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ABSTRACT 

This work aims to discuss the adjacency matrices, 

Incidence matrix and Degree matrix of some types plane 

graphs we usually used them, as complete graphs, cycle 

graph,…,ect. To find the dual of graph and transformation of 

the graph and their dual for some theorems to prove general 

cases. 
 

1. Introduction 
A graph 𝐺 = (𝑉, 𝐸) where 𝑉 is a finite set of vertices 

denoted by 𝑉(𝐺) and 𝐸 is a finite set of edges 

denoted by 𝐸(𝐺) When we say 𝑉(𝐺) we mean the set 

of vertices 𝑣1, … , 𝑣𝑛  and 𝐸(𝐺) we mean the set of 

edges of 𝐺 𝑒1, … , 𝑒𝑛. This paper works with the 

relationship between graph theory, liner algebra and 

topological surfers, by using matrices and sphere. We 

are working here on the plane graph, which is a graph 

that can be drawn in the plane where there are no 

intersections between its edges. 

Presented interesting Arabic book on graph theory, in 

which define the adjacency matrix and incidence 

matrix[1]. Studied the graph and its basic 

concepts[2]. Presented graph theory, basis concepts 

and some matrices[3].  

Euler’s discovered the fundamental theorem in graph 

theory, also studied [4] the graph with its matrices, it 

also presented known graph and referred to the 

incidence and adjacency matrix. the basic concepts of 

the graph and presented some types of graph[5].  

The closest study to our paper [6] it worked with 

plane graphs and their dual for some graphs such as 

the cobweb graph and the 𝑃𝑟,𝑠 graph.  And [7] also 

referred to the matrices related to the theory of the 

graph and the various relationships that presented 

some of the known graph and the adjacency and 

incidence matrix. This research consists of three 

items basic concepts, definitions and theorems. 

2. Basic concepts: 
In this item of paper, we will present the main 

definitions and proofs for this topic of our paper. 

Defined2-1: Let 𝐺 = (𝑉, 𝐸) be a graph and 𝑀(𝐺) =
[𝑚𝑖𝑗] symmetric matrix of the order 

 𝑛 ∗ 𝑛, then it is said that 𝑀(𝐺) is adjacency matrix if 

𝑚𝑖𝑗 is the number of edges connecting the vertex 𝑣𝑖 

to the vertex 𝑣𝑗 [7]. 

Defined2-2: Let 𝐺 = (𝑉, 𝐸) be a graph and 𝐼(𝐺) =
[𝑖𝑖𝑗] order of matrix 𝑛 ∗ 𝑚 where 𝑛 the number of the 

vertices and 𝑚 the number of the edges then said to 

be 𝐼(𝐺) Incidence matrix if 𝑖𝑖𝑗 = 1 when the vertex 

𝑣𝑖 is one end of the edge 𝑒𝑖 and 𝑖𝑖𝑗 = 0 otherwise [7]. 

Defined2-3: if 𝐺 = (𝑉, 𝐸) is a graph, where 𝐺 that 

does not contain any intersections between its edges 

or it can be avoided it said to be plane graph 

otherwise be non-plane graph [8]. 
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Theorem2-1:  

Let 𝐺 = (𝑉, 𝐸) be a plane graph has 𝑛 vertices,𝑚 

edges and 𝑓 faces where 

 𝑛 − 𝑚 + 𝑓 = 2 [9]. 

Theorem2-2:  

Let 𝐺 = (𝑉, 𝐸) be a plane graph only 𝐾5,𝐾3,3 is non 

plane graph [9].  

Now we have to define the dual graph of a graph 𝐺 

,denoted by 𝐺∗.The vertices in 𝐺∗ are denoted by 𝑓 

where we choose a point inside each face to represent 

us a vertex, the number of edges in 𝐺∗ 

is the same number in 𝐺. Where the 𝑛∗ in 𝐺∗ is the 

number of vertices, 𝑒 in 𝐺  𝑒∗ in 𝐺∗ is the number of 

edges but regarding 𝑣 in 𝐺 corresponds to 𝑓 in 𝐺∗[9]. 

