅ >=< 2̅ >

𝑜𝑟√[𝐸 + 𝑆𝑜𝑐(𝑍60) :𝑧 𝑍60] =

√[< 4̅ > +< 2̅ > :𝑧 𝑍60] = √[< 2̅ > :𝑧 𝑍60] = 2𝑍. 
The following are characterizations of wapp-primary 

submodule 

Proposition (2.6) 

A proper submodule 𝐸 of an R-module ℋ is wapp-

primary if and only if whenever  0 ≠ 𝐼 ∙ 𝐹 ⊆ 𝐸. 

Where 𝐹 is a submodule of ℋ, 𝐼 is an ideal of R, 

implies that  

𝐹 ⊆ 𝐸 + 𝑆𝑜𝑐(ℋ)𝑜𝑟 𝐼 ⊆ √[𝐸 + 𝑆𝑜𝑐(ℋ) :
𝑅

ℋ]. 

Proof 

 (⟹) Let (0) ≠ 𝐼𝐹 ⊆ 𝐸 where 𝐼 is an ideal of R, 𝐹 is 

a submodule of ℋ with 𝐹 ⊈ 𝐸 + 𝑆𝑜𝑐(ℋ), implies 

that there exists a nonzero 𝑥 ∈ 𝐹 𝑎𝑛𝑑 𝑥 ∉ 𝐸 +

𝑆𝑜𝑐(ℋ), we show that 𝐼 ⊆ √[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ]. Let 

𝑎 ∈ 𝐼, 𝑖𝑓 0 ≠ 𝑎𝑥 ∈ 𝐸 and 𝐸 is a wapp-primary, then 

𝑎 ∈ √[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ], that is 

𝐼 ⊆ √[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ]. Thus, we assume that 

𝑎𝑥 = 0. Now, suppose that 𝑎𝐹 ≠ (0), that is 0 ≠
𝑎𝑐 ∈ 𝐹 for some 𝑐 ∈ 𝐹. If 𝑐 ∉  𝐸 + 𝑆𝑜𝑐(ℋ) such that 

𝑐 ∉  𝐸. 𝐸 is a wapp-primary , then 

𝑎 ∈ √[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ]. Thus 

𝐼 ⊆ √[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ]. If 𝑐 ∈ 𝐸 ⊆  𝐸 + 𝑆𝑜𝑐(ℋ), 
then 0 ≠ 𝑎𝑐 ≠ 𝑎(𝑐 + 𝑥) ∈ 𝐸 and 𝐸 is a wapp-

primary, it follows that 𝑐 + 𝑥 ∈  𝐸 + 𝑆𝑜𝑐(ℋ) or 

𝑎 ∈ √[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ]. Thus 

𝐼 ⊆ √[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ]. So, we can assume that 

𝑎𝐹 = 0. Now , suppose that 𝐼𝑥 ≠ (0), that is 

0 ≠ 𝑠𝑥 ∈ 𝐸 for some 𝑠 ∈ 𝐼, and since 𝐸 is a wapp-

primary, then 𝑠 ∈ √[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ]. Now, since 

0 ≠ 𝑠𝑥 = (𝑎 + 𝑠)𝑥 ∈ 𝐸 and 𝐸 is a wapp-primary, so 

𝑎 + 𝑠 ∈ √[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ], that is 𝑎 ∈

√[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ], hence I 

⊆ √[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ]. So , we can assume that 

𝐼𝑥 = (0). Since 𝐼𝐹 ≠ (0), implies that there exists 

𝑐1 ∈ 𝐹, 𝑏 ∈ 𝐼 such that 0 ≠ 𝑏𝑐1 and 0 ≠ 𝑏𝑐1 =
𝑏(𝑐1 + 𝑥) ∈ 𝐸, thus we have two cases. Case𝕀: If 

b∈ √[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ] and 𝑐1 + 𝑥 ∉  𝐸 + 𝑆𝑜𝑐(ℋ). 
But 0 ≠ (𝑎 + 𝑏)( 𝑐1 + 𝑥) = 𝑏𝑐1 ∈ E and E is a 

wapp-primary, then (𝑎 + 𝑏) ∈ √[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ], 

hence a∈ √[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ], it follows that 

I⊆ √[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ]. Case𝕀𝕀: If b∉

√[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ] and 𝑐1 + 𝑥 ∈  𝐸 + 𝑆𝑜𝑐(ℋ). 

