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1- Introduction

A. Ghareeb [1, 2] investigated Normality of double
fuzzy topological spaces and week forms of
continuity in | double gradation fuzzy to topological
spaces. Ali Saad Kandil, Osama Abd El-Hamed,
Sobhy A. Ali, Salama H. Ali shaliel [3] presented
Double connected spaces. A. Kandil, O. A. E.
Tantawy and M. Wafaie [4] explain on flou
intuitionistic topological spaces. A. S. Farrag and S.
E. Abbas [5] introduced General topology step by
step. A.Z. Ozcelik and S. Narli [6] introduced the
concept on submaximality intuitionistic topological
spaces. C. L. Chang [7] studied fuzzy topological
spaces. The concept was used to define intuitionistic
sets and on intuitionistic gradation of openness by
Coker [ 8,9]. Jeon, J. K., Jun, Y. B. and Park, J. H.
[10] researched intuitionistic fuzzy alpha-continuity
and intuitionistic fuzzy pre-continuity. K. Atanassov
and S. Stoeva [11] studied Intuitionistic fuzzy sets.
The concept of fuzzy set which was presented by
Zadeh in his classical paper1965 [12]. Seok Jong Lee
and Eun Pyo Lee [13] investigated the category of
intuitionistic fuzzy topological spaces. S.K. Samanta
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The aim of this paper is to introduce a new classis of Double

intuitionistic continuous function,
closed) functions in Double intuitionistic topological spaces, we
investigate the properties of the relationships among these types.

Double intuitionistic (open and

and T.K. Mondal, [14] examined on intuitionistic
gradation of openness. In this paper, we give a new
class of functions namely, Double I continuous
function and Double 1 (open and closed) functions in
Double intuitionistic topological space. After that, we
presented several examples of each type and
concluded that there are relationships to each other
that were presented through theorems.

2- Preliminaries

We recall the following definitions which we need it
in our work.

LetX#@, and let and Q be IS having the form
B =(x, B, B,), Q = (x,Q,,Q,) respectively. Also,
{B;:i e} be an arbitrary family of IS inX,
where B; = (x, B;V, B,?), afterward:

D0 =(x0X);X=(xX,0).

2) P Qiff B, € Q,and Q, 2 B,

3) ﬁB €= (X, %2! %1)

4) U g'Bi = <X: U S'Bi(l)in S’BI(Z)% n S'Bi = (X, n (/Bi(l)!u
931(2))[9]. Let X be a non-empty set, an intuitionistic
set B (IS, for short) is an object having g the form B
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= (x, B, B,) where B, and P, are disjoint subset
of X. Then B, is called set of members of B, while
B, is called set of nonmembers of P [9]. An
intuitionistic topology (IT, for short) on a non-empty
set X, is a family T of IS in X containing @, X and
closed under arbitrary unions and finitely
intersections. The pair (X, T) is called ITS [6]. Let
X£0.

1) A Double-set (D- set, for short) U is an ordered
pair (U, Uy) € p (X) X p (X) such that U, < U, .

2) D (X) ={(U, U )ep X) xp (X), Uy S Up}is
the family of all D-sets on X .

3) The D-set X = (X,X) is called the universal D-set,
and the D-set @ = (@,0) is called the empty D-set.

4) LetU = (111, uz),ﬁ = (81, 192) € D(X)

1) (U°) = (U, U%) where U° is the complement of 2 .
2) U -9 =(Uy -9y, Uyp- 9y) [4].

Let X be a non-empty set. The family n of D-sets in
X is called a double topology on X if it satisfies the
following axioms:

Q@ Xen
byIf U, 9€n,then NI En,

c) If {Uz:z e Z} S, then U ,c; Uz € 1. The pair
(X, n) is called a DTS. Each element of n is called an
open D-set inX. The complement of open D-set is
called closed D-set [4].

Let X be a non-empty set defined by:

1) IN (X) ={ @ . X}, then IN is a Double topology on
X and is called indiscrete Double topology. (X, IN) is
called indiscrete Double space.

2) dis (X) = p (X) x p (X) (power set of X), then
dis is a Double topology on X and is called discrete
Double topology. (X, dis) is called discrete Double
space [4].

Let (X, ) be a DTS and U € D(X). The double
closure and interior of U, denoted by cl (), int ()
defined by: cl Q) =N {9 :9 € n “and U S 9}, int
W=u{G;:GenandGCS U} [4, 7]

Let (X,t) be a topological space, 3 be a subfamily
from t. We called § is a basis or base for t, if every
element in T is a union of elements of B, i.e.,, B is a
basis or basefort< (1) B S t.

(2)VUEe t;U=UiBi;BieBVil[5]. Let(X 1)
be a topological space and B be a basis for T and 4 be
a subfamily from t. We called 4 is a sub basis for T if

every element of [ equal finite intersection of
elements of 5 [5]. Let (X,n) beaDTSand lety, ff €

D(X): y, f§ are said to be separated double sets
(separated D-sets, for short) if cln (y) N =0 , and
ch () ny =0 [3].

Let (X,n) be a DTS, and any a nonempty subset
of X. If there exist two non-empty separated D-sets y,
f € D(X) such that y U f§ =N. Then the D-sets y and
form a D-separation of N and it is said to be double
disconnected set (D-disconnected set, for short).
Otherwise, N is said to be double connected set [3].
Consider two ordinary sets X and Y, let f be a
mapping from X into Y. The image of a D-set U in D
(X) defined by: f (U) = (f (U ), T QL)). Also, the
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inverse image of a D-set 9 € D(Y) defined by: f~1(9)
=(f71 (94), f71(9)) [4]. Letf: X > Y be a mapping
and let (X, n), (Y, ") be DTS. Then, f is called a D-
continuous if f~1(9) € n, whenever 9 € 1", Let (X, 1)
and (Y, T) be two DTS and let f: X = Y be a
mapping and U € D(X):
1) fiscalled D-openiff (W) e t, VU €.
2) fiscalled D-closed if f (U) € T°, v U_€ 1° [5].
3- Double Intuitionistic Continuous Function
in DITS