Defines: 

1-Let 𝐺 = (𝑉, 𝐸)  be a star graph where it has two 

vertices of one degree connected to an edge forming 

the shortest path so that each vertex is one-degree has 

a degree of 2, where there  𝑣𝑛 is the cut-vertex and 

center vertex of the graph is said to be Fan graph 

and denoted by 𝑭𝒏  [5] as in the figure (1):  

 
Fig.  1: Fan graph 

  

2- Let 𝐺 = (𝑉, 𝐸) be a fan graph 𝑛 ≥ 3 set of vertices 

𝑣1, … , 𝑣𝑛 added a new set of vertices 𝑢1, … , 𝑢𝑛 where 

between each pair of vertices of the fan𝑣𝑖 , 𝑣𝑖+1 there 

is an adjacent 𝑢𝑖, 2𝑛 of the edges where 𝑣𝑛 is cut-

vertex , said to be Cog-Fan Graph denoted by 𝑭𝒏
𝒄   

[5] as in the figure(2):  
 

 
Fig. 2: Cog-Fan Graph 

 

3- Let 𝐺 = (𝑉, 𝐸) be a half-wheel graph deleted an 

edge 𝑊𝑛 − {𝑒} where 𝑣𝑛 is center vertex is said to be 

Hand Fan Graph and denoted by 𝑯𝑭𝒏  [9] as in the 

figure(3): 

 

 
Fig. 3: Hand Fan Graph 

 

4-Let 𝐺 = (𝑉, 𝐸) be a hand fan graph 𝑛 ≥ 3 set of 

vertices 𝑣1, … , 𝑣𝑛 added a new set of vertices 

𝑢1, … , 𝑢𝑛 where between each pair of vertices of the 

hand fan𝑣𝑖 , 𝑣𝑖+1 there is an adjacent 𝑢𝑖, 2𝑛 of the 

edges where 𝑣𝑛 is center vertex , said to be Cog-

Hand Fan Graph denoted by 𝑯𝑭𝒏+𝟏 [5] as in the 

figure(4):  
 

 
Fig. 4: Cog-Hand Fan Graph 

 

After knowing the previous graphs, we can say show 

by wheel graph of the order exact 𝑛 after adding a 

new set of vertices to it as show in the definition 

below, we have the fan graph all of its regions (three 

and four edges) and from here said to be cycle fan 

graph. 

5- Let 𝐺 = (𝑉, 𝐸) be a wheel graph the number of 

vertices 𝑣1, … , 𝑣𝑛 is added to it a new set of vertices 

𝑛 − 1 ,where between each 𝑣𝑖  , 𝑣𝑖+1 there is 𝑢𝑖 

adjacent to them and the number of added edges 

2𝑛 − 2, 𝑣𝑛 center vertex , said to be Cycle fan graph 

and denoted by 𝑪𝑭𝒏 as in the figure(5): 

 

 
Fig. 5: Cycle fan graph 

 

3. The matrices of some plan graphs and 

their dual: 
Theorem3.1: Let = 𝐹𝑛 , 𝑛 ≥ 3 then the following 

statements are true: 

1. 𝑀(𝐺) = 𝑛 ∗ 𝑛 square binary matrix of zero 

diameter. 

2. 𝐼(𝐺) = 𝑛 ∗ 𝑚 binary matrix, where 𝑚 is the 

number of edges. 
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3. 𝐷(𝐺) = 𝑛 ∗ 𝑛 diagonal square matrix, where 

 deg(𝑣0) = 𝑛 − 1 , deg(𝑣𝑖) = 2 when 𝑖 = 1, … , 𝑛. 

Proof: 

1. 𝐺 = 𝐹𝑛 , where 𝐺 is a simple graph and the matrix 

of the simple graph is a zero-diameter binary matrix. 

2. It is obvious. 

3. 𝐺 is a simple graph, ∃𝑣0 ∈ 𝐺 where 𝑣0  is cut-

vertex adjacent all vertices we get deg(𝑣0) = 𝑛 − 1, 

𝑣𝑖 ∈ 𝐺 when 𝑖 = 1, … , 𝑛 the vertices 𝑣𝑖+𝑛 , 𝑣𝑛 adjacent 

with 𝑣0 we get deg(𝑣𝑖) = 2. 

Theorem3.2: Let 𝐺∗ = 𝐹𝑛
∗ dual of 𝐹𝑛, then the 

following statements are true: 

1. 𝑀(𝐺∗) = 𝑛∗ ∗ 𝑛∗ a square matrix of zero 

diameter, all elements are zeros except for the last 

row and column  𝑖𝑛𝑛 , 𝑗𝑛𝑛 = 3. 