Since 0 ≠  𝑏𝑐1 ∈ 𝐸 and E is a wapp-primary we have 

𝑐1 ∈  𝐸 + 𝑆𝑜𝑐(ℋ) a contradiction. Hence I⊆

√[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ]. 
 (⟸) Suppose that 0 ≠  𝑏𝑐1 ∈ 𝐸 for 𝑎 ∈ 𝑅, ℎ ∈ ℋ, 

then (0) ≠< 𝑎 >< ℎ >⊆ 𝐸, so by hypothesis 

< ℎ >⊆  𝐸 + 𝑆𝑜𝑐(ℋ) or 

< 𝑎 >∈ √[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ]. Hence ℎ ∈  𝐸 +

𝑆𝑜𝑐(ℋ) or 𝑎 ∈ √[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ]. That is E is a 

wapp-primary. ∎ 

The following corollaries are direct application of 

proposition (2.6) 

Corollary (2.7)    

A proper sub module E of an R-module ℋ is a wapp-

primary if and only if whenever0≠aF⊆E. Where aϵR, 

F is a submodule of ℋ, implies that 

F⊆E+ 𝑆𝑜𝑐(ℋ) 𝑜𝑟  aϵ√[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ]. 
Corollary (2.8) 

A proper submodule E of an R-module ℋ is a wapp-

primary if and only if whenever (0) ≠Ih⊆E where I is 
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an ideal of R and hϵℋ , implies that hϵE+Soc(ℋ) or 

I⊆√[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ]. 

Proposition (2.9) 

A proper submodule E of an R-module ℋ is a wapp-

primary if and only if whenever 

[E :
𝑅

ℋ]⊆ √[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ] ∪[0 :
𝑅
h] for hϵ ℋ-( 

E+Soc(ℋ)). 

Proof 

 (⟹) Let aϵ[E :
𝑅
h] where hϵ ℋ-( E+Soc(ℋ)), implies 

that ahϵE. If ah=0, then aϵ[0 :
𝑅
h] so 

aϵ√[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ] ∪[0 :
𝑅
h]. If 0≠ahϵE and since 

E is a wapp-primary with h∉ E+Soc(ℋ), implies that 

aϵ√[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ], so 

aϵ√[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ] ∪[0 :
𝑅
h]. Thus 

[E :
𝑅
h]⊆ √[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ] ∪[0 :

𝑅
h]. 

 (⟸) Let 0≠ahϵE where aϵR, hϵ ℋ with h∉  ℋ-( 

E+Soc(ℋ), then aϵ[E :
𝑅
h], it follows that 

aϵ√[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ] ∪[0 :
𝑅
h]. But 0≠ah, so 

a∉[0 :
𝑅
h], hence aϵ√[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ]. Thus E is a 

wapp-primary submodule of ℋ. ∎ 

The following corollary is direct application of 

proposition (2.9). 

Corollary (2.10) 

A proper submodule E of an R-module ℋ is a wapp-

primary if and only if for a submodule F⊆ ℋ-

(E+Soc(ℋ)), [E :
𝑅

𝐹]⊆ √[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ] ∪[0 :
𝑅
F] . 

Proposition (2.11) 

A proper submodule E of an R-module ℋ is a wapp-

primary if and only if whenever aϵR and n is a 

positive integer [E :
ℋ

𝑎]⊆[ 𝐸 + 𝑆𝑜𝑐(ℋ) :
ℋ

𝑎𝑛] ∪[0 :
ℋ

a] . 

Proof 

    (⟹) Let hϵ[E :
ℋ

𝑎] with h∉  𝐸 + 𝑆𝑜𝑐(ℋ), implies 

that ahϵE. If ah=0, implies that hϵ[0 :
ℋ

𝑎], so hϵ[ 𝐸 +

𝑆𝑜𝑐(ℋ) :
𝑅

ℋ] ∪[0 :
ℋ

a] . If 0≠ahϵE and E is a wapp-

primary with h∉  𝐸 + 𝑆𝑜𝑐(ℋ),  

then 𝑎𝑛ϵ [ 𝐸 + 𝑆𝑜𝑐(ℋ) :
𝑅

ℋ] for some positive integer 

n. Thus 𝑎𝑛 ℋ⊆ 𝐸 + 𝑆𝑜𝑐(ℋ), it follows that 

𝑎𝑛hϵ 𝐸 + 𝑆𝑜𝑐(ℋ) for all hϵ ℋ-( 𝐸 + 𝑆𝑜𝑐(ℋ)), that 

is hϵ[ 𝐸 + 𝑆𝑜𝑐(ℋ) :
ℋ

𝑎𝑛] and hence hϵ[ 𝐸 +

𝑆𝑜𝑐(ℋ) :
ℋ

𝑎𝑛], so hϵ[ 𝐸 + 𝑆𝑜𝑐(ℋ) :
ℋ

𝑎𝑛] ∪[0 :
ℋ

a]. 

