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ABSTRACT

Our aim in this note is to introduce several characterizations of

weakly approximately primary submodules in class of multiplication
modules. Furthermore, we characterized weakly approximately primary
submodules by theirs resudule in the class of multiplication modules
with the help of some types of modules as non-singular, projective,
regular and faithful modules. Also, we characterized weakly
approximately primary ideal with some kind of weakly approximately
primary submodules in the same previous classes of modules with help
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1. Introduction

Let T be a commutative ring with identity and S be a
unital left T-module. Weakly approximately primary
submodule was introdued recently by [1], “where
aproper submodule E of a T-module S is called
weakly approximately primary if wherever 0# ah€E,
for a€eT, heS, implies that heE+Soc(S) or

a€,/[E + Soc(S) :r S], and an ideal Aof aring T is a
weakly approximately primary if A is a weakly
approximately primary T-submodule of a T-module
T7[1], “where Soc(S) is the socal of modules, defined
to be the interscetion of all essentail submodule of
S”[2],

“where a non-zero submodule K of an T-module S is
an essentail if KNL#(0) for all non-zero submodule L
of S”’[5]. “An T-module S is a multiplication if every
submodule K of S is of the form K = IS for some
ideal | of T, equivalent to S is multiplication if K =
[K%S]S where [K%S] = {reT: rScCK}”[3]. “If K, L are
any submodules of multiplication module S, then K =
IS, L = JS for some ideals I, J of T such that KL = 1JS
and KL = IL. Inparticular KS = Iww = K, also for any
X€S, K =Ix"[4]. “If S is a multiplication T-module,
then for every elements m, m' €S, by m m’ means the
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of finitely generated modules.

product of two submodules T, , T,,, , that is mm' =
Ty - Ty is a submodule of S”[5]. “In multiplication
module S, the S-rad(E) of submodule E denoted by S-
rad(E) = VE = {meS: m"<E for some positive integer
n}”’[6]. “A T-module S is regular if for each xeS
there exists feHom (S,T) such that x = f(x)x”[6].
“Recall that an T-module S is faithful if ann;(S) =
(0)’[7], “and a T-module S is non-singular if Z(S) =
{xeS: xI = (0) for some essential ideal | of T} =
(0)’[2]. “If E is a submodule of a T-module, and I is
an ideal of T, then [EéT] =E, [I%T] =17[9].

2. Characterizations of weakly approximately
primary submodules in class of multiplication
modules.
In this section we introduce many characterization of
weakly approoximately primary submodule in class
of multiplication modules.

First we need to recall the following lemma which
appear in [1, prop.2.6]
Lemma (2.1)

“A proper submodule E of a T-module S is a weakly
approximately primary if and only if wherever (0)#
IFCE, where 1 is an ideal of T and F is a submodule
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of S, implies that
IS\/[E + Soc(S) 7 S]”.
Proposition (2.2)

Let S be a multiplication T-module, and E is a
proper submodule of S. Then E is a weakly
approximately primary if and only if wherever (0)#
HDCE, where H, D are submodules of S, implies that
DCE+Soc(S) or H"SE+Soc(S) for some positive
integer n.

Proof

(=) Let HDCE, where H, D are submodules of S.
Since S is multiplication, then H = IS, D = JS for
some ideals I, J of T, it follows that (0)# I(JS)SE. But
E is a weakly approximately primary, then by lemma
(2.1) we have JSSE+Soc(S) or I"'ScE+Soc(S) for
some positive integer n, that is DSE+Soc(S) or
H"CSE+Soc(S).

(&) Let (0)# IK<SE for I is an ideal of T and K is a
submodule of S. But S is a multiplication, then K =
JS for some ideal J of T. Thus (0)# I(JS)CE, it
follows that (0)# LKSE where L IS, so by
hypothesis we have KEE+Soc(S) or L"€E+Soc(S),
that is I'SSE +Soc(S). Thus KCcE+Soc(S) or
I"c\/[E + Soc(S) :7 S]. Hence by lemma (2.1) E is a
weakly approximately primary submodule of S.m
As direct application of proposition (2.2) we get the
following corollaries.