In this section, we define a new class of function
forms of Double intuitionistic topological spaces
namely Double intuitionistic continuous function
(Double I- continuous). And we introduce a new
kind of functions called Double intuitionistic open
(resp. Double intuitionistic closed), we also explain
the relationships between these types in Double
intuitionistic topological spaces.
Definition 3.1 Let X be a non-empty set.
1) A Double intuitionistic set (Double I-set, for short)
is an ordered pair (Q,2) = ({x,Q1,9,), {(x,D;,D,))
Epl(X) X pl(X) suchthat 9 c D .
2) Double | (X) = {(@, D)€ pI(X) x pl(X), Q< D}is
the family of all Double I-sets on X .
3) The Double I-set ({x,X, 0 ).(x,X,0)= (X .X) is
called the universal Double I-set, and the Double I-set
(3,8) = ((x,0,X),{x,0,%)) is called the empty
Double I-set.
4) Let (¢, D) € Double 7 (X), (&, D) =(D", 29
= ((X, Dl ’ DZ)C! <x1 Ql ’ QZ)C)Z
(x,D,,D1),{x,Q,,9,)). Each element of ¥ s
called a Double intuitionistic open set (DIOS, for
short) in X. The complement of DIOS is called
Double intuitionistic closed set (DICS, for short).
Now, we want to introduce the next important
theorem to construct the Double intuitionistic
topological Spaces.
Theorem 3.2 Let X #@ ,then the family T of all
Double intuitionistic open sets in X is Double
Intuitionistic topological spaces (DITS).
Proof Let (X, T) be intuitionistic topological spaces
(ITS), then:
1) B=(x,8,% ,8=(x,X0) €T- @0), XX)
eDITS.
2) Let (2, D), (C,4) eDIT - g D, C, g€ IT. Since
IT is intuitionistic topology, then 2N 2 € T and C N
& € IT. Now, let X =(Q,D) andW = (C,G) —
(1, W) = ((2,€), (D, ) €DITS,
3) Let (Q;,D;) be a family of IS and s € S and
Qs,D;) € DT -» Q,,D,e IS, since [T is
intuitionistic  topology, thenugs Q,€ /T and
Uges Dy € IT. Thus Uges (95, Dg)E DIT. Therefore,
(X, T) is Double intuitionistic topological spaces.
Definition 3.3 Let (X¥) be a DITS and (g, 2) €
Double I(X), then the Double interior of (Q,D) is the
Double I-set such that int (¢, 2) =U {(C, ¢): (C, &) €
Y and (C, §) (g D)}
Definition 3.4 Let (X,¥) be a DITS and (g, 2) €
Double I(X), the Double closure of (g, 2) denoted by
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cl (g, D) or (Q,D) is the Double I-set such that cl (g,
D) =N{C9: (¢ ge¥ and (g D) c(C g}
Definition 3.5 Let (X, ¥) be a DITS, (&, 2), (C, ) €
Double I(X), then (g, 2), (C, &) are said to be
separated Double intuitionistic sets (separated Double
I-sets, for short) if ¢l (&, 2)n (C, &) =(@, B), and (4,
2)ncl (€, 4) = (@, ). Or, (cl (2 2)n (C, §NV
(2 D)ncl(C,9) = (9, D).

Definition 3.6 Let (X ¥) be a DITS, if there exist two
non-empty separated Double I-sets then (g, 2), (C, 4)
€ Double 1(X) such that (&, 2) U (C, ¢) = (X.X), then
(@, D) and (C, g) are said to be Double I- division for
DITS (X ¥). (X¥) is said to be Double intuitionistic
disconnected space (Double I-disconnected space, for
short), if (X ¥ ) has a Double I- division. Otherwise,
(X¥) is said to be Double intuitionistic connected
space (Double I-connected space, for short).
Definition 3.7 Let (X¥) be a DITS and B be a
subfamily from®¥. We called B is a Double
intuitionistic basis (Double I-basis, for short) for ¥ <
L) B ¥ QUL V) €V (% V) =y (Q),D));
@, D))EB; V]

Definition 3.8 Let (¥X¥) be a DITS and B be a
Double I-basis for ¥ and 4 be a subfamily from ¥

We called 4 is a Double I-sub basis for¥ <

V(Q'D) Eﬁ _>(C,h' gh)Eé Enz:l(chv gh):(Q!D) ;\7/

h=12,..h.

Definition 3.9 Let (X, ¥) and (¥ ¥") be two DITS,

and f: (X, &) - (¥, ¥):

a) If (9,D) = ((y,91,922),(y,D1,D,)) is Double I-

set in ¥, then the inverse image of (Q,D) under f is

denoted by f~1(Q,D)is Double I-set in X defined
by £72(Q,D) = (%, £71(Q1), f71(Q,)),

(x, £71(D), £ (D)) -

b) If (C,G) = ({x,C1,C3)),{x,G1,Gz)) is a Double
I-set in X, then the image of (C, &) under f is denoted
by f (C,4) is a Double I-set in ¥ defined by f(C,G ) =
(. £(C1), £ (C2)) (¥, (1), £(G2))). wheref(C;) =
(f(€3))° and £(G,) = (f(G2))“. X

Definition 3.10 Let (¥ ¥) and (¥, ¥) be two DITS,

and let f: (¥ ¥) — (¥ ¥"). The function f is called
Double intuitionistic ~ continuous  (Double I-

continuous, for short) if the inverse image for any
Double I-open set in ¥ is a Double I-open set in X,
ie, fi(X ¥)—>(¥ ¥) is Double I-continuous

< f71(Q,D)eVW,; vV (Q,D)eV’. And the function f
is called Double I-discontinuous< 7(Q,D)EW™ A
f71(0,D) ¢ ¥.

The following two examples show the Double I-

continuous and the Double I-discontinuous.

