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1. Introduction

Let U(p) denote the class of functions in open unit

disk

D={z€C:|z|<1}.

The multivalent function F in D of the form

F(z) = 2P + X2y iy 3P peEN={1,2,3 ...},

z2€D. (1)

Now , if p=1then U(1) = U, denote by Fxh

Hadamard product of the functions F and # are

analyticinD . F form (1) and

h(z)= 2P+ Y21 Brap ZtP

then

(h * F)(2) = 27+ B2y Qpyp Prap 2577

in [3], [4] Jackson defined and for( 0<g<1) , the

operator D is called g-derivative of the function F

by

F(z2)—-F(qz) .

o if z+#0, @

F'(0) if =0

By the equation (2) it follows that if F € U(p)

form the equation (1), then

DgF(3) = [plgz? ™' + X2y [t +Plg Ay 277771
_ 1-¢

Where [t],= o

By using g-derivative Jackson well-defined is the

operator &, ,:U(p) — U(p) ,SEN.

If F € U(p) by the equation (1) it follows that

D F(2) =

limg_4[t]g =t .
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In this paper , a new certain class of g-Difference Operator with

quasi-subordination is defined and
functions belongs to the class are derived . the results are presented
here equip extensions of these given in some previous works

Fekete-Szego problems  for

0pqF(z) =(F+xHy,)(3) .PENyG, Z€ED
Where
o N
Hyq () =27 +X2,([t +ply) 27
Moreover
0 N
5§,q F(z)= 2P+ Zt:l([t + p]q) Attp ztP
1imq—>1_ Ss,q :F(Z) = Zp + Z?C]:l(t + p)s at+p Zt+p
For A >0, with the assist of the operator 5;, well-
define g-derivative the new operator My"" @ U(p)
— 0(p) by
]‘;[ig,lq F(z) = (1=
A My F(2))'
MP Fz) =65, F(2)
From the definition we can see that if F € U(p) of
the form the equation (1) , then
My F(z) = 2P +
o S p+A
Zt:l([t + p]q ) (%t)m Aevp zt*P
For real complex numbers a, b, c ,the Gaussian-
hypergeometric function is formed by

. v (@b 3P
JFi(ab,c;2)=21, ©nr o

the function 6,(a ,b, ¢ ; z) defined by

. _ o (@) Pt
Qp(a lb ] C ’ Z) - Zp+ Zt:l (C)t £

0 M F () +
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The well known Gaussian-hypergeometric function
conformable to the function

6,(a b , ¢ ; z) , using the convolution for

M, F(z) , define the operator Wy by

Wi F(2) = 6,0, ¢ 2) =My, F(2)

lp?ig,lqj:(z) =zP +
o S pHAt i, (@Dt ztj

Tea(le+ple)” O™ SE @y S @)

Let
S _p+At a)¢(b
He= ([t +plg)” O™ QL.
Wing F(2) =27 + X2 Qp apyy 2577
For analytic functions F,# , the function F
subordinate to & in D (see[5]) .
Can be written
F(z)<h (z) (4)
If there exists an analytic function @ , with|®w () |<
1land @(0) =0 such that
Fz) =h(w(z)). (5
If A is the univalent function in D, then F(z) <h
(z) isequipollent to F(0) = A(0)
, F(D)=h (D).
Minda and Ma [6] introduced and studied the classes
(Q)and §* (Q) as below

@)={FDev:1+ L@

2920 () 6)
zF' ()

S*(Q):{T(Z)EUZW<Q(Z)}, (7)

Where the analytic function is Q (z) with part
real positive in D, Q (D) is like with respect to real
axis and the starlike with respect to Q '(0) > 0 and
Q (0) 1 . the class ¢(Q ) and §*(Q) contain
several wellknown subclasses of convex and starlike
function is specific case .

In [5], F is the function quasi-subordinate to A in D
, Written as next

F(2) <4h (2) (8)

If there existw and B analytic functions , with
|B(z)|<1,and |w(z)| <1land w(0) =0 then
F(z) = B(za)h(w(2)) . (9)

"When B(z)=1 , then F(z) = A(w(z)) , that
F(z)<h (z) inD. that if w(z) =3 , then F(z)
= B(z)h () , itis called that F is majorized by
and written F(z)< f (z) in D . it is obvious that
quasi-subordination is a  generalization  of
subordination as well as majorization" . see [10] .
Darus and Mohd [1] introduced the classes C,(€2 )
and §4(€2) as below

_ 27"
C,(Q)={F(@)€V: i el (z)-1}

z2F'(2)
F(z)

is

(10)

$(Q) ={F(@eU:
(11)
Definition 1.1 let the class X}, (v, b; Q )

consists of function F(z)e U(p) satisfy
The quasi-subordination

1 (v, 7))
P\ -o)ws F@)+oz(W5T F(2)

(12)

-1<,Q(z)-1}%}.