Corollary (2.3

Let S be a multiplication T-module, and E be a proper
submodule of S. Then E is a weakly approximately
primary if and only if wherever (0)# mm'CE, for m,
m’€eS, implies that m'SE+Soc(S) or m "€E+Soc(S)
for some positive integer n.

Corollary (2.4)

Let S be a multiplication T-module, and E be a proper
submodule of S. Then E is a weakly approximately
primary if and only if wherever (0)# mHCE, for
meS, H is a submodule of S, implies that
HESE+Soc(S) or m "€E+Soc(S) for some positive
integer n.

Corollary (2.5)

Let S be a multiplication T-module, and E be a proper
submodule of S. Then E is a weakly approximately
primary if and only if wherever (0)# KmcE, for K is
a submodule of S, meS, implies that m SE+Soc(S)
or K"€E+Soc(S) for some positive integer n.

It is well known that cyclic T-module
multiplication[3], we get the following corollaries.
Corollary (2.6)

Let S be a cyclic T-module, and E is a proper
submodule of S. Then E is a weakly approximately
primary if and only if wherever (0)# HDCE, where
H, D are submodules of S, implies that DSE+Soc(S)
or H"SE+Soc(S) for some positive integer n.
Corollary (2.7

Let S be a cyclic T-module, and E be a proper
submodule of S. Then E is a weakly approximately
primary if and only if wherever (0)# mm'cE, for m,

FSE+Soc(S) or

is
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m'€S, implies that m'SE+Soc(S) or m "SE+Soc(S)
for some positive integer n.

Corollary (2.8)

Let S be a cyclic T-module, and E be a proper
submodule of S. Then E is a weakly approximately
primary if and only if wherever (0)# mHCE, for

meS, H is a submodule of S, implies that
HCSE+Soc(S) or m "CE+Soc(S) for some positive
integer n.

Corollary (2.9

Let S be a cyclic T-module, and E be a proper
submodule of S. Then E is a weakly approximately
primary if and only if wherever (0)# KmcE, for K is
a submodule of S, meS, implies that m SE+Soc(S)
or K'cE+Soc(S) for some positive integer n.
The following are another characterizations of a
weakly approximately primary submodules in class of
multiplication modules.
Corollary (2.10
Let S be a multiplication T-module, and E be a proper
submodule of S. Then E is a weakly approximately
primary if and only if m'cSE+Soc(S) or m SS-rad(E
+Soc(9)) .
Corollary (2.11)
Let S be a multiplication T-module, and E be a proper
submodule of S. Then E is a weakly approximately
primary if and only if wherever (0)# mHCE, for
meS, H is a submodule of S, implies that
HCE+Soc(S) or m < S-rad(E+Soc(S)).
3. Charactrized weakly approximately
primary submodules by theirs resudules.
In this part of this paper we introdued many
characterizations of weakly approximately primary
submodules by their resudules.

First we need to discuse the following fact in this
remark.
Remark (3.1)
The resudules of weakly approximately primary
submodule of T-module S need not to be a weakly
approximately primary ideals of T, so, the following
example explained that.
Example (3.2)
The submodule <10> of the Z-module Zg, is weakly
approximately primary, since Soc(Zg) = <2> [1,
Example (2.3)]. That is wherever (0)# rhe<10> for
r€Z, h€ Zg implies that he<10>+ Soc(Zg) =

<10>+<2> = <2> or r€,/[< 10 > +Soc(Zey) :z Zso]