Example 3.11 Let X =

{aﬂzo-}a T:{(Q’Q),(X’X),Ul’]z),(/3,]4)’(/1,]4)’

U %), @.J1),

(,J4), U1, X),(1,J1),Us Ja) } where(Jy, J2)=

((x, {T[} ) {a' 0-})' (x' {a' T[} ) {0-}»1(]3']4):

<x’ {0-}’ {a’ 77,'}), < X, {ﬂ', O'}, {a’})), (]1'14) =

(x, {3, {a, a}), (x, {m, 0}, {a})), U, X)=

TJPS

(x, {m, 0}, {a}),
<x, X 0>),(8,],) =
(%, 8, %).(x, {m} , {a, 0})), B, )4)= (x,0,% >

{x,{m, 0}, {a}) ), (1, X)=
((x' {TT}, {(I, U}), <X, X, @ >)l(]1']1) =

((x' {TT} ) {(I, U}), (x, {T[} ] {a' O'})),(]4,]4_) =(

(x,{m, o}, {a}), (x,{m,a},{a})). And let ¥ =

{11213}1 qj*: {(616)1 (?l?)l (21122)! (Z3IZS)} Where
(ZI'ZZ): ((}’:{1}:{3}>: (yy{lyz}:{?’}))
and (23,23) = ((y! {1} ’ {2:3}>: <y,*{1} ’ {2:3})) .
Define a function f:(X,%) — (Y,%) by f({n}, {0, c})
= ({1343} and f ({o, o}, {m}) = ({3}.{1}). f is
Double I-continuous, the Double I-open set in ¥ are
(8,9), &), (Z1,7Z,), (Z3,Z5). Now take the inverse
image of this I-sets (@,0) €¥~— f~1(3,0) €W the I-
set of all element in (@,@) their image in (@,0).
FHe? - 1(¥YH= XX €Y, the l-set of all
elements in (X,X) their image in (%.¥), (Z,,Z,) € ¥~
- £71(Z1,Z5) = U1, J)EY, (Z5,2;) € ¥ >
f7Y(Z5,Z3) = (J1,]1) € ¥, the I-sets of all elements
in X their images in (Z,,Z;) and (Z5,Z3). Therefore,
the inverse image of every element in ¥” is element
in¥.

Example 3.12 Let X =
{t,w,u}; P={(8,0),XX),(¥, K1), (Kf,K{)} wh
ere (‘7(1' j(l)z ((x' {t} ) {w' ’LL}), (x, {/t} ) {w! ’l/L}))
and (K, K5)=((x, {uwr, w}, {£), (x, {wr, ), (£1)).
And let ¥ = {10,11,12}; ¥"= {(@,9), (%.¥), (R, Q)}
where (R, Q) = ((y, {11}, @), (y,{11,12}, @)). Define
a function h: (X, ¥) — (¥ ¥") by h({£}, {w, u}) =
({11}{12}) and h ({w, u}, {¢}) = ({12}.{11}).
Since (R, Q) EY”
- h™1(R,Q) = ({x,{t},0),<x, X%, 0 >) ¢ ¥".
Therefore, h is Double I-discontinuous.

Remark 3.13 There are special cases of Double I-
continuous function:

1) If ¥'= IN(¥), then the function f: (X,
¥)— (¥ IN) is Double I-continuous for any I-set ¥
and any Double intuitionistic topological spaces
(XW¥). i.e., INS(D,9), ¥}
and fIEH=XX ey, 140,0)=(0.0) €V.
Also, f: (X IN)— (¥ IN) Double I-continuous, and
the function f: (XIN)— (¥ ¥’); ¥ = IN is Double
I-discontinuous for example:

Example 3.14 Let X = {a,s,d}; IN={(3,8),X.%)}
and let ¥ = {20,21,22}; ¥"= {(@,9),(¥.¥ ).(y1. Y2).
(Y3, ¥2):(¥2, ¥2), (¥4, ¥2) } Where (Y1, ¥2) =
((y' {20} ’ {2 1}), (YJ {20:22} ’ {2 1}))1(Y3' YZ):

(}’» {22}’ {21})! <Y! {20!22}' {21}»! ((YZ' YZ) =
({y,{20,22},{21}),(y, {20,22},{21}))

and (Y4—! Y2)=((y' ¢' {21})1 <.¥! {20'22}'{21}>)
Define a function f:(XIN) — (%) by f({a}, {d}) =
({20}.{21}), f({s}, {a}) = ({22},{20}) and f({d}, {3, s})
= ({21},{22}). f is Double I-discontinuous. Since
f’;l (Yl’ Y2)= ((x, {a}, {d}), <x' {a' S}! {d}>) e

2) If ¥ = dis, then the function g:
(X, dis) — (¥¥") Double I-continuous for any I-set
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of X and any Double intuitionistic topological spaces
(¥¥") and for any function g, since (Q,D)eV¥",
then g~ (Q,D) c X this means g~! (Q,D)€ dis.
Therefore, g is Double I-continuous. Also, g:
(X dis) — (¥, dis) is Double I-continuous, and the
function g: (X¥)— (¥ dis); W= dis is Double I-
discontinuous function for example.

Example 3.15

Let ¥ =
{ 8'9110}1 WZ{(@,@),(XX),(BI, 63)!(92v 93)!(93v 93)
, (@, 65)} where (6;,65)=

((X, {8}1 {9110})! (X, {8!9}1 @)),(92, 93):

((X, {9}1 {8}>1 (x, {8!9}! ®>)1(83' 83) =

((x, {89}, 0), (x,{8,9},8))
and (@, 85)=((x, 8,X),(x,{8,9},0)) . Let¥ =
{4,7}:dis={(,0).(Y.,Y),(9, D1),(8, D,).(®, D) (

@, Ds),

(8,25).(8,D5) (B, D4).(D1, 9).(Ds, V).(D2, 1), (D5, ¥
),(ch,Y),(‘DE,Y),(D4,Y),(D3 ’ Dl)v (Dll Dl)v (DS

