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1- Introduction

Theory of asymptotic martingales(amart) has been
developed and extentively studied in recent years by
Bellow[5], Edgar and Sucheston [7], Chacon and
Sucheston[6]. These authors are the first to believe
that the notion merits a name: asymptotic martingale.
A systematic presentation of amart theory paralleling
the martingale theory, including for the first time the
optional sampling theorem, the Riesez decomposition
,the descending and the parameter cases ,was given
by edgar.

among other. It was show that every real valued
amart and every vector- valued uniform amart has
aRies decomposition.

the amart combines several useful properties of the
martingale, submartingale , supermartingale. Thus the
class of martingales is closed under linear
combinations ,the class of supermartingales under
infimum, the «class of submartingales under
supremum , but the class of amart is closed under all
three operations[2].

In (1975) R .V .chacon and L. Sucheston, reduced on
convergence of vector asymptotic martingale [8].

we recall that the definition of asymptotic
martingale, A sequence {X,, F,,n=1} if and only if
for every € > 0, there exsit ty € T such that for every
t,o € T, t,o0 >tya.s. We have

I Xedp — [ X5 dpll < &.[3].

In this paper we intoduce a new class of definitions (sub - super)

asymptotic martingale through the concept of asymptotic martingale. we
investigate and prove some properties of asymptotic martingale and (sub
- super) asymptotic martingale .

our aim in this paper is to study and proves some
properties of the asymptotic martingale and
(sub,super) asymptotic martingale and every
martingale is asymptotic martingale .

2 — (sub - super)asymptotic martingale.

In this section we introduce a new class of
definitions(sub - super)asymptotic martingale and
prove some properties of asymptotic martingale and
(sub - super) asymptotic martingale .

Definition 2.1

A sequence {X,, Fn,n=1}is called a sub asymptotic
martingale (for short - subamart) if and only if for
every € > 0, there exsit ty € T such that for every
t,o0 €T, to>ta.s.

We have
I/ X dp — [Xcdpll < €.
Definition 2.2

Asequence {X,, F,,n=>1}is called a super asymptotic
martingale (for short - superamart) if and only if for
every € > 0, there exsit ty € T such that for every
t,o €T, to>ta.s.

We have
I/ X¢dp — [ X5 dpll < & .
Remark 2 .3

1-Martingale = asymptotic martingale = super
asymptotic martingale.
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2- sub asymptotic martingale <> super asymptotic
martingale.

Example 2.4

Let X, be integrable random variable and Fo S F; C
. .. be a filter on probablitiy space (,F,P), E
|X| < o and define X, =a /2, then {X, ,F.} is
asymptotic martingale.

Theorem 2.5

If {X,, F,n=1} and {Y, Fn,n=1}are asymptotic
martingale,then  {X,+ Y, F,n=>1}is asymptotic
martingale

With corresponding statements for subasymptotic
martingale and superasymptotic martingale.

Proof

Since {X,, Fn,n=1}is asymptotic martingale , for
every € > 0, there exsit ty € T such that for every
t,o €T, to =ty ,

Then ||f X, dp — [ X, dpll < 1\2¢ ... (2.5.1)

since {Y,, Fn,n=1}is asymptotic martingale, for
every € > 0, there exsit ty € T such that for every
t,o €T, to =ty ,

Then ||f Y, dp — [ Y, dpll < 1\2¢......(2.5.2)

We want to prove that

If (Xe + YOdp — [ (X + Yo)dpll < e

We have from (2.5.1) and (2.5.2) we get

Il (X¢ + YOdp — [ (X + Yo)dpll = || [ X dp —

JXsdp + [Yedp — [ Yo dpll < |If X¢ dp — [ X5 dpll +
If Yedp — [ Y5 dpll < 1\2e+< 1\2e = ¢

Thus{X,+ Y, Fn,n=1}is asymptotic martingale .
Theorem 2.6

If {X,, F,n=1} and {Y, Fnn=1}are asymptotic
martingale, then {X,- Y, Fyn=1}is asymptotic
martingale

With corresponding statements for subasymptotic
martingale and superasymptotic martingale.