=J[<2> iz Zeo] = 2Z. Thus, if 0# 2. 5€<10> for

2€Z, 5€ Zso implies that

2€,/[< 10 > +Soc(Zgo) 17 Zeo] Z. But the
resudule [< 10 >:;Z¢] = 10Z is not weakly
approximately primary ideal of Z since 0# 2.5€10Z
for 2,5€Z but 5¢10Z+ Soc(Z) = 10Z+(0) = 10Z and
2¢./[< 10 > +Soc(Z):,Z]=10Z. m

Befor we introduced the first characterization we
need to recall the following lemma

Lemm(3.3) [6, prop.3.25]

“If S is a regular T-module, then Soc(S) = Soc(T)S”.
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Proposition (3.4)

Let S be a multiplication regularT -module, and E is a
proper submodule of S. Then E is a weakly
approximately primary if and only if [E:rS]is a
weakly approximately primary ideal of T.

Proof

(=) Let (0)# IJ<[E: S] where I, J are ideals of T,
implies that (0)# IJSCE, it follows that (0)# KLCE,
where K = IS, L = JS (since S is a multiplication).
Hence by proposition (2.2) LZSE+Soc(S) or
K"cE+Soc(S) for some positive integer n, that is JSS
E+Soc(S) or 1"SS E+Soc(S). But S is a regular, then
by lemma (3.3) Soc(S) = Soc(T)S. Thus we have
JSC[E:; SIS + Soc(T)S or I"SS[E:; S]S + Soc(T)S,
it follows that JE[E:; S] + Soc(T) or 1"S [[E: S] +
Soc(T) %T], implies that JS[E:;S] + Soc(T) or

I;\/[[E:TS] + Soc(T)%T]. Hence by lemma(2.1)

[E:7 S] is a weakly approximately primary ideal of T.
(&) Let (0)# ILCSE, for I is an ideal of Tand L is a
submodule of S, since S is a multiplication then L =
JS for some ideal J of T. Thus,(0)# IJSCE, that is
(0)# T1C[E:rS]. But [EigS]is a weakly
approximately primary ideal of T, then by lemma
(2.1) we have JS[E:r S] + Soc(T) or I"S[E:z S] +
Soc(T) for some positive integer n, it follows that
JSC[E:; S]S + Soc(T)S or I"SC[E:; S]S + Soc(T)S.
But S is a regular, then by lemma (3.3) Soc(T)S =
Soc(S), so, LEE + Soc(S) or I"S[E + Soc(S) :7 S].
Hence by lemma(2.1) E is a weakly approximately
primary submodule of S. m
The following corollary is a direct consequence of
proposition (3.4)
Corollary (3.5)
Let S be a cyclic regular T-module, and E is a proper
submodule of S. Then E is a weakly approximately
primary if and only if [E:zS]is a weakly
approximately primary ideal of T.

Befor we introduced the next characterization we
need to recall the following lemmas

Lemma (3.6) [1, coro.(2.7)]

“A proper submodule E of an T-module S is a
weakly approximately primary if and only if
wherever (0)# aF<E for a€eS, F is a submodule of S,
implies that Fc E + Soc(S) or
ag\/[E + Soc(S) :7 S]”.

Lemma (3.7) [6, coro.(2.1.4)(1)]

“If S is a faithful multiplication T-module then
Soc(S) = Soc(T)S™.

Proposition (3.8)
A proper submodule E of a faithful multiplication T-
module S is a weakly approximately primary if and
only if [E:zS]is a weakly approximately primary
ideal of T.

Proof

(=) Let (0)# al<[E:; S], for a€T, | is an ideal of T,
implies that (0)# aISCE. Since E is a weakly
approximately primary, then by lemma (3.6) we have

ISSE+ Soc(S) or ae,/[E + Soc(S) :7 5], it follows
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that ISCE+ Soc(S) or a"SCE + Soc(S) for some
positive integer n. Since S is faithful multiplication,
then by lemma (3.7) Soc(S) = Soc(T)S. Thus, we
have ISC[E:rS]S + Soc(T)S or a"SC[E:;S]S +
Soc(T)S, it follows that Ic [E:rS] + Soc(T) or
a"C[E: S] + Soc(T) = [[E:rS] + Soc(T) %T] , that
[E:r S] Soc(T)

ae \/[[E:TS] + Soc(T) ; T]. Hence by lemma (3.6)

is [ + or

[E:r S] is a weakly approximately primary ideal of T.
(&) Let (0)# mHESE, for meS, H is a submodule of