. D3), (D2.D;) , (D5, Ds5), (D1, D) D3, D3), (Ds
D,), (D5, D,), (D1, D1), (D1, D), (Ds, D3), (D,
D4)' (Dg, Dl)' (QZC ) DS) ) (DZC ) DZ)' (Dg, D4)'~(D4 ’
D1), (D4, Dy), (D,Y)} where (0,D,)=
(Sy! @; Y)' (y! {/L}' ®))' (®' D2): ((2/' @, Yl); (y' {7}' Q));
(®' D3):((y' Q)' Y)' (y' {/L}‘L{f}>)'(®! DSC.):

(y.2.%),(y, (7}, (i}, (8, D) =

(v, 0,%),(y, 8, (i), (8, D5)=
(y,0,Y),(y,0,{7}).(3,D,)
:((y' Q)' Y)' (y' @, Q)))' (Dl' i) =

((y' {4’}' Q))v (y' Y ’ @)); (D3' Y) =

((y' {/"}' {7})v (y' Y ’ Q)))!(DZ’L?) =

(v, {73, 0), (v, Y, O)).(D5, )=

v, 734, (. Y, 0) (D5, Y) =

(.8, {i}), (v, Y, 0).(D3,Y) =

((y' (Z), {#}X ()" Y ) Q))) ,(D4_, Y):

((y' (Z), (Z))' ()" Y ’ Q)))' (D3 ’ Dl) =

Wy, {43, 7)), . 44}, 0, (D1, Dy) =

(v {4}, @), (¥, {1}, 0)) (D3, D3) =

. {4}, 7)), 0, 4L 73, (D2,D;) =

(. {73, 0). (v, {71 o),
(D5,D35) = (v, {7}, {4}), (v, {7}, (43N.( DL, DY) =
(., 0, {i}), (¥, 0, {i})).(D3,D3) = (.9, {7}),
(y' ®' {#})): (D4- ’ D4—) =

((y' (Z), (Z))' ()" Q)' Q)))' (Dg, DZ) =

Wy, 7}, (i}), (v, {7}, 0)), (D5, Dy) =

(. 9,{(i}) . (. {i},0)), (D1 , D;) =

(. 9, {i}). (v, {7}, 00, (D1, D3) =

(. 9,41, (v, {73 {430,

(ch ' D4) =

{y, 0, {i}).(y.0,8)) (D3, D1)=

(., 0, {7}, (v, {4}, o), (D3, D3) = (v, D, {#}),
<y! {/L}! {f}))!(Dgl DZ):((y' (Z)' {7}): (y' {f}: (Z))), (Dgx
D4—) = ((y' (Z): {7}>' ()’: Q): (Z)))' (D4 ’ Dl) =

((y' (Z): @), <y: {/L}: Q))) ’ (D4 1~D2) =

(v,9,0), (v, {4}, 0)) and (8, %) =

{y,0,Y),(y, Y, 0)) . Define a function f:(X¥) — (¥
dis) by f ({9} {810}) =({i}, {7}) and f
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f is Double I-

({8,10}.{9})
discontinuous,
since (D5, D,) €
dis and f~1 (D3, D;)=
({x,{93},{8,10}),(x,{9},0)) ¢ W. Notes that the
function f: (¥ dis)— (¥; IN) is Double I-continuous
always for any I-set X and any I-set ¥. Since it's
added the remark (1), (2) such that ¥=dis and ¥~
=IN.
3) Every identity function from Double I-space
to the same Double I-space is Double I-continuous,
i.e.
f: (X¥)— (X¥) is Double I-continuous function.
The following theorem proved that the composition
are both Double I-continuous functions is Double I-
continuous.
Theorem 3.16 Let f:(¥ ¥)— (¥ ¥") and g: (¥,
YY>(Z¥™) are both Double I-continuous
functions, then the composition ge f: (¥ ¥)—
(Z, %) is Double I-continuous.
Proof Let (Q,D) be Double I-open in .2, we have to
show that (gof)~!(Q,D)is Double I-open in X.
(8o HH(QD)=(f"o
g1 (9, D)=f"1 (g 1(Q,D)). Since g is Double I-
continuous— g~1(Q, D) is Double I-open in ¥ Since
f is Double I-continuous— f~1( g=1(Q, D)) is Double
I-open in X, (goH™(Q, D) =f""(g™* (Q, D)~ (g°
f)~1 (Q,D) is Double l-open in X. Hances go f is
Double I-continuous.
Definition 3.17 Let (¥ %) and (¥ ¥") be two DITS,
and let f: (X, ¥)— (¥ ¥") be a function, and (Q, D) €
Double | (X):
1) The function f is called Double intuitionistic open
(Double I-open, for short), if the direct image for any
Double I-open set in X is a Double I-open set in Y,
i.e, f is Double I-open function< V(g 2)
EVYf(Q,D)eVY”".
2) The function f is called Double intuitionistic closed
(Double I-closed, for short), if the direct image for
any Double I-closed set in X is a Double I-closed set
in ¥, i.e., f is Double I-closed function< Vv (g, D) ©
E¥Yc— (f(Q, D) e¥P™.
Example 3.18 Let X = {p,q,1}; ¥= {(8,0), (XX),
(Fy, F,)} where (F,, Fy) =((x, {a}, (p}), (x, {p, a3, 0),
P = {(@.0),XX).(FsFS)} where (FS, FS) =
((x, 8, (b, @), (x, {p}, (). Let ¥ = {123} ¥'=
{(2.9). (Y.Y),(Us, U5),(Uz, Y),(Us, Uz)} , where
(Ulﬂ Uz):«}" {1:3} ’ {2}), ()’: {1’3}I (Z))):(UZ' Y)
(v,{1,3},0),(y. Y, ) .
ang@& UZ) = (<Y! {1}, {E}>' <Y! {1,3}, ®)) ¥ ¢
{@,9),(Y.%).(U$, UD), (8, US) , (US, US)} where
Uz, UD)=
(v, 0,{13).(», {2}, (1.3}, (8, U5)=((y, 8, Y),
(y,0,{1,3}), (U3, U=y, 8, {1,3}).(y, {2}, {1})).
Define a function f: (X¥) — (F¥) by f{#}, {q}) =
({2}{1}) and f ({g 7, {p ) = {13}, {2.3}). We

can see f is Double l-open, since f(F,, F,)= (U, ¥Y)

G} {4,
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€ ¥". But not Double I-closed, since there exist
(FS, FS$) € W°, then f(IFS, FS) ¢ ¥™.