2. 𝐼(𝐺∗) = 𝑛∗ ∗ 𝑚 binary matrix where 𝑛∗ number 

vertices of 𝐹𝑛
∗. 

3. 𝐷(𝐺∗) = 𝑛∗ ∗ 𝑛∗ diagonal square matrix, where 

deg(𝑓𝑛) = 3(𝑛 − 1) , deg(𝑓𝑖) = 3  when 𝑖 =
1, … , 𝑛 − 1. 

Proof: 

1. 𝐺∗ = 𝐹𝑛
∗ is a non-simple graph that does not 

contain a loop we get 𝐷𝑖𝑎𝑔(𝑀) = 0, Each face in 𝐺 

is surrounded by a 3𝑒 where in 𝐺∗ is parallel edge 

and another edge, where ∀𝑓𝑖 ∈ 𝐺 when 𝑖 = 1, … , 𝑛 −
1 adjacent with only 𝑓𝑛 we get 𝑖𝑛𝑛, 𝑗𝑛𝑛 in 𝑀(𝐺∗) 

equal 3. 

2. It is obvious. 

3. It is obvious. 

Theorem3.3: Let = 𝐹𝑛
𝑐 , 𝑛 ≥ 3 then the following 

statements are true: 

1. 𝑀(𝐺) = 𝑛 ∗ 𝑛 square binary matrix of zero 

diameter. 

2. 𝐼(𝐺) = 𝑛 ∗ 𝑚 binary matrix, where 𝑚 is the number 

of edges. 

3. 𝐷(𝐺) = 𝑛 ∗ 𝑛 diagonal square matrix, where 

deg(𝑣𝑖) = 3  , deg(𝑣0) = n − 1 when  

𝑖 = 1, … , 𝑛. 

Proof: 

1. It is obvious. 

2. It is obvious. 

3. 𝐷(𝐺) a diagonal matrix by definition. Since 𝐺 =
𝐹𝑛

𝑐 a simple graph, ∃𝑣0 ∈ 𝑉(𝐺)  where 𝑣0 is a cut 

vertex deg(𝑣0) = 𝑛 − 1,and  𝑣𝑖 , 𝑣𝑖+1 ∈ 𝑉(𝐺) vertices 

adjacent to each other and with a new set of vertices 

added 𝑢𝑖 so deg(𝑣𝑖) = 3 when 𝑖 = 1, … , 𝑛 . As for 

the added set of vertices deg(𝑢𝑖) = 2 when 𝑖 =
1, … , 𝑛. 

Theorem3.4: Let 𝐺∗ = 𝐹𝑛
𝑐∗ dual of 𝐹𝑛

𝑐, then the 

following statements are true: 

1. 𝑀(𝐺∗) = 𝑛∗ ∗ 𝑛∗  square binary matrix of zero 

diameter, where 𝑀(𝐺∗) = 0,1 except for the last row 

and column   𝑖𝑛𝑛, 𝑗𝑛𝑛 = 2. 

2. 𝐼(𝐺∗) = 𝑛∗ ∗ 𝑚 binary matrix where 𝑛∗ number 

vertices of 𝐹𝑛
𝑐∗. 

3. 𝐷(𝐺∗) = 𝑛∗ ∗ 𝑛∗ diagonal square matrix, where 

deg(𝑓𝑖) = 3 , 

 deg(𝑓𝑛) = 2 [deg(𝑣𝑛)] when 𝑖 = 1, … , 𝑛 − 1. 

Proof: 

1. It is obvious. 

2. It is obvious. 

3. 𝐷(𝐺∗) a diagonal matrix by definition. From the 

definition of 𝐺∗ where the outer face of 𝐺is 𝑓𝑛, the 

vertex of 𝐺 is twice as The degree of the  cut vertex 

(central) 𝑣0 in 𝐺. As for the interior faces of 𝐺 since 

we have parallel edges ∃𝑒 ∈ 𝐸(𝐺)  and ∀𝑓 ∈ 𝐹(𝐺) 

has 3e So in 𝐺∗ it becomes deg(𝑓𝑖) = 3   when 

𝑖 = 1, … , 𝑛 − 1 

Theorem3.5: Let = 𝐻𝐹𝑛, 𝑛 ≥ 3 then the following 

statements are true: 

1. 𝑀(𝐺) = 𝑛 ∗ 𝑛 square binary matrix of zero 

diameter. 