S. Since S is a multiplicationthenm=Tm =JS, H =

IS for some ideals I, J of T, that is (0)# JISCE, so

(0)# JIC[E:;S]. Since [E:xS]is a weakly
approximately primary ideal of T, then by
lemma(2.1) we have ICS[E:+S] + Soc(T) or

Y[[EirS] + Soc(T) ;7] = [EirS] + Soc(T), it

follows that ISC[E:; S]S + Soc(T)S or J"SS[E:r S]S
+ Soc(T)S. But S is faithful multiplication, Soc(T)S =
Soc(S), that is HEE + Soc(S) or I"'SSE + Soc(S), it
follows that HS E + Soc(S) or m"c E + Soc(S).
Hence by corollary (2.4) E is a weakly approximately
primary submodule of S. m

The following corollary is direct applecation of
proposition (3.8)

Corollary (3.9

A proper submodule E of cyclic faithful T-module S
is a weakly approximately primary if and only if
[E:7 S] is a weakly approximately primary ideal of T.
To introduced next characterization we need to recall
the following lemma

Lemma (3.10) [2, coro.1.26]

“If S is a non-singular T-module, then Soc(T)S =

Soc(S)”.
Proposition (3.11)

A proper submodule E of a non-singular
multiplication T-module S is a weakly approximately
primary if and only if [E:zS]is a weakly
approximately primary ideal of T.
Proof

(=) Let (0)# rte[E: S], for r, t€T, implies that (0)#
r(tS)<E. Since E is a weakly approximately primary
submodule, then by lemma (3.6) we have tSCE +
Soc(S) or r"SCE + Soc(S). But S is a non-singular,
then by lemma (3.10) Soc(S) = Soc(T)S. Thus
tSC[E: ST S + Soc(T)S or r"SS[E:; S]S + Soc(T)S,
it follows that te[E:7 S] + Soc(T) or r"€[E:rS] +
Soc(T) = [[E:r ST+ Soc(T)%T]. Hence [E:r S]is a
weakly approximately primary ideal of T.

(&) Let (0)# KmgE, for K is a submodule of S,
meS. Since S is a multiplication then K=JS, m = Tm
= IS, for some ideals I, J of T, it follows that (0)#
JISCE, implies that (0)# JIC[E:; S]. But [E:r S]is a
weakly approximately primary ideal of T, then by
lemma (2.1) we have IC[E:rzS] + Soc(T) or
J'C[[E:r S] + Soc(T)%T] = [E:z S] + Soc(T), for
some positive integer n. That is ISC[E:rS]S +
Soc(T)S or J"SC[E:; S]S + Soc(T)S. But S is a non-
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singular, then Soc(T)S = Soc(S). Thus, we have mcE
+ Soc(S) or K"SE + Soc(S). Hence by corollary (2.5)
E is a weakly approximately primary submodule of S.
]
The following corollary is a direct consequence of
proposition (3.11).

Corollary (3.12

A proper submodule E of a cyclic non-singular T-
module S is a weakly approximately primary if and
only if [E:zS]is a weakly approximately primary
ideal of T.
We recall the following lemmas befor we introduced
the next characterization

Lemma (3.13) [6, prop (3.24)]

“If S is a projective T-module, then Soc(S) =
Soc(T)S™.

Lemma (3.14) [1, coro (2.8)]

“A proper submodule E of a T-module S is a weakly
approximately primary if and only if wherever (0)#
IXSE for | is an ideal of T, xeS, implies that
X€E+Soc(S) or IS,/[E + Soc(S) i1 S]”

Proposition (3.15)
A proper submodule E of a projective multiplication
T-module S is a weakly approximately primary if and
only if [E:zS]is a weakly approximately primary
ideal of T.