Example 3.19 Let ¥= {h,¢,8}; ¥= {(3,0), X X),
(]Fll X)} where (]FI' X) :((x! {’h} ’ {f}), (x, X, @)), leC:
{8,8),XX),(8, F$)} where (@, FS) =

((,0,%), (x, (63, {A)).  Let ¥
{(@.0),(F.X).(Wy, W),

(W, Wa), (Wi, W,), ~
(W, ), (B, W1), W, ), Wy, Wh), (8, W,), (W, W)}
where(W;, W,)=

(. {23, {131, (v, {1,2},{3}), W3, W,) =

((Y: {3} ’ {1!2}>1 (y! {2!3}1 {1}>)1(W1v ’W4) =

(v, 23, {1,3}), (y, {2,3}, {1}).(W,, Y)=

((y: {2v3}: {1}>: (yv Y' Q))v (Q' Wl):«yv o' Y):

(v,{2, {1,3}),

(Wli Y):((J" {2}1 {1'3}>' (3" Yl @))L(Wlﬂ Wl) =

((y! {2} 4 {1'3}>1 (y' {2} ) {1'3}>)1 (@: W4):(()’» Q, Yl):

( y' {2'3}' {1}>) and(W4—' W4) = N e

(y, 12,33 {13), (v, {2,3}, {1}). ¥"*={(2.,9),(Y.Y),
(WZC' ch)v

{123} ¥'=
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open set in ¥. Since f is Double I-continuous, f~1(Y —
(9,D)) is Double l-open set in X. But f~1(Y —
©Q,D)) =

1Y) — 71(Q, D)=X —

£=1(Q, D) (sincef~1(¥)=X) . Since f~1(¥ — (Q,D)) €
Y (X—f1(Q,D)eV.

(<) Let (G, g) is Double l-open set inY¥ —» ¥ —
(G, G) is Double I-closed setin¥ - f~1 (¥ — (C,G))

is Double I-closed set in X - (X—f"1(Y—
(G, G)) eV But, X —f1! x¥-(66)= X -
@ -1 6)) =X~
X-f1e,gN=f1(6 - f'(CG)eV.
Therefore, f is Double I-continuous.

2) To prove f is Double I-continuous <

le(Q,D) € ¥,V (Q,D) € B, B is Double I-basis for

(=) Let B is Double I-basis for ¥" and B < ¥", so
(Q,D)epB c¥ > B e¥ . Then (Q,D) is Double I-
open set inY¥. Since f is Double I-
continuous, f~(Q, D) is Double I-open set in X, i.e.,
f~1(Q,D) e¥Vv(Q,D) B

W, WE), WEWE), (8, W), (WET), (8, wy), We, W=WLeft)c(Wy i/Huble 1-open set inY, to prove

where

Wz, W)=y, {3}, {1,2}).(y. {1,3}, {2})), (W, W5)
=((y, {13, {2,31).(y, {1,2}, 3})) , (W', W)=

((y! {1}' {2;3}),(}" {1'3}' {2}))1(®; W4C):((J’; @: Yl):

(v, {13, {23, (We, )=y, {13}, 2}), (. Y, 0D,
(8, W)=y, 8, YDy, (L3}, {23)), (Wr, W)=

(y, (1,3}, 21, {13}, {23, (W, ¥)=

((y' {1}' {2'3}>1 (y' Y' ®)) and (W4C' W4C):

v, {13, {2.3).(y, {1} ,{2.3})). Define a function
f:(X¥)—> (r¥) by f (€}, {n}) = ({2} {2.3)), f
({h}, {£}) = ({8}{1}) and f ({s}, {h, s}) = ({1}.{2}).
It is easy to see that f is Double I-closed,
since (@, F$) € ¥°, then f(@,FS) = (8, Wy) e ¥
However, not Double I-open, since there exist
(F,¥) e ¥, f(F,X) ¢ &*.

There are several characterizations of Double I-
continuous functions, hence, that any one of them
may be used to show Double I-continuity of function.
These are given in the next theorem.

Theorem 3.20 Let f: (X, ¥) — (¥ ¥") be a function,
then f is Double I-continuous if and only if it satisfies
one of the following properties:

1) The inverse image of every Double I-closed in ¥ is
Double I-closed in X.

2) The inverse image of every element in any Double
I-basis for ¥” is Double I-open set in X.

3) The inverse image of every element in any Double
I-sub basis for ¥ is Double I-open set in X.

4) c (712, D)) < f(cl(@,D)); V(2 D)<
Double | (Y).

5) f1(int(Q,D)) c<int(f"1(Q,D)); V (Q,D)<c
Double | (Y).

Proof 1) To prove f is Double I-continuous < X -
f-1Q, D) E¥YVYY—(Q,D)EY".

(=) Let f is Double I-continuous and (Q,D) be the
Double I-closed set in ¥ - ¥ — (Q,D) is Double I-
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f=1(¢,q) is Double I-open set in X, i.e., (C,G) € ¥*
and p is Double I-basis for ¥. Then (C,G) =
Ugea (Cy, Go) Where (Cu, Go) € B,V @€ A. Now, for
each

(CarGa) €B = £71(C.G) = 7 (Use s (CarGa)) =
UaEA f_l(caxga) _)UaEA f_l(couga) €

¥ (by theorem 3.2) - f~1(C,G) € ¥, so f71(C,G)
is Double I-open set in X. Hence f is Double I-
continuous.