Thus [E :
ℋ

𝑎]⊆[ 𝐸 + 𝑆𝑜𝑐(ℋ) :
ℋ

𝑎𝑛] ∪[0 :
ℋ

a] . 

  (⟸) Let 0≠ahϵE for aϵR, hϵ ℋ with h∉  𝐸 +
𝑆𝑜𝑐(ℋ). Since 0≠ah then h∉[0 :

ℋ
a], implies that 

hϵ[ 𝐸 + 𝑆𝑜𝑐(ℋ) :
ℋ

𝑎𝑛], that is 𝑎𝑛hϵ 𝐸 + 𝑆𝑜𝑐(ℋ) for 

all hϵ ℋ-( 𝐸 + 𝑆𝑜𝑐(ℋ)). 𝑎𝑛ϵ [ 𝐸 + 𝑆𝑜𝑐(ℋ):
𝑅

ℋ], 

implies that aϵ√[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ]. Thus E is a 

wapp-primary submodule of ℋ. ∎ 

The following propositions show that under certain 

condition a proper submodule become wapp-primary. 

 

 

Proposition (2.12) 

Let ℋ be an R-module, and E be a proper submodule 

of ℋ with [𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ] is a maximal 

semiprime ideal of R. Then E is a wapp-primary sub 

module of ℋ. 

Proof 

Assume that [𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ] is a semiprime ideal 

of R, that is √[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ]=[𝐸 +

𝑆𝑜𝑐(ℋ) :𝑅 ℋ]. Let 0≠ahϵE for aϵR, hϵ ℋ with 

a∉ √[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ]=[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ]. Since 

[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ] is a maximal, it follows that 

√[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ] is maximal, it follows that 

R=<a>+√[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ], where <a> is an ideal 

of R, that is R=<a>+[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ], implies that 

l=sa+b for some sϵR, bϵ[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ]. Hence 

h=sah+bhϵ 𝐸 + 𝑆𝑜𝑐(ℋ), so E is a wapp- primary 

submodule of ℋ. ∎ 

Proposition (2.13) 

Let ℋ be an R-module, and E be a proper sub module 

of ℋ such that [𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ]=[𝐸 +
𝑆𝑜𝑐(ℋ) :𝑅 𝐹] for each submodule F of ℋ with 

𝐸 + 𝑆𝑜𝑐(ℋ) ⊂F. Then E be a wapp-primary sub 

module of ℋ. 

Proof 

Let 0≠ahϵE for aϵR, hϵ ℋ with h∉  𝐸 + 𝑆𝑜𝑐(ℋ). Let 

F=( 𝐸 + 𝑆𝑜𝑐(ℋ))+<h> so 𝐸 + 𝑆𝑜𝑐(ℋ) ⊂F, then 

hϵF, implies that aϵ[E :
𝑅

𝐹] and E⊆ 𝐸 + 𝑆𝑜𝑐(ℋ), it 

follows that [E :
𝑅

𝐹]⊆ [𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 𝐹]. But by 

hypothesis we have [𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 𝐹]=[𝐸 +
𝑆𝑜𝑐(ℋ) :𝑅 ℋ], it follows that [E :

𝑅
𝐹]⊆ [𝐸 +

𝑆𝑜𝑐(ℋ) :𝑅 ℋ], implies that 

aϵ[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ]⊆√[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ]. Thus 

aϵ√[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ], that is E is a wapp-primary 

submodule of ℋ. ∎ 

Proposition (2.14) 

Let ℋ be an R-module and 𝑆𝑜𝑐(ℋ) is a weakly 

primary submodule of ℋ. If E is a proper submodule 

of ℋ with E⊆ 𝑆𝑜𝑐(ℋ), then E is a wapp-primary 

submodule of ℋ. 