Proof

(=) Let (0)# Irc[E: S] for I is an ideal of T and
reT, so (0)# IrS)SE. But E is a weakly
approximately primary, then by lemma (2.1) we have
rSC E + Soc(S) or I"S[E + Soc(S) :7 S] for some
positive integer n, that is rSCS E + Soc(S) or I"SCE +
Soc(S). But S is a projective then by lemma (3.13)
Soc(S) = Soc(T)S. Thus rSE[E:+STS + Soc(T)S or
I"'SC[E:7 S]S + Soc(T)S, implies that re[E:r S] +
Soc(T) or I"€[E:; ST+ Soc(T) = [[E:1 S]+ Soc(T) ;T]

Hence by lemma (3.14) [E:rS]is
approximately primary ideal of T.

(&) Let (0)# mm'CE for m, m'eS. Since S is a
multiplication, then m = Tm = 1S, m' = Tm' = JS for
some ideals I, J of T. That is (0)# IJSCE, so (0)#
UC[E:; S]. But [E:rS]is a weakly approximately
primary ideal of T, then by lemma (2.1) we have
JE[E:7 S] + Soc(T) or I"S[E:7 S] + Soc(T), implies
that JSS[E:rS]1S + Soc(T)S or I"SC[E:;S]S +
Soc(T)S for some positive integer n. But S is a
projective, then by lemma (3.13) Soc(T)S = Soc(S),
that is m'CE + Soc(S) or m"CE + Soc(S). So by
corollary (2.3) E is a weakly approximately primary
submodule of S. m

The proof of the following corollary is direct from
proposition (3.15).

Corollary (3.16

A proper submodule E of a cyclic projective T-
module S is a weakly approximately primary if and
only if [E:S]is a weakly approximaitly primary
ideal of T.

Characterized weakly approximately ideals with
some kind of weakly approximately submodules.

a weakly

88

TJPS

In this section we characterized a weakly
approximately ideal A with submodule AS. Befor we
introduced the first characterization we recall the
following lemma.

Lemma (4.1) [8, coro. of Theo (9)]

“Let S be a finitely generated multiplication T-
module, and 1,J are ideals of T. Then ISCJS if and
only if ICJ+ann,(S)”.

Proposition (4.2)

Let S be a finitely generated multiplication regular T-
module and A be an ideal of Twith ann(S)CA.
Then A is a weakly approximately primary if and
only if AS is a weakly approximately primary
submodule of S.

Proof

(=) Let (0)# IKSAS, for | is an ideal of T, K is a
submodule of S. Since S is a multiplication, then K =
JS for some ideal J of T, so (0)# IJSCAS. But Sis a
finitely generated multiplication then by lemma (4.1)
we have (0)# IJEA + anny(S). Since ann;(S)CA,
then A + anns(S) = A, so (0)# IJSA. It is given that
A is a weakly approximately primary ideal, implies
that by lemma (2.1) JSA + Soc(T) or I"S[A +
Soc(T) H T] = A + Soc(T), for some positive integer n.

Hence JSSAS + Soc(T)S or I"'SSAS + Soc(T)S. But
S is a regular, then by lemma (3.3) we have Soc(T)S
= Soc(S). Thus K€ AS+ Soc(S) or I"SSAS + Soc(S),
it follows that K& AS+ Soc(S) or I"c [AS+
Soc(S)%S]. Hence by lemma (2.1) AS is a weakly

approximately primary submodule of S.