3) To prove f is Double I-continuous <
f71(Q, D) e¥ VvV (Q,D)€ &, 4 is Double I-sub
basis for ¢".

(=) Let 4 is Double I-sub basis for ¥"and (Q, D) € 4,
then (Q,D)S P S¥'> (0,D)S¥ > (Q,D) e ¥
(since SW¥*) , since (Q,D) is Double I-open set in ¥
and f is Double I-continuous —» f~1(Q, D) is Double
l-opensetinX,ie., f71(Q,D) e ¥V (Q,D) € 4.
(&) Let (*C,g) is Double l-open set in¥, i;e.,
(C,G) € W. Since B is Double I-basis for ¥ —
(€,6)=Vqe 4 (Cq, Go) Where (Co,Go) EB .V @€ A
Now each (C,, G,) € B is finite intersection members
of 4. So (Ccuga):(cl'gl) n (62'92) n..n (cn'gn)
for  some (€1,61),(C3,G5) ,...,(Cr, G) ES—
f_l(couga)= f_l((c1'g1) N (C3,G2) N..N

(Cp, Gn))= £71(C1, G1) Nf71(C,,G5) N..

f71(Cr, Gn) = F7HN}L, (€.6)).

Now f=1(C, §)= £~ (Ve 4 (Ca Ga)) =

Uae a (f_l(cou ga))ZUaEA (f_l(

Ny (€,G)))=Vaea( Niy £72(C1,G;)).  Since
£71(¢;,G;) € ¥ - £71(c;,G;) is Double 1-open set
in

X-(niL, £71(C.65) €

Y ... (1) (by theorem 3.2) = U, 4(

N, £71(6,G;)) €W (by (1)). Hence f1(C,Q) is
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Double I-open set in X. i.e,
Therefore f is Double I-continuous.
4) To prove f is Double I-continuous < cl
(f72(Q,D)) < f(cl(Q,D)); V (9, D)< Double |
(¥).

(=) Let f is Double I-continuous, cl(Q, D) is Double
I-closed set in ¥ (by part (1) in this theorem),
(f71(cl(@,D))) is Double I-closed set in X.
cl (F71(cl(Q, D))= (f1(cl(Q,D))... (1). Now
(Q,D) ccl(Q,D) ~» f71(Q,D) < f1(cl(Q,D)) -
c(f71(Q,D)) < c(f7*(cl(Q,D))) -

c(f71(Q,D)) < f~1(cl(Q, D)) (by part (1)).

(<) Let (G,G) is Double I-closed set in ¥, to
prove f~1(¢,G) is Double I-closed set in X, i.e.,
cd(f~1(e,g)=f"1(c,g). Since (C,G) € cl(C,G) -
f71e,g) € d(f~1(C,§))...(1). Since (C,G) is
Double I-closed — (C,G) =cl (C,G) —» f~1(C,G) =
£ (C,6) » d (e, §) S 7 (cl(C,G) =
716, 6) » d(ff~1(C,9) € f71(E6,G)...(2) from
(1) and (2), we have cl (f71(C,G)) = f~1(C,G), so
f=1(¢, ) is Double I-closed set in X. Therefore, f is
Double I-continuous.

5) To prove f is Double I-continuous
< f1(int (Q,D)) < int(f72(Q,D)); V(Q,D)C
Double I(Y).

(=)Let(Q,D) S ¥, since int(Q,D) < (Q,D)
- f 1(int (Q,D)) € f1(Q,D), so int(Q,D) is
Double I- open set in ¥, f is Double I-continuous —
f~1(int (Q,D)) Double l-open set in X. Since
- f~1(int (Q, D)) is union of all Double I-open set
that contain in f~1(Q,D) and f~*(int (Q, D)) is one
of the Double I-open set that contain inf~1(Q,D),
then f~1(int (Q, D)) € int (f~1(Q, D)).

(<) Let (C,G) is Double I-open set in Y, to prove
f=1(¢, ) is Double I-open in X, i.e., f~1(C,G)= int
(f71(c,6)). Since int (G, G) € (C,G) —int
(f71c,)H c (71, 6)...(1). Since (C,G) is
Double I-open - (C,G) =int(C,G) -» f1(C,G) =
f=1(int(C, §)) - f1(C,G) = f~1(int(C, §)) €
int(f71(¢,6)) » f71(C,6) € int(f71(C,G)) ...(2)
from 1) and (2), we
have f~1(¢,G) = int(f~1(C,G)). Hencef~1(C,G)
is Double I-open in X. Therefore, f is Double I-
continuous.

Theorem 3.21 Let (X, ¥) and (Y, ¥") be two DITS,
then f: (X, ¥) - (¥ ¥") is Double I-continuous if
and only if f(cl(Q,D)) < cl(f(Q,D)); V (Q,D) <
Double I(X).

Proof  Suppose that f is Double I-continuous, to
prove f(cl(Q,D)) < cl(f(Q,D));V (Q,D)< Double |
(X). Let cl(f(Q,D)) be Double I-closed set in ¥, then
f=1(cl(f(Q, D))) is Double I-closed in X (since f is

£71(C,G) € .

Double I-continuous) — cl
(71 (cI(f(Q, D))= £ (cI(f(Q, D)))... (1)
Now, f (Q,D) c cl(f(Q,D)) —» (Q,D)c

f73(cl(f(Q,D))) - cl(Q,D) E cl (F~*(cl(f(Q, D))))
from (1) - cl(Q, D)< f~*(cI(f(Q, D))) - f(cl(Q, D))
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c f(f~1(cl(f(Q, D))) - f(cl(Q, D))< cl (f(Q,D))...
)

Conversely: Let (C,G) be Double I-closed set
in¥, f~1 (¢, §) is Double I-closed set in X. (Since f is
Double I-continuous) - f (cl (f~1(C,§))) <
cd (f(f71(C,6)) from  (2) - f(cl(fH(C, ) <
c(¢,6) =(C,G) (since (C,G) is Double I-closed)
- (7€, 9) € (€6,G) » (1 (C.6) €
f71(¢,6). Also 71(C,G) < c(f~1(C,9)),
cd(f~(e,§)) =f1(¢,G) . Hence f1(C,Q)
Double I-closed set in X.