Proof 

Let 0≠ahϵE for aϵR, hϵ ℋ. Since E⊆ 𝑆𝑜𝑐(ℋ), 

implies that 0≠ahϵE⊆ 𝑆𝑜𝑐(ℋ). But 𝑆𝑜𝑐(ℋ) is a 

weakly primary, then hϵ 𝑆𝑜𝑐(ℋ) ⊆ 𝐸 + 𝑆𝑜𝑐(ℋ) or 

a
n ℋ⊆ 𝑆𝑜𝑐(ℋ) ⊆ 𝐸 + 𝑆𝑜𝑐(ℋ). That is hϵ 𝐸 +

𝑆𝑜𝑐(ℋ) or aϵ√[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ]. Hence E is a 

wapp-primary submodule of ℋ. ∎ 

Proposition (2.15) 

Let ℋ be an R-module, and A is a maximal 

semiprime ideal of R with A ℋ+ 𝑆𝑜𝑐(ℋ) is a proper 

submodule of ℋ. Then A ℋ is a wapp-primary 

submodule of ℋ. 

Proof 

Since A ℋ⊆ A ℋ+ 𝑆𝑜𝑐(ℋ), then A⊆ 

[A ℋ+ 𝑆𝑜𝑐(ℋ) :𝑅 ℋ], that is there exists 

dϵ[A ℋ+ 𝑆𝑜𝑐(ℋ) :𝑅 ℋ] and d∉A. But A is maximal, 

then we have R=A+<d>, thus l=a+bd for some aϵA, 

bϵR, it follows that h=ah+bdh for each hϵ ℋ, implies 
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that hϵ A ℋ+ 𝑆𝑜𝑐(ℋ) for each hϵ ℋ. Thus, ℋ⊆ 

A ℋ+ 𝑆𝑜𝑐(ℋ), but A ℋ+ 𝑆𝑜𝑐(ℋ)⊆ ℋ, it follows 

that A ℋ+ 𝑆𝑜𝑐(ℋ)= ℋ a contradiction. Since 

A ℋ+ 𝑆𝑜𝑐(ℋ) is a proper submodule of ℋ. 

Therefore dϵA and so that we have 

[A ℋ+ 𝑆𝑜𝑐(ℋ) :𝑅 ℋ]⊆A, it follows that 

A=[A ℋ+ 𝑆𝑜𝑐(ℋ) :𝑅 ℋ] when is a maximal 

semiprime ideal of R. Hence by proposition (2.12) we 

have A ℋ is a wapp-primary submodule of ℋ. ∎ 

Proposition (2.16) 

    Let ℋ be a torsionfree R-module and E be a 

nonzero sub module of ℋwith 𝑆𝑜𝑐(ℋ)⊆E. Then 

following statements are equivalent: 

1. E is a wapp-primary submodule of ℋ. 

2. [E :
ℋ

𝐴] is a wapp-primary submodule of ℋ for 

every ideal A of R 

3. [E :
ℋ

𝑎] is a wapp-primary submodule of ℋ for 

every aϵR. 

Proof 

 (1)⟹(2): Let 0≠ahϵ [E :
ℋ

𝐴], for aϵR, hϵ ℋ, implies 

that a(hA)⊆E. If (0)≠ a(hA)⊆E, and E is a wapp-

primary, implies that hA⊆ E+Soc(ℋ) or 

aϵ√[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ]. But 𝑆𝑜𝑐(ℋ)⊆E, then 

E+Soc(ℋ)=E, that is hA⊆E or aϵ√[𝐸 :𝑅 ℋ], it 

follows that hϵ [E :
ℋ

𝐴] or 

aϵ√[𝐸 :𝑅 ℋ]⊆√[[E :
ℋ

𝐴] :𝑅 ℋ]. Thus, hϵ [E :
ℋ

𝐴]⊆ 

[E :
ℋ

𝐴]+ 𝑆𝑜𝑐(ℋ) or a
n ℋ⊆[E :

ℋ
𝐴]⊆ [E :

ℋ
𝐴]+ 𝑆𝑜𝑐(ℋ) 

for some positive integer n. Thus hϵ[E :
ℋ

𝐴]+ 𝑆𝑜𝑐(ℋ) 

or a
n
ϵ√[[E :

ℋ
𝐴] + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ]. Hence [E :

ℋ
𝐴] is a 

wapp-primary submodule of ℋ. If (0)=a(hA), then 

a(hb)=0 for some nonzero bϵA, implies that ahϵT(ℋ). 