)r_p><qQ(Z)—1

92
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(ze ; peN, p>s ;seNy=Nu{0};bec";
0<v<1).

Clearly , we have the next relationship : x3 q 0,1
Q)=85Q); x0,41,1;Q)=C4(Q)

It is well known this n-th coefficient of the univalent
function F(z)€ U bounded by n

(see[3]) . bounds for coefficient giving datum about
various geometric properties of the function .there are
many authors having inspected the bounds for
coefficient Fekete -Szego  for various class [ 7, 9] .
in particular , authors start to study the problem of
Fekete -Szego  for wvarious class use quasi-
subordination [ 7, 11] .
Lemma l2if © €1l
functions@(z ) , then

, ITis the class of analytic

—j,ifj < —1
o, — jo?|<{1,if-1<j <1,
j, ifj =—1.

2 . Main results.

let F(z) =3+ayy, 3P +ayy, 2277+ ..., Q
(2)=1+Byz2+ B2+ ...,0(3)=Cy +C, 3z +
C,; 3%+, w(@)=wz+w®,5°+...,B,> 0 .
Theorem2.1 if F(z) € U(p) belongsto xt , (v, b
; Q) ,then a

|ap+1| =

Ib||Co|B1/2B1

J |b Co BZ[(v + 2)H} (v=1)+2H, (v + 2)|-2(B,— B)(v+1)?H?
(13)
[b| |ColBy

< [bl1Co|B1 [bl1C11B1
(r+1)H,

~ (r+2)H, (v +2)H,
and , For each real number m
Ib| [C1] |ColB1y2B1 (|| |ColB1)?

((47 +2)H, )2 ((v +DH, )2

|ap+2|

)2. (14)

|ap+2 -m ap+12 | =

(15)
Proof.
If F(z) €x5, (,b;Q ) , then there exist analytic
function ©(z) and @( z) with
lm(z) |I<1,0(z)<1and @(0)=0 such that
z (P53 F(z) '
1/b sm( }\‘p’q )sm ,_p
(1-v) \P}\"p‘q F(z)+vz (ll»'}\"p,q F(z) )
?(z)(w(w(z)-1). (16)

Since
z(‘P}i’;'_qu(Z)) B
(1 —0) W F(z) + v 2(¥57, F(2) )

J|bCo BZ[H2 (v — (v + 2) + 2H, (v + 2)] - 2(B, — B,) (v + 1)?H? |

1+
Ay 3P

+[2 (w0 + D, ayyp — 20 + D, a14p* 122
+ ...,

9(2)(w(®@(z) - 1) = B, wz+ [Bi(; @y +
Co (B, + B, @2 )] 22+ ...,

From the equation (16) it follows that

Ap+1
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w.b Co B1+/2B;

J | b Co B[(v + 2)H2 (v—1)+ 2H, (v + 2)|-2(B,— B,) (v+1)2H? |

(7)
2 1 2
Ap+2 = ( (v + 2)H, ((v+1)H1 ) >(31C1

B,Cy w, + Cy(b Bf Cy + B, )w? ].
Further ,

@, +

b
((/u +2)H, )2 ((v+1)H1 )2
Co(w, — jwy)], (18)
Since @( z) is bounded and analytic in D ,
have
[C, 1 <1—]Col2 < 1.
Using by these fact and the wellknown this
inequality |m;| < 1in (17) and (18) , we get

Ap+1

— My =

[Ci o+

Ap+2

in [8] we

<
|b| |Co|B14/2By
J | b Co BZ[(v—1)(v + 2)H? + 2(v + 2)H, |-2(B2— By)(v+1)2H? |

And

Ib| IC1] |ColB14/2By (Ib]|Col|B1)?
2 2
(@w+2m, ) (w+0H, )

|ap+2 -m ap+12 | =

(19)
Applying Lemmal.2 and the tringle inequality to

(19) , obtain (15) . the result is severe for the
function

1 (%37, 7@)' _ >=1 -
/b ((1 v)w;’;qr(z)m(wwq?(z)) p | =1+ 2)(w (2%) )
Or

(%57 @)’ _
Y ((1—«r>w;';';.,f(z)+m(w;7;qf(z) V- p) =+ 2)(w(z )-1).
For m =0, in (15) , have (14) .
theorem2.1 is complete .
Corollary2.2 if F(z) € U belongsto S5(Q), then

the proof of

la,| < bl |ColB1/By
21 = )
| b Co BZ—(B2— B1)|
|bl |ColB: 1 IC |B
|a3|§#+ —2=2+ (Ibl 1GolBy)?.
bl|C ColB b||Cy|B1)?
|ap+2 map 12|<|||1|m|0| 1\/_(|||0| 1)
Corollary2.3 if F(z) €0 belongs to Ch(Q), then
la,| < Il Co|B1 /By
21 =
| 3b Co BZ—4(B2— By)|
b||Co|B b||C1|B b||ColB
|a3|5| ||30| 1y |b] | 1| 1y (l [ 0| 1)2

mlbl IC1l IcolBh/ (Ib] 1Co1B1)?