Proof

since {X,, Fn,n=1}is asymptotic martingale , for
every € > 0, there exsit ty € T such that for every
t,o €T, to =t ,

Then ||f X, dp — [ X, dpll < 1\2¢ ... ... .. (2.6.1)
since {Y,, Fnn=1}is asymptotic martingale,

for every € > 0, there exsit t, € T such that for every
t,o €T, to =t ,

Then ||f Y. dp — [ Y, dpll < 1\2¢ ... .. (2.6.2)
We want to prove that

“f(Xt - Yt)dp - I(XO' - Y(y)dp” <eg

We have from (2.6.1) and (2.6.2) we get

”f(xt —Yodp - f(Xo = Y)dpll = ||th dp —
fxcdp_fYtdp-l'qudp” < ”thdp_chdp”‘l'
If Yedp — [ Yo dpll < 1\2e+< 1\2e = ¢

Thus{Xs- Yy, Fr,n=1}is asymptotic martingale
Theorem 2.7

If {aX,, F,,n=1} and {bY,, F,,n=1}are asymptotic
martingale ,then {aX,+b Y,, F,n=1}is asymptotic
martingale

With corresponding statements for subasymptotic
martingale and superasymptotic martingale.
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Since {aX,, Fn,n=1}is asymptotic martingale,
for every € > 0, there exsit ty € T such that for every
t,o €T, to=t,
Then [a| || f X, dp — [ X, dpll < 1\2¢......(2.7.1)
since {bY, Fnn=1}is asymptotic martingale,
for every € > 0, there exsit ty € T such that for every
t,o €T, to=t,
Then b] || Y, dp — [ Y, dpll < 1\2¢......(2.7.2)
We want to prove that |f(aX;+bY)dp—
[(aXs + bY,)dp|| < €
We have from (2.7.1) and (2.7.2) we get
I (X + bY)dp — f(aXs + bYo)dpll = [|f aX; dp —
[aXsdp + [ bY;dp — [ bYs dpll < |a]ll [ X¢ dp —
J Xs dpll + [bllIf Ye dp — [ Yo dpll < 1\2e + 1\2e = &
Thus{aX,+bY,, F,,n=1}is asymptotic martingale
Theorem 2.8
If {Y,, F.} is a sub asymptotic martingale ,then
{aY,, F.},for a < 0 is a super asymptotic martingale
{aY,, F.},for a > 0 is a sub asymptotic martingale.
Proof
for a <0, since {Y, F.} is a sub asymptotic
martingale,
for every € > 0, there exsit ty € T such that for every
t,o €T, to=t,
then ||f Yo dp — [ Y dpll < &
That is implies
|alllf Y5 dp — [ Ye dpll=||f a¥; dp — [ a¥s dp|| <
| afei=¢
That is {aY,, F,} is a super asymptotic martingale
for a >0, since {Y, F.} is a sub asymptotic
martingale,
for every € > 0, there exsit ty € T such that for every
t,oeT, to>=t,
then ||f Yo dp — [ Yedpll < &.
That is implies
|l If Yo dp — [ Ye dpll=||f aYs dp — [ Y, dp]| <
| 0(|z-:1= €
That is {aY,, F} is a sub asymptotic martingale.
Theorem 2.9
If {Xin Fn}seon{Xmn, Fn} are a super asymptotic
martingale, then{min (X, . Xmn), Fn} iS a super
asymptotic martingale.
Proof
We want to prove
Hf min(Xth, s Xtm,n)dp'f min(xcl,n'
dpl< €
Since {Xin Fn}s....,{Xmn, Fn} are a super asymptotic
martingale, for every e > 0, there exsit ty € T such
that foreveryt,c € T, t,0 >ty ,
That s IS Xeindp — [ Xorndp|| < & .o
”thm,ndp - fxcm,ndp” < e
Consider
”f min(th,n' e Xtm,n)dp'f min(xcl,n: ) Xam,n)
dpll< ||f Xeundp — J Xorndp|| < &...... (29.1)