Since ℋ is torsionfree, then T(ℋ)=(0). Thus ah=0 a 

contradiction. 

(2)⟹(3): Straight forward. 

(3)⟹(1): It follows easily by taking a=1. ∎ 

Proposition (2.17) 

Let ℋ be an R-module, and E is a proper submodule 

of ℋ with 𝑆𝑜𝑐(ℋ)⊆E. Then E is a wapp-primary if 

and only if  
ℋ

𝐸
 is a nonzero R-module and for every 

zero divisor s of 
ℋ

𝐸
 there exists hϵ ℋ and h∉E such 

that sϵ[0 :𝑅 ℎ] ∪ √[0 :𝑅
ℋ

𝐸
]. 

Proof 

 (⟹) Since s is a zero divisor an R-module 
ℋ

𝐸
, then 

there exists a nonzero element h+Eϵ
ℋ

𝐸
 such that 

s(h+E)=E, that is sh+E=E, implies that shϵE and h∉E. 

Since 𝑆𝑜𝑐(ℋ)⊆E, then E+ 𝑆𝑜𝑐(ℋ)=E, it follows that 

h∉E+ 𝑆𝑜𝑐(ℋ). If sh=0 , then sϵ[0 :𝑅 ℎ], implies that 

sϵ[0 :𝑅 ℎ] ∪ √[0 :𝑅
ℋ

𝐸
]. If 0≠shϵE and E is a wapp-

primary, then s
n ℋ⊆ E+ 𝑆𝑜𝑐(ℋ) for some positive 

integer n . But 𝑆𝑜𝑐(ℋ)⊆E, then E+ 𝑆𝑜𝑐(ℋ)=E, that 

is s
n ℋ⊆ E, that is s

n 
ℋ

𝐸
=(0), it follows that s

n
ϵ[0 :𝑅

ℋ

𝐸
], 

so sϵ√[0 :𝑅
ℋ

𝐸
]. Therefore sϵ[0 :𝑅 ℎ] ∪ √[0 :𝑅

ℋ

𝐸
]. 

(⟸) Since  
ℋ

𝐸
 is a nonzero submodule, then E is a 

proper submodule of ℋ. Now, let 0≠shϵE, sϵR, hϵ ℋ 

such that h∉E= E+ 𝑆𝑜𝑐(ℋ), it follows that 

s(h+E)=0=E for nonzero element h+E of 
ℋ

𝐸
 . That is s 

is a zero divisor on 
ℋ

𝐸
, it follows that sϵ[0 :𝑅 ℎ] ∪

√[0 :𝑅
ℋ

𝐸
]. But 0≠sh, implies that 

s∉ [0 :𝑅 ℎ]. So sϵ√[0 :𝑅
ℋ

𝐸
], it follows that s

n 
ℋ

𝐸
=(0) 

for some positive integer n. That is s
n ℋ⊆ E⊆ 

E+ 𝑆𝑜𝑐(ℋ), it follows that sϵ√[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ]. 

Thus E is a wapp-primary submodule of ℋ. ∎ 

Proposition (2.18) 

Let ℋ be an R-module, and E is a proper submodule 

of ℋ with 𝑆𝑜𝑐(ℋ)⊆E. If E is a wapp-primary 

submodule of ℋ then E[x] (the set of all polynomial 

whose coefficients in E) is a wapp-primary 

submodule of an R-module ℋ[x]. 

Proof 

Let g: ℋ[x]⟶( 
ℋ

𝐸
)[x] defined by 

g(h1x+h2x
2
+…+hnx

n
)=(h1+E)x+(h2+E)x

2
+…+(hn+E)x

n
 is an R-epimorphism, where h1,h2,…,hnϵ ℋ and 

h1+E, h2+E,…, hn+Eϵ
ℋ

𝐸
. The kernel of g is obtain by 

reducing coefficients module E, implies that 
ℋ[𝑥]

𝐸[𝑥]
≅( 

ℋ

𝐸
)[x]. But 

ℋ

𝐸
 is a nonzero R-module, implies 

that  
ℋ[𝑥]