(&) Let (0)# rt€A, for r, teT, implies that (0)#
rnSCAS. But AS is a weakly approximately primary
submodule of S, then by lemma (3.6) we have tSc
AS+ Soc(S) or r"SS AS+ Soc(S) for some positive
integer n. Since S is a regular then by lemma (3.3)
Soc(S) = Soc(T)S, so tEA + Soc(T) or r"eA + Soc(T)
[A+ Soc(T) %T]. Hence Ais a weakly

approximately primary ideal of T. m

It is well-known that cyclic T-module is a finitely
generated we get the following corollary

Corollary (4.3

Let S be a cyclic regular T-module and A be an ideal
of Twith anny(S)SA. Then A is a weakly
approximately primary ideal if and only if AS is a
weakly approximately primary submodule of S.
Proposition (4.4)

Let S be a finitely generated multiplication prolective
T-module and A be an ideal of Twith ann;(S)SA.
Then A is a weakly approximately primary ideal if
and only if AS is a weakly approximately primary
submodule of S.

Proof

(=) Let (0)# KL<SAS, where K, L are a submodules
of S. Since S is a multiplication, then L= 1S, K = JS
for some ideals I, J of T, it follows that (0)# JISSAS.
But S is a finitely generated, then by lemma (4.1) we
have (0)# JIS A+ anng(S). Since annp(S)CA,
implies that A+ ann;(S) =A, so (0)# JICA. But A is
a weakly approximately primary ideal of T, then by
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lemma (2.1) we have ICA + Soc(T) or J'C[A +
Soc(T) H T] = A + Soc(T), for some positive integer n,

it follows that ISSAS + Soc(T)S or J'SCAS +
Soc(T)S. Since S is a projective, then by lemma
(3.13) we have Soc(T)S = Soc(S). Thus LS AS+
Soc(S) or K"c AS+ Soc(S). Hence by proposition
(22) AS is a weakly approximately primary
submodule of S.

(&) Let (0)# IrcA, for | is an ideal of T, reT,
implies that (0)# IrSCSAS. Since AS is a weakly
approximately primary submodule of S, then by
lemma (3.14) we have rSS AS+ Soc(S) or I"SS AS+
Soc(S), for some positive integer n. Since S is a
projective, then by lemma (3.13) we have Soc(T)S =
Soc(S). Hence rSSAS + Soc(T)S or I'SCAS +
Soc(T)S, it follows that reA + Soc(T) or I"eA +
Soc(T) = [A+ Soc(T) H T]. So by lemma (3.14) Ais a

weakly approximately primary ideal of T. m
Proposition (4.5)

Let S be a finitely generated multiplication non-
singular T-module and A be an ideal of Twith
ann;(S)SA. Then A is a weakly approximately
primary ideal if and only if AS is a weakly
approximately primary submodule of S.

Proof

(=) Follows by proposition (2.2) lemma (4.1) and
lemma (3.10)

(&) Follows by lemma (3.6), lemma (4.1) and
lemma (3.10). m

Proposition (4.6)

Let S be a faithful finitely generated multiplication T-
module and A be an ideal of T. Then A is a weakly
approximately primary ideal if and only if AS is a
weakly approximately primary submodule of S.

Proof

(=) Let (0)£ mHESAS, for meS, H is a submodules
of S. Since S is a multiplication, then H=JS, m=Tm
= 1S, for some ideals I, J of T, so (0)# IISCSAS. It
follows by lemma (4.1), (0)# IJ€ A + ann(S). Since
S is a faithful then ann(S) = (0), so, (0)# IJSA. But
A is a weakly approximately primary ideal of T, then
by lemma (2.1) we have JEA + Soc(T) or I"S[A +
Soc(T) %T] = A + Soc(T), it follows that JSCAS +

Soc(T)S or I"'SSAS + Soc(T)S. But S is afaithful
multiplication, then by lemma (3.7) we have Soc(T)S
Soc(S). Hence HS AS+ Soc(S) or m"S AS+
Soc(S). Thus by corollary (2.4) AS is a weakly
approximately primary submodule of S.

