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Introduction

One of the basic concepts of modern mathematics is
the smooth manifolds. It is formalization of the object
which  has independently arisen in many
mathematical disciplines (and also in applications of
mathematics - mathematical physics, mechanics and
other sciences) on which it is possible to use
(generalize) coordinates, but there is no general
system of coordinates applicable to all points at once.
It is a natural and important object.

Statement of a design of smooth manifolds is
attractive as it allows to concern some initial concepts
of such mathematical discipline as topology, and it is
motivated to make clear their need and naturalness.
Dynamical systems with chaotic behavior are now a
subject of intensive studying. First of all it is
connected with the fact that chaos is a rather general
property of the most various nonlinear processes
inherent in various fields of natural sciences: from
biology to chemical kinetics. The reason of such
behavior is not in complexity of dynamic systems and
not in manifestation of external influences.

Definition .1[6]

Let USRY ang VS R" pe open subsets. A map

f :U —V iscalled differentiable of class C" , if the
functions fi— fi(x! . x™), i=12..n Which give

f | they have partial derivatives up to order I' .

T
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In this paper we concern in studying chaotic homeomorphisms deals

with study and investigate of chaotic homeomorphisms on smooth
manifolds. For connections more precisely to chaotic diffeomorphisms
maps on smooth manifolds.

New relation between diffeomorphism an chaotic, transitive, dense and
nowhere dense in smooth manifolds have been found. Product of two
diffeomorphisms dense maps on smooth manifold is dense. Product of
two chaotic maps on smooth manifold is chaotic.

We say that f is a smooth map (of class C”) of
Euclidean spaces, if f has partial derivatives for

each order.

Definition ].3 [6] .

Let USR and VER" pe open subsets. A map
f:U —V is said to be C" - diffeomorphism if f
and f~! are C" - differentiable if it satisfies the
following conditions:

1) If f isbijective.

2) Where f and §-! are smooth.

3) Definition .3 [2]. A homeomorphism is often
called a C-diffeomorphism. If the map g:u —vis a

diffeomorphism, then the sets U and V are said to be
diffeomorphic.

Definition .4

A C¥ n— dimensional manifold M
empty (second countable, Hausdorff) topological

space such that :
a) M is the union of open subsets U, . and each

is a non-

U, is equipped with a homeomorphism ¢, , taking
U, toanopensetin Rn, i.e.
@, U, >0, U,)cR"
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b) If U,nUg,, then the overlap map

(pﬁ(/fl;%(ua NUg) > 95U, NU,) is a smooth

map . (see figure 1).
Each pair U,.o,) is called chart on M and the

collection A={U,,9,)} of all charts is called a
smooth atlason M .

The space M taken together with atlas A will be
called a smooth manifold of dimension N or smooth

n—manifold or ¢c® n—manifold -

Moreover , if the topological space M satisfies
condition (a) only , the manifold will be called a
topological manifold or simply a manifold.

Theorem. 5 [3]

1) Every composition
diffeomorphism.

2) Every diffeomorphism is a homeomorphism and
an open map.

3) Every finite product of diffeomorphisms between
smooth manifold is diffeomorphism .

4) Diffeomorphic is an equivalence relation on the
class of all smooth manifold with or without boundry
Definition. 6 [3]

Let (M,f) be a topological manifold system , the

of diffeomorphisms is

dynamic is obtained by iterating the map . then, fis
said to be chaotic on M provided that for any non-
empty open sets U and V in M , there is a
periodic point pe M suchthaty ~o_ (p)=¢ -
Definition. 7 [3]

Let (M, f) be a topological manifold system , then ,
the map f:M — M is chaotic if for every pair of
not empty open subsets y v =M the are periodic

points xeU and neN suchthat f"(x)eV .
Definition . 8 [5]

The chaotic manifold is a manifold changed by the
time into homeomorphic manifolds either with fixed
point p

Definition .9 [4]

Recall that a subset A of a manifold M is called
densein M if cl(A)=M .

Definition .10[6]

A manifold changed by the time into homeomorphic
manifold , either with fixed point p,,i=12,..,nor
with no fixed point called the chaotic manifold.

M1W0 P My My
P, P My
MMy
My
Y =
Fig. (1)
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Remark 11.
e The topological property that precludes such
decomposition is called topological transitivity .

Let M and N be 2 n—dimensional smooth

manifolds, the where N >1 , and dimM =dimN .
then we can introduce the following some new
definitions.

Definition 12.