𝐸[𝑥]
 is a nonzero R-module. Now let s be a zero 

divisor on ( 
ℋ

𝐸
)[x], then there exists a polynomial 

(h1+E)x+( h2+E)x
2
+…+( hn+E)x

n
 in ( 

ℋ

𝐸
)[x] such that 

s(( h1+E)x+( h2+E)x
2
+…+( hn+E)x

n
)=(0). That is 

there exists 1≤j≤n such that s(hj+E)=(0)=E and 

hj+E≠(0)=E, implies that s hjϵE and hj∉  𝐸 +
𝑆𝑜𝑐(ℋ). If s hj=0 then sϵ[0 :𝑅 ℎ𝑖]. If 0≠ s hjϵE with 

hj∉  𝐸 + 𝑆𝑜𝑐(ℋ) and E is a wapp-primary 

submodule of ℋ, implies that 

sϵ√[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ], that is s
n ℋ⊆ E+ 𝑆𝑜𝑐(ℋ). 

But 𝑆𝑜𝑐(ℋ)⊆E then E+ 𝑆𝑜𝑐(ℋ)=E, it follows that 

s
n ℋ⊆ E, so s

n 
ℋ

𝐸
=(0), thus sϵ√[0 :𝑅

ℋ

𝐸
]. Hence 

sϵ[0 :𝑅 ℎ] ∪ √[0 :𝑅
ℋ

𝐸
]. Since 

ℋ

𝐸
⊆( 

ℋ

𝐸
)[x], it follows 

that sϵ[0 :𝑅 ℎ𝑖] ∪ √[0 :𝑅
ℋ

𝐸
[𝑥]]. Therefore by 

proposition (2.17) E[x] is a wapp-primary submodule 

of ℋ[x]. ∎ 

Proposition (2.19) 

Let ℋ be an R-module, and E is a proper submodule 

of ℋ with [ℋ :𝑅 𝐹] ⊈ [ℋ :𝑅 E +  𝑆𝑜𝑐(ℋ)] and 

E+ 𝑆𝑜𝑐(ℋ) ⊂F for each submodule F of ℋ. If 

[ℋ :𝑅 E +  𝑆𝑜𝑐(ℋ)] is a primary ideal of R, then E is 

a wapp-primary submodule of ℋ. 

Proof 
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Let 0≠ahϵE, for aϵR, hϵ ℋ, with h∉ E+ 𝑆𝑜𝑐(ℋ). 

Since E+ 𝑆𝑜𝑐(ℋ) is a proper submodule of 

E+ 𝑆𝑜𝑐(ℋ)+<h>=F and [𝐹 :𝑅 ℋ] ⊈ [E +
 𝑆𝑜𝑐(ℋ) :𝑅 ℋ], implies that there exists sϵ[𝐹 :𝑅 ℋ] 
and s∉ [E +  𝑆𝑜𝑐(ℋ) :𝑅 ℋ], that is s ℋ⊆F and 

s ℋ ⊈  E +  𝑆𝑜𝑐(ℋ). If s ℋ⊆F, then r s ℋ⊆r(E +
 𝑆𝑜𝑐(ℋ)+<h>)⊆ E +  𝑆𝑜𝑐(ℋ), it follows that 

rsϵ[E +  𝑆𝑜𝑐(ℋ) :𝑅 ℋ]. But [E +  𝑆𝑜𝑐(ℋ) :𝑅 ℋ] is a 

primary ideal of R and s∉ [E +  𝑆𝑜𝑐(ℋ) :𝑅 ℋ], then 

rϵ√[𝐸 + 𝑆𝑜𝑐(ℋ) :𝑅 ℋ]. Hence E is a wapp-primary 

submodule of ℋ. ∎ 

Proposition (2.20) 

Let ℋ be an R-module, and G,F are proper 

submodule of ℋ with F⊆G. If G is a wapp-primary 

submodule of ℋ, then 
𝐺

𝐹
 is a wapp-primary 

submodule of 
ℋ

𝐹
. 

Proof 

Let 0≠a(h+F)=ah+Fϵ
𝐺

𝐹
 , where hϵ ℋ, h+Fϵ

𝐺

𝐹
 , aϵR, it 

follows that abϵ G. If ah=0, then a(h+F)=0, gives a 

contradiction , thus 0≠ahϵG. Since G is a wapp-

primary submodule of ℋ, then hϵ G +  𝑆𝑜𝑐(ℋ) or 

a
n ℋ⊆ G +  𝑆𝑜𝑐(ℋ), that is h+Fϵ

G+ 𝑆𝑜𝑐(ℋ)

𝐹
 or a

n
 

ℋ

𝐹
⊆

G+ 𝑆𝑜𝑐(ℋ)