(&) Let (0)# abeA, for a, beS, it follows that (0)#
abSCAS. But AS is a weakly approximately primary
submodule, then by lemma (3.6) we have bSc AS+
Soc(S) or a"SS AS+ Soc(S). Since S is faithful
multiplication then Soc(S) = Soc(T)S, so we have
bSSAS + Soc(T)S or a"SSAS + Soc(T)S, it follows
that beA + Soc(T) or a"€A + Soc(T) = [A+
Soc(T)%T]. Hence Ais a weakly approximately

primary ideal of Tm
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The following corollary is direct application of
proposition (4.4), proposition (4.5) and proposition
(4.6).
Corollary (4.7)
Let S be a cyclic (prolective, non-singular, faithful)
T-module and A be an ideal of Twith ann,(S)SA.
Then A is a weakly approximately primary ideal if
and only if AS is a weakly approximately primary
submodule of S.

“Recall that a T-module S is weak cancellation if AS
= BS, implies that A+ann;(S) = B+ann.(S) for A,B
are ideals of T”[8].
The following fact appear in [8,prop (3.9)] we needed
before we introduce the next propositions.
Lemma (4.8)

“Let S be a multiplication T-module. Then S is a
finitely generated if and only if S is a cancellation”.
Proposition (4.9)
Let S be a finitely generated multiplication regular T-
module, and E be aproper submodule of S. Then the
following statements are equivalents:
1. E is a weakly approximately primary submodule
of S.
2. [E:x S] is a weakly approximately primary ideal
of T.
3. E = AS for some weakly approximately primary
ideal A of T with ann(S)cA.
Proof

(1)=(2) Follows from proposition (3.4)
(2)=(3) Since [E:rS] is a weakly approximately
primary ideal and ann,(S) = [0:7 S]S[E:7 S] then by
proposition (4.2) [E:; S]S is a weakly approximately
primary submodule of S, since S is a multiplication,
then E = [E:z S]S = AS, where A = [E:S] is a
weakly approximately primary ideal of T.
(3)=(2) Since E AS with A is a weakly
approximately primary ideal of T such that
ann;(S)SA. From other hand we have S is a
multiplication, then E = [E:; S]S. But S is a finitely
generated, it follows by lemma (4.8) that S is a weak
cancellation. That is A + annp(S) = [E:zS] +
anny(S). But ann(S)SA and ann(S)< [E:7 S], it
follows that A + ann(S) = A and [E:; S] + ann(S)
= [E:1 S]. But A is a weakly approximately primary
ideal, it follows that [E:rS] is a weakly
approximately primary ideal of T. m

Form proposition (3.11), proposition (4.5) and
lemma (4.8) we get the following result.
Proposition (4.10)
Let S be a finitely generated multiplication non-
singular T-module, and E be aproper submodule of S.
Then the following statements are equivalents:
1. E is a weakly approximately primary submodule
of S.
2. [E:x S] is a weakly approximately primary ideal
of T.
3. E = AS for some weakly approximately primary
ideal A of T with ann(S)SA.
Form proposition (3.15), proposition (4.4) and lemma
(4.8) we get the following result.
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Proposition (4.11)

Let S be a finitely generated multiplication projective
T-module, and E be aproper submodule of S. Then
the following statements are equivalents;

1. E is a weakly approximately primary submodule
of S.

2. [E:z S] is a weakly approximately primary ideal
of T.

3. E = AS for some weakly approximately primary
ideal A of T with anny(S)CA.

Form proposition (3.8), proposition (4.6) and lemma
(4.8) we get the following result.

Proposition (4.12)

Let S be a faithful finitely generated multiplication T-
module, and E be aproper submodule of S. Then the
following statements are equivalents:
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We end this section by the following corollary.
Corollary (4.13)
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Then the following statements are equivalents:

1. E is a weakly approximately primary submodule
of S.

2. [E:x S] is a weakly approximately primary ideal
of T.

3. E = AS for some weakly approximately primary
ideal A of T with ann(S)CA.
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