2. 𝐼(𝐺) = 𝑛 ∗ 𝑚 binary matrix, where 𝑚 is the 

number of edges. 

3. 𝐷(𝐺) = 𝑛 ∗ 𝑛 diagonal square matrix, where 

deg(𝑣0) = 𝑛 − 1 , deg(𝑣𝑖) = 3 , deg(𝑣𝑛) =
deg(𝑣1) = 2 when 𝑖 = 2, … , 𝑛 − 1. 

Proof: 

1. It is obvious. 

2. It is obvious. 

3. 𝐷(𝐺∗) a diagonal matrix by definition. 𝐺 = 𝐻𝐹𝑛, 

𝑣0 be a center vertex where deg(𝑣0) = 𝑛 − 1 and 

deg(𝑣𝑖) = 3 when 𝑖 = 2, … , 𝑛 − 1. Where 𝑣𝑖 

adjacent to each other and with the center vertex 𝑣0 

be her degree 3 as for 𝑣𝑖 , 𝑣𝑛−1 adjacent to with two 

vertex ,where deg(𝑣𝑛) = deg(𝑣1) = 2 , since the 

𝐻𝐹𝑛 a wheel from which the edge that connects the 

primary vertex to the final vertex has been removed, 

then these two vertices has a degree of 2. 

Theorem3.6: Let 𝐺∗ = 𝐻𝐹𝑛
∗ dual of 𝐻𝐹𝑛, then the 

following statements are true: 

1. 𝑀(𝐺∗) = 𝑛∗ ∗ 𝑛∗  square binary matrix of zero 

diameter, where 

 𝑀(𝐺∗) = 0,1,2  

2. 𝐼(𝐺∗) = 𝑛∗ ∗ 𝑚 binary matrix where 𝑛∗ number 

vertices of dual. 

3. 𝐷(𝐺∗) = 𝑛∗ ∗ 𝑛∗ diagonal square matrix, 𝐷(𝐺∗)  

elements are odd number, where deg(𝑓𝑖) =
3, deg(𝑓𝑛) = 𝑛, when 𝑖 = 1, … , 𝑛 − 1. 

Proof: 

1. It is obvious. 

2. It is obvious. 

3. 𝐷(𝐺∗) a diagonal matrix by definition. From 

definition  𝐺∗ , each 𝐺∗ has one outer face, where 𝑓𝑛 

is the outer face of G whose degree in 𝐺∗ is 

deg(𝑓𝑛) = 𝑛 and also 𝐺∗ has n inner face where 

deg(𝑓𝑖) = 3 when 𝑖 = 1, … , 𝑛 − 1. 

Theorem3.7: Let = 𝐻𝐹𝑛+1, 𝑛 ≥ 3 then the following 

statements are true: 

1. 𝑀(𝐺) = 𝑛 ∗ 𝑛 square binary matrix of zero diameter. 

2. 𝐼(𝐺) = 𝑛 ∗ 𝑚 binary matrix, where 𝑚 is the 

number of edges. 

3. 𝐷(𝐺) = 𝑛 ∗ 𝑛 diagonal square matrix, where 

deg(𝑣0) = 𝑛 − 1 , deg(𝑣1) = deg(𝑣𝑛) =
3, deg(𝑣𝑖) = 5 when 𝑖 = 2, … , 𝑛 − 1 and deg(𝑣𝑖) =
2, deg(𝑢𝑖) = 2  when 𝑖 = 1, … , 𝑛. 

Proof: 

1. It is obvious. 

2. It is obvious. 
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3. 𝐷(𝐺∗) a diagonal matrix by definition. Since 𝐺 = 

𝐻𝐹𝑛+1 has a center vertex 𝑣0 where deg(𝑣0) = 𝑛 − 1 

as for the non-adjacent vertices with 𝑣0 which 𝑢𝑖 

represents its degree 2 where when 𝑖 = 1, … , 𝑛. 

Also, the degree of the vertices of the graph that 

adjacent to the previous set and center vertex 

deg(𝑣1) = deg(𝑣𝑛) = 3 when 𝑖 = 1, 𝑛 and 

deg(𝑣𝑖) = 2, deg(𝑢𝑖) = 2  when 𝑖 = 1, … , 𝑛. 