𝐹
, it follows that h+Fϵ

𝐺

𝐹 
 + 

G+ 𝑆𝑜𝑐(ℋ)

𝐹
 ⊆ 

𝐺

𝐹 
 

+ 𝑆𝑜𝑐(
ℋ

𝐹
) or a

n
 

ℋ

𝐹
⊆

𝐺

𝐹 
 + 

G+ 𝑆𝑜𝑐(ℋ)

𝐹
⊆ 

𝐺

𝐹 
 + 𝑆𝑜𝑐(

ℋ

𝐹
). That 

is h+Fϵ
𝐺

𝐹 
 + 𝑆𝑜𝑐(

ℋ

𝐹
) or aϵ√[

𝐺

𝐹 
 +  𝑆𝑜𝑐(

ℋ

𝐹
) :𝑅

ℋ

𝐹
]. Hence 

𝐺

𝐹
 is a wapp-primary submodule of 

ℋ

𝐹
. ∎ 

Proposition (2.21) 

Let gϵHom (ℋ, ℋ’
) be an R-epimorphism and E is a 

submodule of ℋ’ 
such that g 

-1
(E) is a wapp-primary 

submodule of ℋ. Then E is a is a wapp-primary 

submodule of ℋ’
. 

Proof 

Let g 
-1

(E) is a proper submodule of ℋ, then g 
-

1
(E)≠ ℋ, that is there exists hϵ ℋ such that h∉ g 

-1
(E), 

so g(h) ∉E, thus E≠ ℋ, so E is a proper submodule of 

ℋ’
. Let 0≠ah

’
ϵE and h∉  𝐸 + 𝑆𝑜𝑐(ℋ’), for aϵR, 

h
’
ϵ ℋ’

. Since g is an epimorphism then there exists 

hϵ ℋ such that g(h)= h
’
, so 0≠ah

’
=a g(h)= g(ah)ϵE. 

That is 0≠ahϵ g 
-1

(E) with h∉ g 
-1

(E)+ 𝑆𝑜𝑐(ℋ). But g 
-1

(E) is a wapp-primary submodule of ℋ, it follows 

that aϵ√[𝑔−1(E) +  𝑆𝑜𝑐(ℋ) :𝑅 ℋ], that is a
n ℋ⊆ g 

-

1
(E) + 𝑆𝑜𝑐(ℋ). To show that a

n ℋ’⊆ 𝐸 + 𝑆𝑜𝑐(ℋ’). 

Let h1
’
ϵ ℋ’

 but since g is an epimorphism, then 

g(h1)= h1
’ 

 for some h1ϵ ℋ. Thus a
n h1ϵ g 

-

1
(E)+ 𝑆𝑜𝑐(ℋ), implies that g(a

n h1)= a
n g(h1)= a

n
 

h1
’
ϵg(g 

-1
(E)+g(𝑆𝑜𝑐(ℋ))⊆ 𝐸 + 𝑆𝑜𝑐(ℋ’). That is 

a
n𝜖√[E +  𝑆𝑜𝑐(ℋ’) :𝑅 ℋ’]. That is a

n ℋ⊆ 𝐸 +

𝑆𝑜𝑐(ℋ’). Thus E is a wapp-primary submodule of 

ℋ’
. ∎ 

Proposition (2.22) 

Let gϵHom (ℋ, ℋ’
) be an R-monomorphism and E  

is a wapp-primary submodule of ℋ’
.Then g 

-1
(E) is a 

wapp-primary submodule of ℋ. 

Proof 

Let 0≠ahϵ g 
-1

(E) for aϵR, hϵ ℋ with h∉ g 
-

1
(E)+ 𝑆𝑜𝑐(ℋ), that is 0≠ g(ah)=ag(h)ϵ g(g 

-1
(E))=E, it 

follows that 0≠ ag(h)ϵE. But E is a wapp-primary 

submodule of ℋ’
, implies that a

n ℋ’⊆ 𝐸 + 𝑆𝑜𝑐(ℋ’) 

for some positive integer n. To show that a
n
 g 

-1
(ℋ’

)⊆ 

g 
-1

(E) 

+ 𝑆𝑜𝑐(ℋ). If h1ϵ g 
-1

(ℋ’
), then g(h1)ϵ ℋ’

. Thus a
n
 

g(h1)=g(a
n
 h1)ϵ 𝐸 + 𝑆𝑜𝑐(ℋ’), implies that a

n
 h1ϵ g 

-

1
(E)+ g 

-1
(𝑆𝑜𝑐(ℋ’)), it follows that a

n
 g 

-1
(ℋ’

)⊆ g 
-

1
(E)+ 𝑆𝑜𝑐(ℋ). Thus g 

-1
(E) is a wapp-primary 

submodule of ℋ. ∎ 

Proposition (2.23) 

Let ℋ be an R-module, and G,F are submodules of 

ℋ with G⊆F and F is an essential submodule of ℋ. 