4 Xcm,n)
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“f min(xtl,n' RS Xtm,n)dp_f min(Xcl,n' R Xcm,n)
dpll< ||f Xezndp = f Xozndp|| < €...... (2.9.2)

“f min(th,n' "-'Xtm,n)dp'f min(xal,n' "-:Xam,n)
dp”S |UXtm,ndp - IXGm,ndp” S €l (2'9-m)
From (2.9.1),..., (2.9.m) we obtain

“f min(th,n' "-'Xtm,n)dp'f min(xal,n' "-:Xam,n)
dpll< e

Theorem 2.10

If {Xin Fnlseos{Xmn Fo} are a sub asymptotic
martingale  then{min(X,,_ Xmn), Fn}is a sub
asymptotic martingale.

Proof

We want to prove

“f min(Xcl,n' 'Xcm,n)

dp-J min(X¢1 p, -+ Xemn)dPII< €

Since {Xin, Fn},..»{Xmn Fn} are a sub asymptotic

martingale for every € > 0, there exsit ty € T such

that foreveryt, o € T, t,o >tg ,

That s IS Xo1ndp — [ Xendp|| < € ..o,
”fXGm,ndp - thm,ndp" <t

Consider

|f min(xal,n' e Xcrm,n)

dp'f min(Xth, ---'Xtm,n)dp”S “fxol,ndp -

S Xeindp|| € €......(2.10.1)

“f min(Xo‘l,m 'Xo‘m,n)

dp'f min(Xth, ---'Xtm,n)dp”S “fxoz,ndp -

”f min(Xcl,n' 'Xcm,n)

dp'f min(th,nv ---'Xtm,n)dp”S ”chm,ndp -

S Xtmadp|| < &......(2.10.m)

From (2.10.1),..., (2.10.m) we obtain

”f min(Xcl,n' 'Xcm,n)

dp'f min(th,nv ---'Xtm,n)dp”S €

Theorem 2. 11

If {X,, F,n=1} and {Y, Fnn=1}are asymptotic
martingale  and [X,]= IYs| =1 , then
{X,Yn, Fn,n=1}is asymptotic martingale

With corresponding statements for subasymptotic
martingale and superasymptotic martingal .

Proof

Since{X,, F,,n=1} is asymptotic martingale , for
every € > 0, there exsit ty € T such that for every
t,o ET, to>t, , then ||fX,dp— [X,dpll <
1\2¢

Since{ Y., F,,n=1} is asymptotic martingale , for
every € > 0, there exsit ty € T such that for every
t,0 € T, t,0 >t then ||f Y, dp — [ Y, dpll < 1\2e
We have to prove

“thYt dp - fXO'YO' dp” <eg
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||thYt dp — onYc dp”:”thYt dp —
thYcr dp + thYU dp - fXUYG dp”
= |IXe(f Yedp — [ Y5 dp) + Ys(J Xe dp — [ X5 dp)|

< IXelllf Yedp — J Yo dpll+IYsl I/ Xcdp —
J X dpll

< [Xe|1\2e +[Y[1\2e =1\2e (|X¢| + |Yo )

=1\2e (2)=¢

Thus {X,Y,, Fn,n=1}is asymptotic martingale.
Example 2.12

Let (X,n=1)be an asymptotic martingale for
increasing family (¥, , n=1)of o -field.Then for all
n>1, Y,=Xp-; X, is an asymptotic martingale for
increasing family (F,, n=1)of ¢ —field.

solution

for every € > 0, there exsit t, € T such that for every
t,oeT,

t,o >t, , Then

[ Yedp — [ Y5 dpll=Ilf Xk X dp —

[ 381 Xs dpll=llf Xy + Xz + - +X,) dp —
JXy+Xo + -+ Xs)dpll = [|f Xydp + [ Xpdp +
w4 [ Xedp — [ Xydp — [ X,dp — [ Xsdp ||