Theorem3.8: Let 𝐺∗ = 𝐻𝐹𝑛+1
∗  dual of 𝐻𝐹𝑛+1, then 

the following statements are true: 

1. 𝑀(𝐺∗) = 𝑛∗ ∗ 𝑛∗  square binary matrix of zero 

diameter, where 

 𝑀(𝐺∗) = 0,1,2  

2. 𝐼(𝐺∗) = 𝑛∗ ∗ 𝑚 binary matrix where 𝑛∗ number 

vertices of 𝐻𝐹𝑛+1
∗ . 

3. 𝐷(𝐺∗) = 𝑛∗ ∗ 𝑛∗ diagonal square matrix, 

deg(𝑓𝑛) = 2𝑛 , deg(𝑓𝑖) = 3 when 𝑖 = 1, … , 𝑛 − 1. 

Proof: 

1. It is obvious. 

2. It is obvious. 

3. 𝐷(𝐺∗) a diagonal matrix by definition. From 

definition  𝐺∗ , each 𝐺∗ has one outer face  𝑓𝑛 where 

deg(𝑓𝑛) = 2𝑛 , which adjacent all the inner faces of 

the graph represented by  𝑓𝑖 when 𝑖 = 1, … , 𝑛 − 1. 

Whose degree 3 because all inner faces are triangles. 

Theorem3.9: Let = 𝐶𝐹𝑛, 𝑛 ≥ 3 then the following 

statements are true: 

1. 𝑀(𝐺) = 𝑛 ∗ 𝑛 square binary matrix of zero diameter. 

2. 𝐼(𝐺) = 𝑛 ∗ 𝑚 binary matrix, where 𝑚 is the 

number of edges. 

3. 𝐷(𝐺) = 𝑛 ∗ 𝑛 diagonal square matrix, where 

elements are odd number. 

Proof: 

1. It is obvious. 

2. It is obvious. 

3. 𝐷(𝐺) a diagonal matrix by definition. Since = 

𝐶𝐹𝑛, the sub graph for 𝐺is 𝑆𝑛 , 𝐹𝑛 .where 𝑣0 central 

vertex wheredeg(𝑣0) = 𝑛 − 1 . 𝑣𝑖 ∈ G always where 

deg(𝑣𝑖) = 4 when i = 1, … , n when 𝑣𝑖  is a vertex in 

the wheel and when adding 𝑢𝑖−1  becomes deg(𝑣𝑖) =
4 and for the added vertices of 𝐺 it is deg(𝑢𝑖) =
2when i = 1, … , n. 
Theorem3.10: Let 𝐺∗ = 𝐶𝐹𝑛

∗ dual of 𝐶𝐹𝑛, then the 

following statement are true: 

1. 𝑀(𝐺∗) = 𝑛∗ ∗ 𝑛∗  square binary matrix of zero 

diameter, where 

 𝑀(𝐺∗) = 0,1,2 . 

2. 𝐼(𝐺∗) = 𝑛∗ ∗ 𝑚 binary matrix where 𝑛∗ number 

vertices of dual. 

3. 𝐷(𝐺∗) = 𝑛∗ ∗ 𝑛∗ diagonal square matrix, 

 𝐷(𝐺∗) = 3,4. 

Proof: 

1. It is obvious. 

2. It is obvious. 

3. 𝐷(𝐺∗) a diagonal matrix by definition From. we 

notice that there are parallel edges in 𝐺 where 

∃𝑓𝑖 ∈ 𝐹(𝐺∗) , is one of the two ends of 𝑒 where 

deg (𝑓𝑖) = 4 for some 𝑖 < 𝑛 and the rest of the faces 

deg (𝑓𝑖) = 3 for some 𝑖 < 𝑛. 
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 بعض أنواع المصفوفات لبيانات المروحة المستوية وثنائيها
 حنين محمد عادل ، اسراء منير توفيق

 للبنات ، جامعة تكريت ، تكريت ، العراققسم الرياضيات ، كلية التربية 
 الملخص

مبل والبداةرل يهدف هذا العمل الى مناقشة المصفوفات التجاور والوقوع والدرجة لبعع  ننبواع مبل البيانبات المسبتوية المسبتادمة عالعبادل مابل البيبال الكا 
   مع اناةيها. ... الخ. وكذلك إيجاد اناةي البيال وتحويل البيال واناةيه الى عع  المبرهنات

 

 

 

 