If G is a wapp-primary submodule of ℋ, then G is a 

wapp-primary submodule of F. 

Proof 

Let 0≠ahϵG, where aϵR, hϵF⊆ ℋ, implies that hϵ ℋ. 

Since G is a wapp-primary submodule of ℋ, then 

hϵG+Soc(ℋ) or aϵ√[G +  𝑆𝑜𝑐(ℋ) :𝑅 ℋ]. But F is an 

essential then by [5,p29] Soc(E)= Soc(ℋ). Thus hϵ 

hϵG+Soc(F)or  

aϵ√[G +  𝑆𝑜𝑐(𝐹) :𝑅 ℋ]⊆√[G +  𝑆𝑜𝑐(𝐹) :𝑅 𝐹]. Hence 

G is a wapp-primary submodule of F. ∎ 

Proposition (2.24) 

Let G and F be submodule of an R-module ℋ with F 

is not contained in G and Soc(ℋ)⊆F. If G is a wapp-

primary submodule of ℋ, then F∩G is a wapp-

primary submodule of F. 

Proof 

Since F is not contained in G, then F∩G is a proper 

submodule of G. Let 0≠ahϵ F∩G, for aϵR, hϵF⊆ ℋ, it 

follows that 0≠ahϵF. Since G is a wapp-primary 

submodule of ℋ, implies that hϵ G +  𝑆𝑜𝑐(ℋ) or 

a
n ℋ⊆ G +  𝑆𝑜𝑐(ℋ), thus hϵ( G +  𝑆𝑜𝑐(ℋ)) ∩ 𝐹 or 

a
n ℋ⊆( G +  𝑆𝑜𝑐(ℋ)) ∩ 𝐹 for some positive integer 

n. Since Soc(ℋ)⊆F, it follows by modular law 

hϵ(F∩G)+( F∩  𝑆𝑜𝑐(ℋ)) or a
n ℋ⊆(F∩G)+( F∩

 𝑆𝑜𝑐(ℋ)). Then by [10, coro.9.9] we have F∩
 𝑆𝑜𝑐(ℋ)= Soc(F). Hence hϵ(F∩G)+ Soc(F) or 

a
n ℋ⊆(F∩G)+ Soc(F) that is a

n⊆[(F ∩ G) +
 Soc(F) :𝑅 ℋ]⊆[(F ∩ G) +  Soc(F) :𝑅 𝐹], it follows 

that a
n
F⊆(F∩G)+ Soc(F). Hence F∩G is a wapp-

primary submodule of F. ∎ 
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 ةومفاهيم ذات علاق ةالضعيف ة الابتدائيةالمتقارب ةالمقاسات الجزئي
 بثينه نجاد شهاب،  خالد يونس جهاد

 ، بغداد ، العراق بغداد ةجامعة ابن الهيثم ، التربي ةكلي،  قسم الرياضيات
 

 الملخص
مقاسا احاديا ايسرا في هذا البحث قدمنا مفهوم المقاس الجزئي المتقاار  اببتادائي الضاعيأ كامماام جدياد لمفهاوم   ℋ بمحايد و ابداليةR  حلقةلتكن 

ضااعيأا العديااد ماان الالاااائة ابساسااية لهااذا المفهااوم درسااتا با ضااافة الذلك اممااام للمقاااس الجزئااي ابولااي المقاااس الجزئااي اببتاادائي الضااعيأ كاا
قاربااة اببتدائيااة الضااعيفة فااي المت لمكافئااات لمفهااوم المقاسااات الجزئيااةلهااذا المفهااوم وجاادتا ااياارا العديااد ماان ا ات وبمثلااةذلااك العديااد ماان المكافئاا الاا 

 أمطيتا لاأ المقاسات الضربية

 
 