Therefore, f is Double I-continuous.

Theorem 3.22 Let (X, ¥) and (Y, ¥") be two DITS,
then f: (X, ¥) - (¥ ¥) is Double I-continuous if
and only if int(f(Q, D)) S f(int(Q, D)) ; V' (Q,D) S
Double | (X).

Proof  Suppose that f is Double I-continuous, to
prove int(f(Q, D)) < f(int(Q,D)); V (9, D)< Double
I (X). Let int(f(Q, D)) be Double I-open set in ¥, then
f~1(int(f(Q, D))) is Double I-open in X (since f is
Double I-continuous) — int
(f72(int(f(Q, D))))=f "L (int(f(Q, D)))... (1). Now,
int  (f(@,D))c f(Q,D) - f~1(int(f(Q,D))) €
(Q,D) —int(f~1(int(f(Q, D)))) € int (Q,D) from
(1)~ fX(int(f(Q, D))) < int(Q, D) —
f(f~1(int(f(Q, D)))) < f(int(Q, D)) -

int(f(Q, D)) < f(int(Q, D))... (2) .

Conversely: Let (C,G) be Double I-open set
inY ,f~! (¢, ) is Double I-open set in X. (since f is
Double I- continuous)— int(f(f~* (G, §))) €
f(int(f~* (¢, §))) from (2)-» (G,G) =int(C,G) <
f(int(f~* (G, §))) (since (C,G) is Double 1-open) —
(€.6) SfE(C.6) > (€9 S int(f~* (C,5)).
Also int(f71(¢,§)) €f1(c,G), sof 1 (C,G) =
int(f~! (¢, G)) . Hence f~1 (G,G) is Double I-open
set in X. Therefore, f is Double I-continuous.
Remark 3.23 If h: (¥, ¥)— (¥ ¥’) is Double I-
continuous function, then it's not necessary that the
direct image of Double I-open set in X is Double I-
opensetin¥.ie., (Q,D) €W # h(Q,D) ¢ ¥
Example 3.24 Let X= {v,n,m}; ¥ = {(3,0), (X.X),
(Kll KZ)! (K3' K4)! (KS' X), (KG' K7)} where
(K1; KZ)«x! {‘U} ’ {Tl}), <x: {‘U, m} ’ {Tl})’),(K?,, K4-)=

((X, {m} ’ {U}), (.X', {n, m} ’ {v}»!(KS! X):

(x, {v,m},0),

(x,X, ) ,(Ks, K)=((x, 8, (v, n}), (x, {m}, {v, n})).
Let ¥ = {4,5,6}; IN= {(9,0),(Y,Y)}, define a function
h: (X¥)— (¥, IN) by h ({v}, {m}) = ({5}{6}), h({m1},
{n}) = ({6},{4}) and h({n}, {v}) = ({#A{5}). h is
Double I-continuous (remark 3.13(1)). Let K3, K,) (be
Double l-open set in (X W)-h (K, K,)=
(v, {5}, {4}), (v, {5,6}, {4})) is not Double I-open in
(Y, IN). Therefore, we show that (K;,K;,) e ¥ h
(K1, K3) € IN.

Remark 3.25 If h: (X, ¥)— (¥, ¥") is Double I-
continuous function, then it's not necessary that the
direct image of Double I-closed set in X is Double I-
closed setin¥, i.e., (Q,D)c€¥c# h(Q,D)° ¢ ¥™.

)
is
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Example 3.26 _In the previous example h:
X, %) > (Y, IN), h is Double I-continuous. Let
(K3, KT) = ((x,{n}, {v,m}), (x,{n},{v})) be Double
I-closed set in (X, ¥°) ->h(K{, K¥)
{y,{4},{5,6}), (v, {4},{5})) is not Double I-
closed in (Y, IN). Therefore, we show that (Ky, Ky)
€Y Ah (K§, KF) € IN.

Theorem 3.27 Let (X, ¥) and (Y, ¥") be two DITS, f:
(%, ¥) - (¥, ¥") be a function. Then the following
statements are equivalent;

1) fis Double I - closed function.

2) cl(f(Q,D)) <f(cl(Q,D)) ; V(Q, D)€ Double
1(X).

Proof 1—>2 Let f be Double I-closed function,
(Q, D) be any Double 1(X). Clearly, cl(Q, D)is Double
I- closed set in X. Since f is Double I-closed, f
(cl(Q,D)) is Double I-closed in ¥. Thus, we have
c(f(Q, D)) Sc(f(cl(@, D)) = f(cl(@,D)) )~
cl(f(Q, D)) < f(cl(Q, D).

2— 1 Let (Q,D) be any Double I-closed set in X, then
cl(@,D)=(Q,D) (by (2)),c1(f(Q, D))
c f(cl(Q, D))= f(Q, D) c cl(f(Q, D)). Thus f(Q,D) =
cl(f(Q, D)) and hence f(Q, D) is Double I-closed in Y.
Therefore, f is Double I-closed function.

Theorem 3.28 Let (%, ¥), (¥, ¥") be two DITS, f: (X,
Y) > (Y, ¥") be a function. Then the following
statements are equivalent:

1) fis Double I-open function.

2) f(int(Q,D)) < int(f(Q,D)) ; ¥ (Q,D) € Double
1(X).

3 int(f™'(C,§)) cf'(int(C,§) , V(CG) €
Double I(Y).

Proof 1—» 2 Let f be Double I-open and, (Q,D) €
DI(X). Since int(Q, D) < (Q, D), then f(int(Q, D))<
f(Q,D) (int(Q, D) is Double I-open — f(int(Q, D)) is
Double I-open). Also, f is Double I-open
function, f(int(Q, D)) is Double I-open in ¥ that
contained in f(Q,D) and this implies that
f(int(Q, D) =int(f(int(Q, D))) < int(f(Q,D)). e,
f(int(Q, D)) < int(f(Q, D)).