|az4p —m a1 y? | <

Theorem2.4 F(z) € U(p) satlsfles

1/b< (‘*’igqﬂz)) ,—p><<Q(Z)*1 ,
A-0) W F @) +oz(W, F(2) )

Then the following inequalities are hold

|ap+1|

IN

[b| 1Co|B14/2By

J | b Co B2[(v—1)HZ (v + 2)+ 2H, (v +2)]-2(By— B))(r+1)2H? |
bl 1Co|By Ib| 1C11By (Ibl [ColB1
~ (v +2)H, (v + 2)H, (v+1)H,

)2
and , For each real number m
Ib| €11 1ColB1y/2B1 (ID]|ColB1)?

((v +2)H, )2 ((v+1)H1 )2

|ap+2|

|apsz —m ap,q? | <
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Proof., the result follows by taking @(z) = z in
the proof of Theorem2.1 .
Theorem2.5 F(z) € U(p) belongsto x%, (v, b;

Q ) , then for each real number m,2 , b>0 ,and
T,, T, , T3, are the real numbers .
bu(1 —j) ,m <1,
|apsz —m ay.,? | <4 2bv, L<m<T,
bu(1 +j) , M =T,
(20)
Further ,if tr; < m < 13 ,then
2
lapsz — m aps? [+ Ty|apes | < 2bu. (21)
If; <m <1, ,then
2
lapsa — m ap1? [+ To|lapsy | "< 2bv.  (22)
For each real number mandb >0 ,
—bv(1 —j) ,m < Ty,
|apsa — m ay,? |< —2bv, T, <m<71
—bu(1 +j) , m =T,
(23)
Further , if t, <m < 73 ,then
2
|ap+2 - m ap+12 |+ T2|ap+1 | S —ZbU . (24)
If 73 <m <1y, then
2
lapsa — m ay1? [+ Ty|apsy | < —2bv.  (25)
Where
2
_ 2B; B1
v= H, (v +2) + <H1 (4r+1)) :

_ b |ColBf + B1— B,
Tl - 2 1

2
(1; @+0) (H, @w+2) bicols?
b |Co|BZ + By+ By

(k1 (v+1)>2(H2 w+ z))2 b 1ColB2

b |Co|Bf + B,
T3 = 2 y

(Hl (4r+1))2(H2 (4f+2)> b |ColB2
Proof. we assume that b >0 . from (15) , have
lazsp — m 14,2 | <bu[max{1,ljl}.
If m<t, , then j<-1 . so , by applying
Lemmal.2 , we have the first inequality in (20) .
If m <rt,,then j=>1.applying Lemmal.2
get the last inequality in (20) .
When t, <m <71, ,then [j|<1. so applying
Lemmal.2 , we obtain the middle inequality in (20) .
If m <1, or m <rt,,theresultissevere for the
function

T, =

, We

y 2(95q7@)’
b\ q_pygsm T(z)+4xz(‘}'sm F(z)

—p> = 8(2)(Q(z*) 1) .
Apaq Apaq ) . A
If 7, <m < t,, the result is severe for the function
1 (q’xvgqﬂm), ) _ Q(z2) -1

/b ((1 —)WT F () oz(WT F(2) ) -F A=@ ) -1) -
If m =1, ,theresultissevere for the function

1 (DR F (@) 1) _ 7 (3 +v)

;(Diﬂ&:ﬂz) - ) = ()@ ( 140z ) - 0sv<1.
If m =1, ,theresult is sharp for the function

1, ( (5e7@) _,,>=
(1- v)‘P)quT(z)H/z( )qu?(z))
o0 (~5:2) )
Moreover, (21) and (22) are established by an

application of Lemmal.2.
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Applying Lemmal.2, we can prove (23) and (25) for
b>0 . the proof of theorem2.5 is complete .
Corollary2.7  F(z) € U belong to §4(Q) , then for
each number m
las —
ma,? | <
( |ColB1/By  [1-2m— (] |Co|B1)?]

Vv |bCyB2—(B,- By)|
{ |Co|B1\/B—1

Vv [ CoB=(B;-By)|

L |ColB1y/By [1+2m— (1ColB1)?]
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