Let Mand N be a smooth manifolds, and

f :M — N be a diffeomorphism map. We say that

f is CX — diffeo transitive if Ut w is dense in
n>0

N for every non — empty open subset W of M .
Definition 13.
Let Mand N be a smooth manifolds, and

f :M — N be a diffeomorphism map. Then the set
Ac M is called diffeo — transitive set if for every
pair of non —empty opensetsU & V in M and
N respectively , with AnU =® and ANV = ®
there is positive integer N suchthat f"uU)~v 2@ -

Definition 14.
Let M and N be a smooth manifolds, f :M — N

be a diffeomorphism map , then the closed f —
invariant set A< M s called diffeo — mixing set if

, given any non — empty open subsets
UcMandV N with ANU #® and

ANV =D then IN>0 such that

f"U)NnV=d ¥V n>N -

Theorem 15.
Let N and M be smooth manifolds , then a map

f:N — M is continuous.
Proof:

Let Ay, =N where A atlas and N smooth

manifold, and let A, =M, where A, atlas and M
smooth manifold
Since A isanatlason N it follows that

U,.AvcN ¥Y={U, v)}. of nN-—
dimension chartsin N .

Since A,, isatlason M , it follows that

V. ,A, <M where O ={(V..)}.., of N— dimension
chartsin M .

Since W and @ a families of chartson N and M
respectively, then the maps  and ¢ are
difeomorphisms and yog™:pU V) >y (U NV) is
difffeomorphism (smooth connection).

where

Suppose that the maps f =y o fog™ for charts
A, and A, are smooth on their domains
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Then f issmooth. o

Definition. 16

Let M be a smooth manifold and A subset of M .
1. A subset A of a smooth manifold M is called
densein M if cl(A)=M .

2. A subset A is said to be dense if for any X M
either X in A or itis a limit point for A .

3. A subset A of a smooth manifold M is said to
be nowhere dense , if it’s closure has an empty
interior , that int(cl(A)) =1

Definition 17 . [1]

Two manifolds N and M are said to be C* —

conjugated if there is C¥— diffeomorphism
h:N — M such that ho f =goh we will call
C* — conjugacy.

Theorem .18 let M and N be smooth manifolds
and the map f:M — N is diffeomorphism map ,
then the following are equivalent:

1. Themap f is diffeomorphism transitive .

2. Any closed subset A M is nowhere dense ,
where f(A)c N.

3. For all subset Ac M and, a subset A is either
dense or nowhere dense.

4. Any subset Ac M and
nonempty interior is dense.
Proof: 1. is direct.

2. let A be closed subset of smooth manifold .

Since f(A)cN and f:M — N

Then int(cl(A)) =¢ , then A is nowhere dense by
definition [3.8]

3.Since AcM and f(A)c N

Then if A closed subset then A is nowhere dense
and if A is open subset then cl(A) =M

Then A is dense by definition [9]

4. Let A beanysubsetof M .
Since f*(A)c A , by hypothesis

Then A is closed subset of M
Since f*(A)c A=¢ and closed

Since f — diffeomorphism map . then the closed

subset A=M , then A is dense by definition .
Theorem . 19
Let a map g:M — M be diffeomorphism on a

smooth manifold M , and a map f:N — N be

f'(A)c A with

diffeomorphism on a smooth manifold N , then the
set of periodic points of fxg where

fxg:NxM —NxM is dense in NxM if and
only if , for both of f and g , the sets of periodic
points in N and M are dense in N with atlas

{V,,p)} ,andin M withatlas {v, )} -

Proof:
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—> Suppose that the set of periodic points of f is
dense in N and the set of periodic points of g is
densein M .

Since U0} atlas in N and{ } atlas in M it

Vi
should be proved that {(Vi <V, x| )} atlas in

N x M . the set of periodic points.
let A< N xM be any non — empty open set. Then

there exist non — empty open sets U — N and
V M with UxV < A . this means that , there

exists a point XeU such that f"(X)=X with
n>1.

Similarly , there exists y €V such that g™(y)=y
with m>1 . for p=(x,y)e A and K=mxn we
get (fxg)(p)=(fx@)(x,y)
=(f*(0. 9" =(xy)=p -

We conclude , it contains a periodic point and thus
the set of periodic points of f xQ is dense in
NxM .

<= Conversely, if U N and vcM be non-
empty open subsets. Then U xV is a non-empty
open subset of N xM .

Since the set of the periodic points of f x g is dense
in NxM , there exists a point
p=(x,y) and pe(UxV) such that
(fx9)" (6 y) = ((f"(x),g"(y)) = (x,y) forsome N .
We obtain f"(x)=x for Xe€U and similarly we

conclude that g"(y) =y for y eV also.

By hypotheses denseness of periodic points carries
over from factors to products . the converse conclude.
Definition .20

Let Mand N be

f :M — N be a continuous map . If for every non
empty open subsets UM and V < N there

smooth manifolds, and

exists a positive integer M, such that, for every

m=m,, f"(U)NV =¢ then f is called mixing.

Theorem. 21 Let f:N —>N and g:M — M be
chaotic and topological mixing diffeomorphism maps
on smooth manifold systems N & M , with
atlases {U.6)} and {(v, ¥} respectively .then
the product f xg:NxM — N xM is chaotic with

atlas {(U, xV,.4.p))} -
Proof: the map f x g has dense periodic points (by

theorem 3.11)

And it is topological mixing by hypotheses and hence
topologically transitive .

Thus, the two conditions of chaos are satisfied.
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