2— 3 Let(C,G) be any Double I-open in ¥, then
f=1(¢,g) is Double l-open set in X (by(2))
f(int(f~1(¢, §))) < int(f(f~*(C, §))) S int(C,G) —
f(int(f~1(C,§))) € int(C,G). Thus, we have
int(f~1(¢, §)) € 1 (f(int(f~1(C,§))) €

f=1(int(C, §)) » int(f"1(C,G)) € f~1(int(C,G)) .
3— 1 Let(Q,D) be any Double I-open in X, then
int (Q,D) =(Q,D) and f(Q,D) is Double I-open in
Y

(by  (3)).(2,D) = int(Q,D) < int(f~*(f(Q, D)) ©
f~(int(f(Q,D))). Hence, we havef(Q,D) <
f(f=(int(f(Q,D)))) € int(f(Q, D)) S f(Q,D) . Thus
f(Q, D)=int (f(Q, D), so f(Q, D) is Double I-open in Y.
Therefore, f is Double 1-open function.

Theorem 3.29 Let (%, ¥) and (Y, ¥") be two DITS, f:
(X, ¥) > (¥, ¥) be a function, then the following
condition are equivalent:
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1) f(cl(Q,D)) ccl(f(Q,D)) ; V (Q,D) € Double
1(X).
2) d(f e ))<= fi(c(e,9)); V (€ G) € Double
1(Y).
Proof 1— 2 Suppose that (Q,D) is any DI(X) and
(C,G) is any Double I(Y), cl(C,G) Double I-closed

set in Y. Since (G, 9)c cl(c,9),
then f=1(¢,§)c f~(cl(C,G)), we get from
hypothesis ~ that  f(cl(Q,D)) < cl(f(Q,D)),

then f(cl(F~2(C, §)))E cl(fF(E~(C,§))) € cl(C,G) (
by replacing (Q,D) by f71(C,§)). Socl(f1(C,G))
c f1(d(C,6)).

2—> 1 Suppose that (C,G)isany Double | (¥),
and (G, §) = f(Q,D), where (Q,D) € Double I (X).
Since from hypothesis cl( f~1(¢,§))<c £71(cl(C, §)),
then cl(f~1(f(Q, D))) < cl(f~(C,9)) =

£ (c(fQ. 1)) So ¢cl(@,D) < QD)<
£72(cl(f(Q,D))) , therefore f(cl(Q, D))< cl(f(Q, D)).
Theorem 3.30 Let (X, %) and (Y, ¥") be two DITS,
fi(X, ¥)—> (Y, ¥") be Double I-continuous and

Double I-open function,
then f~1(cl(Q, D))= cl( f~1(Q,D)); v (Q,D) €
Double I(Y).

Proof Suppose that (Q,D) be any Double I(Y), we
have (9,D) €cl(Q,D). So f~1(Q,D) c
f‘l(cl(Q,D)). Since f is Double I-continuous, cl
(f71(Q, D)) S c(f71(cl(Q,D))) = f~1(cl(Q, D)) -
cl (F71(Q, D) s f1(cl(Q,D))... (1). Now we know
that int (f(cl(Q, D))< f~1(cl(Q, D)), then f (int
(1@, D)) (f1(cl(Q,D)))E cl(Q,D) . Since
f is Double I-open, f (int (f=1(cl(Q,D)))=int (f
(int( £71(cl(Q, D)))))E int(cl(Q,D)). This implies
that int (f1(cl(Q, D)) c
f(f(int(f1(c1(Q,D))))) < f~(int(cl(Q,D))).
Then int (cl (f71(Q,D))) € f1(cl(cl(Q,D))).
Therefore cl (cI(f~1(Q,D)))E cl(f~1(cl(Q,D))).
Hence, f~2(cl(Q, D))< cl(f~1(Q, D))... (2), from (1)
and (2) we get the result.

Theorem 3.31 The image of Double I-connected
under a Double I-continuous are Double I-connected
Proof Let f (E,, E,) is Double I-disconnected, there
exist two nonempty, disjoint and separated Double I-
sets (Q,D) , (C,G) such that f (E,E,)= (Q,D) U

€6).. ().  Let (A,A)= £(0,D)n
(E1, Ey), (By, By) =f71(C,G) N (Ey, Ey).
(A, Az) U (B, B,) = (f71(Q,D) N (Ey, Ex)) U

e n

(E1, E;))=f~1(Q,D) u

f71(C, G) N(EL, Ex)=f1((Q,D) U

(€, 9) N(Ey, E)=(f T (f(Ey, E2))) N

(E1, E;)=(E1, E3)) N(Ey, E3)= (Eq, E3) —(Aq,Az) U
(B;,B;)=(E{,E;) to show that cl(A;,Ay)N
(81182)2(616) -

cl(Ay, Az) N (By, By)=cl(f~1(Q,D) N(E1, Ex)) N
(f71(C,9) N (E, Ex)) € (d(f™*(Q, D) n

c(E, Ex) n(f7H(C,6)n

(E1, E2))= (c(f71(Q, D)) nf~1(C, ) n
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(cl(Ey, E2) N (E1, E3))= (cI(f71(Q, D)) N
£71(C,6) N (Ey, E)S £71(cl@, D)) N

f71(¢,§) N(E;, E;) (by theorem 3.20 (4))
=(F1A@,D) N (€GN N (EyE;) (IQ.D)n
(G, G) =(0,0) as (9,D),(C,G) are separated Double
I-sets)  =f~1(8,8) N(E,, E,)= (8,8) - cl(Q,D) n
(€,§)=(8.8) ,and (Q,D) n cl(C,§)=(8,8) -

(Q,D) and (C,G) are separated Double I-sets, also
(9,D) U (C,§)=(Ey, E,) »(E,,E,) is Double I-
disconnected. But (E;,E,) is Double I-connected
which a contradiction. Therefore f (E;, E;)is Double
I- connected.
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