=l X¢ dp — [ X dpl|

Since (X, Fn,n=1)is asymptotic martingale

I/ Xedp — [ X dpll <e

Thus (Y., Fn,n=1)is an asymptotic martingale.
Lemma 2.13[2]

Let(X, ,n=1)be an asymptotic martingale for (F,,
n>1) . Then([ Z.)E€r is bounded.

proposition 2.14[2]

Let{X, ,n>1} and{Y,,n=1} be sequences adapted to
{F,, n=>1} .assume in addition that they are L'-
bounded.Then if ([ X;)€r and ([ Y,)Er are bounded
then (X, V Y; h€rand (J X¢ A Y; )€ are bounded.
proposition 2.15[2]

If {X,, F,,n=1} and {Y,, F,n=1}are asymptotic
martingale,then

{Xn V Yy, Fn,n=1}is asymptotic martingale.

Proof

We have to prove that X,V Y, is asymptotic
martingale. Write Z, = X,V Y, .By lemma(2.13) ,
(JXy) and (JY; ) are bounded. By proposition(2.14)
., (J Zo)€r is bounded. let & > 0 be given we can
choose ty € T such ift,o >t; , then

[ Xe— [Xel <&, |[Ys— [V <e....... (2.15.1)
Since, ([ Z 1€t is bounded. we can choose t;>t,

such that if o>t, then [Z, </[Z,
+E..... (2.15.2)
Now given any bounded stopping time o >t; ,
let{X;; <Yy} and define o, €T by
o=t on A
=g on A°.
Then [Xy=[A°Zy+[A Xpq ...... (2.15.3)
[Xp=J A X, +[ A Xy ... (2.15.4)

Subtracting(1.15.4) from (1.15.3) ,then using (1.15.1)
, we have

JA° Zyy=] A° Xo# [ Xy -] Xg1 < [ A° Zy+ € .(2.15.5)
Again [ Y= AZy +[ A Yy......... (2.15.3")
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[Y =AY, +AY . (2.15.4"
Subtracting (2.15.4) from (2.15.3"),then
(2.15.1),we have

JAZy=[A Y, +] Yu-J Y <[A Z, +¢
(2.15.5") combinig (2.15.5) and (2.15.5") we have
[Zy <[Z,+2¢ .

This ,together with (2.15.2),yields

using

[ Zy—[Z <2¢e......... (2.15.6)
This shows that the net([ Z,)€r is chauchy,hence
convergent.

Definition 2.16[3]

Let (2,F, P) be a probability space {X; X, ...} a
sequence of integrable random variable on (2, F, P)
and F1 S F, <. ..an increasing sequence of sub o -
field of F, X, is assumed F,— measurable that is X,
(2, F) >(RB(R)) .

The sequence {X, , F.} is said to be a Martingale if
and only if for all n=12,. . . E [Xui|Fn]=X, ae
and asub martingale if and only if E [Xp.1|Fn]=X,
as ., and supermartingale if and only if
E [Xna)Fr]l< Xp ace.

Example 2.17

Let B% be a Brownian motion we comput E [B?% -t|
Fs] for t=s.

f [B? -t| Fs]= E[ Bi—Bs+Bg)-t|Fs]= E[ B—Bg+Bgs)’|Fs]-
E[ (Be—Bs)*|Fs]+ E[B’|Fs]+ 2 E[ (Bi—Bs)Bs|Fs]-t
Using independence, E[ (B(—Bs))Fs]= E (Bi—Bs)*=t-s
Of course E [B%| Fs]= B%

In the last term we use propert {if ye F , E|XY| < oo,
then E(XY|F)=XE(Y|F)}

E[(Bi—Bs)Bs|Fs]=Bs E[(Bi—Bs) |Fs]= Bs E(Bi—Bs)=0
Since B—Bs is independence of Fs

Thus E [B’-t| Fs]= B%s+t-s-t= B%-s

Thus B%-tis a martingale.

Theorem 2.18[2]

Every martingale is asymptotic martingale .
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